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Preface 


This is a textbook on Galois theory. Galois theory has a well-deserved repu- 
tation as one of the most beautiful subjects in mathematics. I was seduced by 
its beauty into writing this book. I hope you will be seduced by its beauty in 
reading it. 

This book begins at the beginning. Indeed (and perhaps a little unusually 
for a mathematics text), it begins with an informal introductory chapter, Chap- 
ter 1. In this chapter we give a number of examples in Galois theory, even 
before our terms have been properly defined. (Needless to say, even though 
we proceed informally here, everything we say is absolutely correct.) These 
examples are sort of an airport beacon, shining a clear light at our destination 
as we navigate a course through the mathematical skies to get there. 

Then we start with our proper development of the subject, in Chapter 2. 
We assume no prior knowledge of field theory on the part of the reader. We 
develop field theory, with our goal being the Fundamental Theorem of Galois 
Theory (the FTGT). On the way, we consider extension fields, and deal with 
the notions of normal, separable, and Galois extensions. Then, in the penulti- 
mate section of this chapter, we reach our main goal, the FTGT. 

Roughly speaking, the content of the FTGT is as follows: To every Galois 
extension E of a field F we can associate its Galois group G = Gal(E/F). By 
definition, G is the group of automorphisms of E that are the identity on F. 
Then the FTGT establishes a one-to-one correspondence between fields B that 
are intermediate between E and F, i.e., between fields B with F C B C E, and 
subgroups of G. This connection allows us to use the techniques of group the- 
ory to answer questions about fields that would otherwise be intractable. (In- 
deed, historically Galois theory has been used to solve questions about fields 
that were outstanding for centuries, and even for millenia. We will treat some 
of these questions in this book.) In the final section of this chapter, we return 
to the informal examples with which we started the book, as well as treat- 
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ing more intricate and advanced ones that we can handle with our new-found 
knowledge. 

In Chapter 3 we further develop and apply Galois theory. In this chapter 
we deal with a variety of different topics, some of which we mention here. 
In the first section we use Galois theory to investigate the field of symmet- 
ric functions and the ring of symmetric polynomials. Galois theory allows us 
to completely determine the structure of finite fields, and we do this in the 
third section. Two important properties of fields are the existence of primitive 
elements and normal bases, and we prove these in Sections 3.5 and 3.6. We 
can also say quite a bit about abelian extensions (i.e., extensions with abelian 
Galois groups), and we treat these in Section 3.7. 

We develop Galois theory in complete generality, with careful considera- 
tion to the situation in positive characteristic as well as in characteristic 0. But 
we are especially interested in algebraic number fields, 1-e., finite extensions of 
the field of rational numbers Q. We devote Chapter 4 to considering extensions 
of Q. Again we deal with a variety of different topics. We consider cyclotomic 
polynomials. We consider the question as to when equations are solvable by 
radicals (and prove Abel’s theorem that the general equation of degree at least 
5 is not). We show that the three classical geometric problems of Greek an- 
tiquity: trisecting the angle, duplicating the cube, and squaring the circle, are 
unsolvable with straightedge and compass. We deal with quadratic fields and 
their relation to cyclotomic fields, and we deal with radical polynomials, i.e., 
polynomials of the form X” — a, which have a particular theory. 

In Chapter 5 we consider more advanced topics in Galois theory. In par- 
ticular, we prove that every field has an algebraic closure, and that the field 
of complex numbers C is algebraically closed, in Section 5.3, and we develop 
Galois theory for infinite algebraic extensions in Section 5.4. 

Note that in Chapters I through 4, we assume that all field extensions are 
finite, except where explicitly stated otherwise. In Chapter 5 we allow exten- 
sions to be infinite. 

There are three appendices. In the first we develop some necessary group 
theory. (We have put this in the appendix for logical reasons. The main text 
deals with field theory, and to develop the necessary group theory would lead 
to digressions in the main line of argument. Thus we collect these facts in an 
appendix in order to have a clear line of argument.) The second appendix re- 
visits some material in the text from a more advanced point of view, which we 
do not want to presuppose of the reader, while the third appendix presents an 
elementary but tricky argument that enables us to avoid relying on Dirichlet’s 
theorem about primes in an elementary progression at one point. 

Our approach has been heavily influenced by Artin’s classic 1944 text 
Galois Theory. Artin’s approach emphasized linear algebra, and our approach 
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has the same (and perhaps greater) emphasis. We have tried to have minimal 
prerequisites for this book, but, given this emphasis, the reader should have a 
sound knowledge of linear algebra. Beyond that the reader should know the 
basic facts about groups and rings, and especially about polynomial rings. As 
a source for this background material we naturally recommend our previous 
book, Algebra: An Approach via Module Theory, by William A. Adkins and 
Steven H. Weintraub, Springer-Verlag Graduate Texts in Mathematics No. 136. 
We refer to this text as [AW] when we have occasion to cite it. Also, the reader 
should be familiar with elementary number theory (the material contained 
in any standard undergraduate course in the subject will more than suffice). 
Finally, the Krull topology is the key to understanding infinite Galois exten- 
sions, so in the final section of this book (Section 5.4), and in this section 
alone, the reader must have a good knowledge of point-set topology. 

There is, roughly speaking, enough material in this book for a year-long 
course in Galois theory. A one-semester course could consist of Chapters 1 
and 2 (both of which can be easily covered in a semester) plus additional ma- 
terial from Chapters 3 and 4 as interest dictates and time permits. 

We would like to mention that our previous book, [AW], treated groups, 
rings, modules, and linear algebra. This book treats field theory, so together 
these two books cover the topics of a standard one-year graduate algebra 
course. Also, given our particular attention to Galois theory over Q, we feel 
this book would be especially well-suited to students with an interest in alge- 
braic number theory. 

Our numbering system in this book is fairly standard. Theorem a.b.c refers 
to Theorem b.c in section b of Chapter a (or Appendix a). We denote the end 
of proofs by 0, as usual. In case a result is immediate, we simply append 
this symbol to its statement. Theorems, etc., are in italics, so are naturally set 
off from the remaining text. Definitions, etc., are in roman, and so are not. 
To delimit them, we end them with the symbol ©. Our notation is also fairly 
standard, but we call the reader’s attention to the following conventions: We 
use A C B to mean that A is a subset of B, while A C B means that A is 
a proper subset of B. We denote fields by boldface letters and the integers by 
Z. We will often be considering the situation where the field E is an extension 
of the field F, and in this situation we will use greek letters (a, B, y,...) to 
denote elements of E and roman letters (a,b,c, ...) to denote elements of 
F. The greek letter @ will denote the primitive complex cube root of unity 
w = (—1 +i/3)/2. The letter p will always denote a prime. Finally, id will 
denote the identity automorphism of whatever object is under consideration. 
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Introduction to Galois Theory 


1.1 Some Introductory Examples 


In this section we will proceed informally, neither proving our claims nor even 
carefully defining our terms. Nevertheless, as you will see in the course of 
reading this book, everything we say here is absolutely correct. We proceed in 
this way to show in advance what our main goals are, and hence to motivate 
our development. 


Example 1.1.1. Let F = Q, the field of rational numbers, and consider the 
polynomial X?—2 € Q[X]. We let E be the “splitting field” of this polynomial, 
i.e., the “smallest” field which contains “all” the roots of this polynomial. Then 
E = Q(V2), the field obtained by “adjoining” /2 to Q. Then Q(/2) = 
{a + b/2 | a,b € Q}, so as a vector space, dimpE = 2. We ask for all 
automorphisms of E that fix F. If o: E — E is such an automorphism, then it 
must take a root of X* — 2 to a root of X* — 2. Thus there are two possibilities: 
oi (V2) = ./2, in which case o,: E > E is the identity map, or 07 (V2) = 
—/2, in which case 02: E > Eis given by 02(a +b/2) = a—bJ/2. Thus the 
group of automorphisms of E that fix F, known as the Galois group Gal(E/F), 
is {o, = id, 02}, isomorphic to Z/2Z, of order 2. Note that | Gal(E/F)| = 
dimr E. © 


Example 1.1.2. Let F = Q and consider the polynomial (X? — 2)(X? — 3) € 
Q[X]. The splitting field of this polynomial is E = Q(/2, V3) and E = 
{a + b/2 + cV3 + dV6 | a,b,c,d € Q}, so dimg E = 4. Again we ask 
for all automorphisms o of E that fix F. We must have that o takes a root of 
X?—2 to aroot of X?—2, soo(/2) = +V2, and that o takes a root of X?—3 
to X2 — 3, so a (73) = +./3. Indeed, the values of o on /2 and 3 can be 


2 1 Introduction to Galois Theory 


chosen independently, and these determine the values of o on alli elements of 
E, so we have the four automorphisms of E given by 


oat bV2+cV/3+dV6) =a+bV24+cV/3 +dV6, 
o(a + bV/2 + cV3 + dV6) = a — bV/2 + cv/3 — dvV6, 
03(a + bV/2 + eV3 + dV6) =a+bV2—cV/3 —dvV6, 
ox(a + bV2 + cV/3 + dV6) = a — bV2—cV3 + dV6; 


thus, G = Gal(E/F) = {o, = id, 02, 03, 04} is isomorphic to Z/2Z @ Z/2Z, 
and | Gal(E/F)| = 4 = dime E. 

Now we ask for all fields B “intermediate” between E and F, i.e., fields B 
containing F and contained in E. Of course B; = F and Bs = E are certainly 
intermediate fields. Here are three others that easily appear: 


By = Q(V2), Bs = Q(V3), Ba = Q(V6). 


Now let us look at subgroups H of G. It is easy to list all such H. They are 
A, =G, Hs = {id} and also 


Ay = {id, 03}, H3 = {id,o2}, Hyg = {id, o4}. 


Note we have a one-to-one correspondence between {H;} and {B;} given 
by 


B; = Fix(Aj;) 


where Fix(#) is the subfield of E fixed by all elements of the subgroup H. 
In fact, the Fundamental Theorem of Galois Theory (FTGT) tells us there is 
a one-to-one correspondence between subgroups H of Gal(E/F) and fields B 
intermediate between E and F given by 


A <—» B where B = Fix(A). 


It is easy to determine all the subgroups of G, as this is a finite group, 
so this gives us a way of determining all intermediate fields (a priori, a much 
more different task), and in our case this shows that B;,... , Bs are indeed all 
the intermediate fields. 

Let us make a further observation here, which the FTGT also tells us is 
true in general: If B is an intermediate field, then B is an F-vector space and E 
is a B-vector space, and 


dimg B={G:H], dimgE= |A]. 
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One more observation: For each intermediate field B, we may consider 
Gal(B/F), the group of automorphisms of B fixing F. If B = F, then 
Gal(B/F) = Gal(F/F) consists of the identity element alone, while if B = E, 
then Gal(B/F) = Gal(E/F) is the whole original Galois group. For B = B,, 
i = 2,3, 4, Gal(B/F) is isomorphic to Z/2Z, of order 2. Thus in all five cases, 


| Gal(B/F)| = dimg B. ° 


Example 1.1.3. Let F = Q and consider the polynomial X? — 2 € Q[X]. 
We let E be the splitting field of this polynomial. Then /2 € E and, since 
E is a field, (</2)2 = /4 € E. Now E contains all the roots of x3 — 2, SO 
if w is a primitive cube root of 1, then w/2 ¢€ E, and since E is a field, 
w/J2//2 = w € E. (Also, o € E, but note that o? = 1, a —1 = 0, 
(@ — 1)(@? +w+ 1) = Oandwa £ 1,s0w* +o+4+1=0andw = —-1-2a; 
thus once we add w to F we already have w* as well.) Then E = Q(a, V2) 
and E = {a+bV/2+cW4+4do+ eo /2+ fw V4 | a,b,c, d,e, f € Q} and 
dimer E=6. 

Now we wish to determine Gal(E/F). Again, any automorphism of E must 
take a root of X° — 2 to another root of X? — 2, so o(./2) = V2, w,/2, or 
w4/2. Also, as we just observed, w is a root of X? + X +1, whose other root is 
w*, 80 0(@) = w or w. There are three choices for o (/2) and two choices for 
o (w). We may make these choices independently, and these choices determine 
o on all of E, so | Gal(E/F)| = 6. 

In particular we have the following elements: 


g: E- E with p72) =wV2, g(@) =a, 
v: E> Ewith y(W2) = 72, v(@) =a". 


It is easy to check that y? = id and yw? = id. 
Let us compute further: 


ob (V2) = p(wW2)) = 92) = oV2, 
gv (@) = 9(W()) = 9’) = 0”, 
while 
ve? (V2) = 9? (V2) = ¥(w?V2) = oV2, 
Ue (@) = ¥(¢’(@)) = ¥(@) = a”. 
Thus we see that py = yy’, and so 
G=Gal(E/F) = (v9 | Hl =lev=ye"') 
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is isomorphic to the dihedral group of order 6. 
Now it is easy to list all subgroups H of G; by the FTGT this gives us all 
intermediate fields B. The subgroups H are 


H, =G, Hp = {id,¢,¢’}, Hs; = {id, vy}, 
Hy = {id, pW}, Hs = {id, pv}, He = {id}. 


Then we can compute that the corresponding subfields B; = Fix(;) are 
given by 


B, =Q, 

By = Q() = {a+ dw | a,d € Qh, 

B3 = Q(/2) = {a+ bV2+cV4 | a,b,c € Qh, 

By = Q(wV2) = {a + eV/4 + ewV/2 + cwV/4 | a,c, e € QI, 
Bs = Q(w?V2) = {a + bV2. + boV2. + fov/4 | a,b, f € QU, 
Bs = Q(o, 2). 


Again we see that for each H and corresponding B, 
dim B=[G: H], dimgE= ||. 


Once again, let us compute Gal(B/F) for each intermediate field B. For 
B = B,, Gal(B/F) = {id} and for B = Be, Gal(B/F) = G. More inter- 
estingly, Gal(B2/F) is isomorphic to Z/2Z, with the nontrivial element t ob- 
tained as follows: w is a root of X* + X + 1, so t must take @ to the other root 
of x? + x + 1, which is @* = —1 — w. Thus 


t(a+dw) =a+d(—-1—o) = (a—d) — do. 


(Actually, Bz and t have an alternate description. By the quadratic formula, 
@ = (—1+iV3)/2 and @ = @ = (—1—i73)/2. Thus By = Q(iV3) = {a’+ 
biiV3 | a’, b’ € Qh and r(a’ +. b'iV3) = a’ — D'iV3, so T is simply complex 
conjugation on B>). In each of these three cases we see that | Gal(B/F)| = 

On the other hand, consider B3. An automorphism of B3 = Q(V/2) fixing 
Q is determined by its effect on s/2. Since </2 is a root of X> ~ 2, it must take 
/2 to a root of this same polynomial. But 2 is the only root of X* — 2 in 
B3, so any automorphism of B3 must fix 2 and hence must be the identity. 
A similar argument works for B, and Bs, so we see that 1 = |Gal(B;/F)| < 
dimy B; = 3 for i = 3, 4, 5. Thus the situation here is different. 
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Why is it different? The answer is that the subgroups H), H2, and Hg of 
G are normal subgroups of G, while the subgroups H3, H4, and Hs are not. 
As we will see from the FTGT, in case H is a normal subgroup of G and 
B = Fix(A), then | Gal(B/F)| = dim, B and, moreover, Gal(B/F) is the quo- 
tient group G/H. You can verify that this is true here for H; and H¢ (which 
is immediate) and for H, (which is more interesting). Also, we’ll remark that 
3, H4, and Hs are conjugate subgroups of G and that B3, B, and Bs are “con- 
jugate” intermediate fields, in that there are automorphisms of E fixing F and 
permuting these subfields; indeed g(B3) = Bg and ¢?(B3) = Bs. 

Note that in Example 1.1.2 the Galois group G was abelian, so every 
subgroup was normal, and hence for every intermediate field B, we had 
| Gal(B/F)| = dim, B and in fact Gal(B/F) = G/H. © 


Example 1.1.4. Let F = Q and consider the polynomial X? — 5 € Q[X]. 
The splitting field of this polynomial is B = Q(J/5) and the Galois group 
Gal(B/F) = {id, g} where 9(V5) = —4/5. Now consider the polynomial 
@5(X) = (X° — 1)/(X — 1) = X44 X? 4+ X74 X +1. This polynomial is 
irreducible. Let E be the splitting field of this polynomial. Then E = Q(¢s) 
where ¢5 = exp(27i/5), a fifth root of 1, and dimg E = 4. The automorphism 
of E fixing F must take ¢5 to some other root of ®5(X), and any root is pos- 
sible, as @s(X) is irreducible. Now ©5(X) has roots ¢5, ¢2, ¢2, and ¢4. Let 
o € Gal(E/F) with o (¢5) = ¢2. Then o7(¢5) = ¢¢ and o3(¢5) = 62 = ¢3. By 
the FTGT, | Gal(E/F)| = 4 so Gal(E/F) = {id, 0, 07, 0°} is cyclic of order 
4. 

Now 0 = 5(f5) = 03 +03 +02 +ost1,s0 Os +03)? =o +03 +2= 
és +¢¢+1,800 = t5 + é4 is a root of X* ~ X — l,asis 6’ = ¢2 + ¢3. By 
the quadratic formula @ = (1 + /5)/2 and 6’ = (1 — 5) /2. Thus we see that 
E > Q@) = Q(/5) = B, and dimg E = 2 as 6 = (5 + 64 = f5 + t5', 80 
¢s is a root of the quadratic equation X 2_@X+1a polynomial in B[X’]. (Its 
other root is ¢5'.) 

By the FTGT, Gal(E/B) has order 2, and is a subgroup of Gal(E/F). Then 
it must be the subgroup {id, 07}, and that checks as 0 (0) = o(¢5 + t?) = 
¢? + ¢2 = 6’ so o* does not fix B, but o7(9) = @ (and 07(6’) = 6’) so 0 
does. Also, Gal(B/Q) = Gal(E/Q)/Gal(E/B) = {id, 0, 07, 03}/{id, 07} has 
o as a representative of the nontrivial element. The quotient map is given by 
restricting an automorphism of E to B. We have already seen that Gal(B/Q) = 
{id, y}. But note that o | B= g aso ((1+ V5)/2) = (1—V5/2), soo (5) = 
—V5 = 95). 

In this example, we are back to the case in which Gal(E/F) is abelian, so 
by the FTGT, any intermediate field B will also be a Galois extension of F, 
ie., will have | Gal(B/F)| = dimg B. Since Gal(E/F) is cyclic of order 4, it 
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has a unique subgroup of order 2 corresponding to a unique intermediate field 
B with dimg E = 2, and we have explicitly identified this field B as Q(/5). 
Also, we have shown how to obtain E in two stages: First, adjoin 0 (or V5) 
to Q, creating an extension of degree 2, and the adjoin ¢5 to B, creating an 
extension E of B degree 2, and hence an extension E of Q of degree 4. (The 
degree of an extension is its dimension as a vector space over the base field.) 
Finally, this example is interesting as it is an example of the relationship 
between a quadratic field B (i.e., a field obtained by adjoining a square root 
to Q) and a cyclotomic field E (i.e., a field obtained by adjoining a root of 


1 to Q). © 


2 


Field Theory and Galois Theory 


2.1 Generalities on Fields 


We begin by defining the objects we will be studying. 


Definition 2.1.1. F is a field if F is an abelian group under addition, F — {0} 
is an abelian group under multiplication, and multiplication distributes over 
addition. 


es 
BPWNrF CTO WOANNANFWN 


In other words, F is a field if : 


. Foranya,be F,a+beF. 

. Foranya,bé F,a+b=b+a. 

. Forany a,b,c éF,(a+b)+c=a+ (b+ 0). 

. There is a0 € F such thata +0 =0+a =<a foreverya ce F. 

. For every a € F there is an element —a € F witha+(—a)=(—a)+a = 0. 
. Foranya,b € F,ab € F, andifa £0 andb £0, thenab £0. 

. For any a, b € F, ab = ba. 

. For any a,b,c € F, (ab)c = a(be). 

. There is a 1 € F such that al = la =a foreverya € F. 

. For every a #0 € F there is an element a~! € F withaa~' =a™'a = 1. 
. For every a € F, a0 = 0a = 0. 

. Forevery a,b,c EF, (a+b)c =ac+be. 

. Forevery a,b,c € F, c(a+b) =ca+ba. 

.OF 1. © 


Example 2.1.2. Here are some examples of fields. The first three are very 
familiar. 
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(1) The rational numbers Q. 

(2) The real numbers R. 

(3) The complex numbers C. 

(4) The field F = Q(/D) where D is not a perfect square. 


By definition, F = {a+bV/D | a, b € Q} with addition and multiplication 
defined “as usual”. That is, (a+ bV/D) + (c+dV/D) = (a+c)+(b+d)/D 
and (a+ b/D) +(c+dVJD) = (ac +bdD) + (ad + bc)4/D. We need to see 
that inverses exist, and this comes from the familiar method of “rationalizing 
the denominator”: 


1 = 1 a-—bVD _a—bVD 
at+tb/D a+bJVD a—bVD a—b?D 
b 
is fees = JD. 


~ @—hD a2—b2D 


(S) The fields F = F, of integers modulo p, where p is a prime. F, = 
{0, 1, ..., p—1} with addition and multiplication defined mod p,i.e.,i+j =k 
in F, ifi + j = k(mod p) andij =k inF, ifij = k(mod p). © 


Example 2.1.2 (4) illustrates a construction of particular importance to us. 
It is, as we shall see below, an “algebraic extension” of Q, obtained by “adjoin- 
ing” the element ./D, an element that is a root of the irreducible polynomial 
X? ~ D € Q[X]. (Ina similar way, C = R(i) where i is a root of the ir- 
reducible polynomial X? + 1 € R[X)). In fact, this chapter will be entirely 
devoted to studying algebraic extensions of fields and their properties. 

In this book, we shall not only be studying individual fields, but also, and 
especially, maps between them. We thus make the following important obser- 
vation. 


Lemma 2.1.3. Let F and F’ be fields and let g: F — F' be a map with 
g(a + b) = g(a) + g(b) and g(ab) = e(a)g(b) for every a,b € F. Then 
one of the following two alternatives holds: 

(1) pO) = 0, g(1) = 0, and ¢ is the zero map. 

(2) p(0) = 0, g(1) = 1, and ¢ is an injection. 


Proof. We have that y(0) = g(0 + 0) = g(0) + g(0) so 0 = g(0). 

We also have that (1) = g(1- 1) = g(1)¢(1) so 0 = g(i)g(1) — gQ1) = 
g(1)(1—@(1)) and hence, by the contrapositive of property (6) of a field, either 
g() = Oor gi) = 1. 

First, suppose g(1) = 0. Then for any a € F, we have that g(a) = 
g(a-1) = g(a)e(1) = g(a) -0 = 0, and ¢ is the zero map. 
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Next suppose g(1) = 1. Then for any c € F,c 4 0, we have that 1 = 
gl) = g(ec™!) = v(c)y(c7!) so g(c) # 0. Now let a,b € F witha 4 b, 
and setc = b—a 4 0. Then g(b) = g(a+(b—a)) = v(atc) = g(a)+¢(c) # 
g(a), and ¢ is an injection. a 


Definition 2.1.4. The characteristic char(F) of the field F is the smallest pos- 
itive integer n such that n - 1 = 0 € F, or Oif no such x exists. ° 


Examining Example 2.1.2, we see that the fields in parts (1)-(4) have char- 
acteristic 0, while the fields in part (5) have characteristic p. 


Lemma 2.1.5, Let F be a field. Then char(F) is either 0 or a prime. 


Proof. Suppose char(F) = n is neither 0 nor a prime, and let n = ab with 
1 <a,b<n.Thena-1 4 Oandb-1 ¢ 0 but (a-1)(6-1) = (ab): 1 =n-1=0. 
But this is impossible as the product of any two nonzero elements in a field is 
nonzero. o 


Remark 2.1.6. If F is any field, there is a canonical map ¢ from the integers Z 
to F determined by g(1) = 1. If char(F) = 0, then g is an injection; using g 
we regard Z as a subring of F, and then we also regard Fo = Q as a subfield 
of F. If char(F) = p, then ¢ gives an injection from F, into F and we regard 
Fo = F, as a subfield of F. In either case, Fo is called the prime field. © 


Definition 2.1.7. A field E is an extension of the field F if F is a subfield 
of E. © 


We will often be in the situation of considering a field F and an extension 
field E. To help the reader keep track of what is going on, we will adopt the 
notational convention that, in this situation, we will denote elements of F by 
Roman letters (a, b,...) and elements of E by Greek letters (a, B,...). 

It easy to check that if E is an extension of F, then char(E) = char(F) and 
furthermore E is an F-vector space. This leads us to the following definition. 


Definition 2.1.8. (1) The degree (E/F) of E over F is dimy E, the dimension 
of E as an F-vector space. 
(2) Eis a finite extension of F (or E/F is finite) if (E/F) is finite. © 


(Although we will not use it here, another common notation for (E/F) is 
(E : FJ.) 

Examining Example 2.1.2 (4), we see that (Q(/D)/Q) = 2 as Q(VD) 
has basis {1, /D} as a Q-vector space (and similarly (C/R) = 2 as C has basis 
{1,7} as an R-vector space). Note that 2 is also the degree of the polynomial 
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X? — D (and of the polynomial X7 +1). As we shall see, this is no coincidence. 
On the other hand, (C/Q) = oo. As we shall also see, with considerably more 
work, for every prime p and every positive integer n there is a field F,» with 
p” elements, and F,,. is unique up to isomorphism. Then (F,>:/F,) =n. 

Here is an important observation about arithmetic in fields of characteris- 
tic p. 


Lemma 2.1.9. Let F be a field of characteristic p. Then (a + b)? = a? + bP 
for any elements a, b of ¥. 


Proof. By the Binomial Theorem, (a + b)? = Z?.)(?)a'b?—' = a? + bP? as 
(?) = p!/(i\(p — i)!) is divisible by p for all 1 <i < p—1. a 


Definition 2.1.10. Let F be a field of characteristic p. The Frobenius map 
®: F — F is the map defined by ®(X) = X?. © 


Corollary 2.1.11. Let F be a field of characteristic p. Then ®: F — F is an 
endomorphism. If ¥ is finite, ® is an automorphism. 


Proof. Clearly ®(1) = 1 and ®(ab) = (a) (bd). But also Pia + b) = 
®(a) + ®(b) by Lemma 2.1.9. Now, by Lemma 2.1.3, ® is injective, so 
|Im(®)| = |F|. Thus, if |F| is finite, Im(®) = F. oO 


Lemma 2.1.12. Let F = F,. Then ®: F -> F is the identity automorphism. 


Proof. By Fermat’s Little Theorem, x? = x(mod p) for x = 0O,1,..., 
p= QO 


Thus, for the field F,,, the Frobenius automorphism ® is uninteresting. But, 
as we shall see, for other fields of characteristic p it plays an important role. 
We shall find it convenient to introduce the following notion. 


Definition 2.1.13. An integral domain is a ring R that satisfies properties (1)— 
(9) and (11)-(14) of Definition 2.1.1. © 


In particular, in an integral domain R, property (6) holds, so the product of 
any two nonzero elements of R is nonzero. However, property (11) may not 
hold, so a nonzero element of R may not have an inverse. Those elements of 
R that do have inverses are called the units of R. As an example of an integral 
domain, we have the integers Z, from which the name integral domain arises. 
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2.2 Polynomials 


In this section we consider polynomial rings. We shall assume the reader has 
already encountered them, and so will not prove the more basic facts. As a 
reference for them, we recommend [AW, Sections 2.4 and 2.5]. 

For any field F, we let FLX] be the ring of polynomials in the variable 
X with coefficients in F. We observe that the product f(X)g(X) of any two 
nonzero polynomials f(X), g(X) € FLX] is nonzero, and so F[X] is an inte- 
gral domain. We regard F Cc F[X] by identifying the element a € F with the 
constant polynomial a € F[X], and observe that, under this identification, the 
units of FLX] (i.e., the invertible elements of F[X]) are precisely the nonzero 
elements of F. 

The most basic fact about F[X] is that we have the division algorithm: For 
any polynomials f(X) and g(X) € F[X] with g(X) # 0, there exist unique 
polynomials g(X) and r(X) with 


F(X) = g(X)q(X) + r(X), 


where either r(X) = 0 or r(X) is a nonzero polynomial with deg(r(X)) < 
deg(g(X)). (Here deg is the degree of a polynomial.) We call g(X) the quotient 
and r(X) the remainder. Note that the quotient and remainder are independent 
of the field: If E is an extension of F and f(X) = g(X)q(X) + r(X) is an 
equation in F[X], this equation holds in ELX] as well, so by the uniqueness of 
the quotient and remainder, g(X) and r(X) are the quotient and remainder in 
E[X] as well. 

From the existence of the division algorithm we conclude that F[X] is a 
Euclidean domain, where the norm of a nonzero polynomial is equal to its 
degree. A Euclidean domain is so named because it is an integral domain in 
which Euclid’s algorithm holds. One of the consequences of Euclid’s algo- 
rithm is that any two nonzero elements of F[X] have a greatest common di- 
visor (gcd). In general, the gcd of two elements of a Euclidean ring is only 
well defined up to multiplication by a unit, but in F[X] we specify the gcd 
by requiring it to be monic. Then the greatest common divisor (gcd) of two 
polynomials f(X) and g(X) is defined to be the unique monic polynomial 
of highest degree that divides both f(X) and g(X), and two polynomials are 
relatively prime if their gcd is 1. 

In addition, since F[X] is a Euclidean domain, the gcd d(X) of the 
polynomials f(X) and g(X) may be expressed as a linear combination of 
F(X) and g(X), ie., there are polynomials a(X) and b(X) with d(X) = 
a(X) f(X) + b(X)g(X). 

Furthermore, every Euclidean domain is a principal ideal domain (PID). A 
principal ideal domain R is so named because it is an integral domain in which 
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every ideal J is principal, i-e., consists of the multiples of a single element i, 
in which case we write J = (i). Applying that here, we see that every ideal of 
F[X] is of the form (f(X)) for some polynomial f(X). 

In an integral domain R, we have the notion of irreducible and prime ele- 
ments: A nonunit a € R is irreducible if a = bc implies that b or c is a unit, 
and a nonunit a € R is prime if a divides bc implies that a divides b or a di- 
vides c. In any integral domain R, every prime is irreducible, and in a PID R, 
every irreducible is prime, so in a PID R the notions of prime and irreducible 
are the same. 

Finally, in any PID unique factorization holds. In particular, it holds in 
F[X]. Concretely, in F[X] this means: Every nonconstant polynomial f(X) € 
F[X] can be factored into irreducible polynomials in an essentially unique 
way. Furthermore, we may write f(X) uniquely (up to the order of the terms) 
as 


f(X) =uf\(X) +++ fe(X) with ue F, f; € F[X] monic irreducible 


(and in particular, if f(X) is also monic then u = 1). We call this the prime 
factorization of f(X). 
Given this background, we now get to work. 


Lemma 2.2.1. Let f (X) € F[X] be a nonzero polynomial. 

(1) Fora € ¥F, ais a root of f(X), ie, f(a) = 0, if and only if X —a 
divides f (X). 

(2) The number of roots of f(X) is less than or equal to the degree of 
F(X). 


Proof. (1) By the division algorithm, we may write f(X) = (X — a)q(X) + 
b,b € F. Setting X = a, we see b = f(a). 

(2) We prove this part of the lemma by induction on d = deg(f(X)), 
beginning with d = 0. If d = 0, then f(X) is a nonzero constant polynomial, 
so has 0 roots, and this part of the lemma holds. Now assume it holds for every 
polynomial of degree d and let f(X) have degree d + 1. If f(X) has no roots, 
we are done. Otherwise, let f(~) = 0. Then f(X) = (X — a)g(X), so by 
induction g(X) has e < d roots. Then f(X) has e’ roots, with e’ = e ore + 1 
according as @ is or is not a root of g(X), but in any case e’ < d+ 1 and we 
are done by induction. oO 


Lemma 2.2.1 has the following important consequence. 


Corollary 2.2.2. Let G be any finite subgroup of the multiplicative group of a 
field F. Then G is cyclic. 
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Proof. Let G have order n. Then any element g of G has order d for some 
d dividing n. Now an element g of G is a nonzero element of F, and so the 
equation g? = 1 in G is equivalent to the equation g? — 1 = 0 in F. Thus we 
see that if g has order d, then g is a root of the polynomial X¢ — 1. By Lemma 
2.3.1, this polynomial has at most d roots. Hence G is an abelian group of 
order n with the property that G has at most d elements of order d, for any 
d dividing n. But it is easy to check that an abelian group with this property 
must be cyclic (and furthermore that in this case G has exactly d elements of 
order d, for any d dividing n). Oo 


Lemma 2.2.3. Let F be a field and R an integral domain that is a finite- 
dimensional F-vector space. Then R is a field. 


Proof. We need to show that any nonzero r € R has an inverse. Consider 
{l,r,r7,..:, }. This is an infinite set of elements of R, and by hypothesis R 
is finite dimensional as an F-vector space, so this set is linearly dependent. 
Hence &"_,c;r' = 0 for some n and some c; € F not all zero. In other words, 
f(r) =0 where f(X) = Uf_gc;X! € F[X]. 

First, suppose co # 0. Then 


Cyr” +--+ +erto =0, 
co (car” + +++ ter +co) =0, 


co lent +++ tcp ar + = 0, 
—cp car” eee cp cir =1, 
r(—cp ear"! tee co '¢1) = 1, 
so r has inverse =n eat tee Cy Ci ER. 


If co = 0, write f(X) = X*q(X) where the constant term of g(X) is 
nonzero. Then 0 = f(r) = r*q(r) and R is an integral domain, so g(r) = 0 
and we may apply the above argument to the polynomial q(X). a 


Proposition 2.2.4. Let f(X) € FLX] be an irreducible polynomial of degree 
d. Then F[X]/(f (X)) is a field and is a d-dimensional F-vector space. 


Proof. Let wm: F[X] — F[X]/(f(X)) be the canonical projection and set 
m(f(X)) = F(X). ae 

By hypothesis, f(X) has degree d. We claim that S = {1, X,..., X4~1} 
is a basis for F[X]/( f (X)). 

S spans F[X]/(f(X)): Let g(X) € F[X]/(f(X)). Then, by the division 
algorithm, g(X) = f(X)q(X)+r(X) where either r(X) = Oordegr(X) < d. 
Then 29(X) = r(X) = ee c, X! is a linear combination of elements of S. 
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S is linearly independent: Suppose Bie x ' — g(X) = 0. Then g(X) 
is divisible by f(X). But deg g(X) < deg f(X), so this is impossible unless 
g(X) = 0, in which case cp = Cc] =... = Cgq-) = O.7 

Thus F[X]/(f(X)) is a d-dimensional vector space over F. 

Next observe that F[X]/(f(X)) is an integral domain: Suppose g(X )h(X) 
= 0. Then g(x)h(X) is divisible by f(X). Since f(X) € F[X] is irreducible, 
and hence prime, we have that f(X) divides g(X), in which case g(X) = 0, 
or f (X) divides h(X), in which case h(X) = 0. 

Then, by Lemma 2.2.3, we conclude that F[X]/(f(X)) is a field. oO 


Remark 2.2.5. It is worthwhile to give an explicit description of the field E = 
FLX]/(f(X)). Let f(X) ©€ FLX] be an irreducible polynomial of degree n, 
f(X) =a,X"+---+ ao. By taking representatives of equivalence classes, we 
may regard 


E = {g(X) € F[X] | deg g(X) <n} 


as a set. Addition in E is the usual addition of polynomials, while multipli- 
cation in E is defined as follows: Let g)(X), g2(X) € F[X] and let h(X) = 
g1(X)go(X) € FLX]. We may write uniquely h(X) = f(X)q(X) + r(X) 
where either r(X) = 0 or r(X) is a nonzero polynomial with degr(X) < 
deg f (X) =n. Then, for g;(X), g2(X) € E, 


81(X)g2(X) = r(X) € E, 


where r(X) is defined as above. 
In particular, multiplication of polynomials g;(X), g2(X) € E is the usual 
multiplication of polynomials if deg g;(X) + deg g2(X) < n, while 


X"1. X = (—1/an)(Qn-1X""| +--+ +a) EE. © 


As we have remarked, we regard F Cc F[X] by identifying the element a 
of F with the constant polynomial f(X) = a. If a7 : F[X] > F[LX]/(f(X)) 
is the canonical projection, then z | F is an injection, and using this we also 
regard F C F[X]/(f(X)). 

In the proof of Proposition 2.2.4, we were careful to distinguish between 
f(X) © FLX] and f(X) = 2(f(X)) © F[X]/(f(X)). But henceforth we 
shall follow the common practice of writing f (X) for w(f(X)) and relying on 
the context to distinguish the two. 

We now put these observations together to arrive at an important result. 


Theorem 2.2.6 (Kronecker). Let f(X) € FLX] be any nonconstant polyno- 
mial. Then there is an extension field E > ¥ in which f (X) has a root. 
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Proof. Without loss of generality, we may assume that f(X) is irreducible. 
Set E = F[X]/(f(X)). Then E is a field, E > F, and f(X) = Oin E, so X is 
aroot of f(X) in E. oO 


Our last result in this section is a technical lemma that turns out to play an 
important role in our development of Galois theory. 


Lemma 2.2.7 (Invariance of gcd under Field Extensions). Let E be an ex- 
tension of F and let f (X) and g(X) be nonzero polynomials in F[X ]. Then the 
gcd of f (X) and g(X) as polynomials in E[X] is equal to the gcd of f (X) and 
g(X) as polynomials in F[X]. In particular: 
(1) f (X) divides g(X) in FLX] if and only if f (X) divides g(X) in E[X]. 
(2) f(X) and g(X) are relatively prime in F[X] if and only if f (X) and 
2(X) are relatively prime in E[X]. 


Proof. Let d(X) be the gcd of f(X) and g(X) in FLX] and let d(X) be the 
gcd of F(X) and g(X) in E[X]. Since d(X) is a polynomial in E[X] dividing 
both f(X) and g(X), d(X) divides d(X). On the other hand, since d(X) is the 
gcd of f(X) and g(X) in E[X], there are polynomials a(X) and b(X) in E[X] 
with 


d(X) = f(X)a(X) + 9(X)b(X). 


Since d(X) divides both f(X) and g(X), d(X) divides d(X) as well. 
Hence d(X) and d(X) are two monic polynomials, each of which divides 
the other, and so they are equal. oO 


(Actually, Lemma 2.2.7 (1) follows directly from our observation that the 
quotient and remainder are independent of the field, and then Lemma 2.2.7 (1) 
can be used to prove the general case of Lemma 2.2.7 by considering Euclid’s 
algorithm.) 


Remark 2.2.8. We have chosen to present a concrete proof of Proposition 2.2.4 
earlier in this section. But Proposition 2.2.4 is in fact a special case of a more 
general result: If R isa PID andr € R is an irreducible element, then R/(r) is 
a field. This general result is proved in Appendix B. © 


2.3 Extension Fields 
In this section we study basic properties of field extensions. 


Let F, B, and E be fields with F C B © E. Then, as F-vector spaces, B is 
a subspace of E, so (B/F) < (E/F). But in this situation we can say more. 
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Lemma 2.3.1. Let F, B, and E be fields with F C B CE. Then 


(E/F) = (E/B)(B/F). 


Proof. Let {€),..., €m} be a basis for E as a B-vector space and {f,,..., Bn} 
be a basis for B as an F-vector space. We claim that {¢;8; |i =1,...,m, j= 
1,..., m} is a basis for E as an F-vector space, yielding the lemma. 


First, we show that this set spans E. Leta ¢ E. Then a = &7" ,x;€; with 
x; € B. But for each i, x; = Ui Vij Bj and sog = win (CL Wij By Ei = 
Lyi; (Bj). 

Next we show this set is linearly independent. Suppose Ly,;(¢€;8;) = 0. 
Then 0 = Xy,;(6,Bj) = win (LF Vig BiEi- Since {e;} are linearly indepen- 
dent, we have that, for each fixed i, &?_,y;;B; = 0. Since {6;} are linearly 
independent, we have that y;; = 0 for each j, completing the proof. Oo 


Let E be an extension of F, and let B and D be subfields of E, both of which 
are extensions of F. Then BN D is a subfield of E which is also an extension 
of F. Going in the opposite direction, we have the following definition. 


Definition 2.3.2. Let E be an extension of F and let B and D be subfields of E, 
both of which are extensions of F. Then BD, the composite of B and D, is the 
smallest subfield of E that contains both B and D, and is an extension of F. 


Remark 2.3.3. (1) There is a smallest subfield as BD is the intersection of all 
subfields of E that contain both B and D. 
(2) Clearly BD consists precisely of those elements of E of the form 


(XP bid;)(Z"_, bd) 


with b;, bi, € Bandd,,d <¢ D. ° 


There is an important case for which we do not need the denominators in 
Remark 2.3.3 (2). 


Lemma 2.3.4. Let E be an extension of F and let B and D be subfields of E, 
both of which are extensions of F. Suppose (D/¥) is finite. Then (BD/B) < 
(D/F) and BD = {X/),bid; | b; € B,d; € D}. Furthermore, (BD/F) < 
(B/F)(D/F). 


Proof. Let (BD)o = {2:7 b;d;}. If {6;} is a basis for D as an F-vector space, 
then {6;} spans (BD)po as a B-vector space, so dimg(BD)o < dimg D. In par- 
ticular, if dim D is finite, then dimg(BD)p is finite, so (BD)o is a field by 
Lemma 2.2.3, and hence BD = (BD)p. 
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Then, by Lemma 2.3.1, 
(BD/F) = (BD/B)(B/F) < (D/F)(B/F), 
as claimed. Oo 


One of the most common, and important, ways of obtaining field exten- 
sions is by “adjoining” elements. 


Definition 2.3.5. Let E be an extension of F, and let {a;} be a set of elements 
of E. Then F({a;}) is the smallest subfield of E containing F and {a;}, and is 
the field obtained by adjoining (or by the adjunction of) {c;}. © 


Remark 2.3.6. (1) Clearly F({a;}) is the set of elements of E that can be ex- 
pressed as rational functions of the elements of {a;} with coefficients in F. 
(2) Suppose that {a;} = {a1, ..., @,} is finite. Then 


F(q1,..., Qn) = F(a) F(a2) --- F(@n). 
(3) Suppose that {a@;} = {a ,,..., @,} is finite. Then 
F(q@),..., Qn) = Fay, ..., @n—1) (Qn). © 


Note that Remark 2.3.6 (3) says that in case {q@;} is finite, we may obtain 
F(q@1,...,@,) by adjoining the elements of {a;} one at a time, and Remark 
2.3.6 (2) says that the order in which we adjoin them does not matter. 

Note also that F(a) = F if (and only if) w € F. Thus we think of obtaining 
F(a) by “adding in” a to F, and if a ¢ F, then this indeed gives us something 
new, but if a € F this does nothing. 

Now that we know how to adjoin elements, let us give a concrete example 
of Lemma 2.3.4. 


Example 2.3.7. (1) Let F = Q, B = Q(./2), D = Q(V3), and E = BD = 
Q(V2, V3). Then (BD/B) = 2 = (D/F) and (BD/F) = 4 = (B/F)(D/F). 


(2) Let F = Q, B = Q(V2), D = Q(wV/2), and E = BD = Q(a, V2). 
Here w = (—1 + iV/3)/2 is a primitive cube root of 1. Note that w is a root 
of the quadratic polynomial X? + X + 1. Observe that BD = B(w). Then 
(BD/B) = 2 < (D/F) = 3 and (BD/F) = 6 < (B/F)(D/F) = 9. 

Note that in both parts of this example BN D = F. © 


Remark 2.3.8. From Lemma 2.3.4 we have that, since B and D are both exten- 
sions of BN D, (BD/BOD) < (D/BND). Hence if BND 3 F, we certainly 
have that (BD/B MD) < (D/F), and also that (BD/F) < (B/F)(D/F). 
However, if BN D = F, we may or may not have equality in Lemma 2.3.4, 
as Example 2.3.7 shows. There are many important cases in which we in- 
deed do have equality. We will investigate this question further in Section 3.4 
below. © 
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2.4 Algebraic Elements and Algebraic Extensions 


Definition 2.4.1. (1) Let E be an extension of F. Then a € E is algebraic over 
F if @ is a root of some polynomial f(X) € F[X]. 

(2) E is an algebraic extension of F (or E/F is algebraic) if every a € E 
is algebraic over F. © 


A complex number that is algebraic over Q is an algebraic number. 


Lemma 2.4.2. The following are equivalent: 
(1) a is algebraic over ¥. 
(2) F(a)/F is finite. 
(3) F(a) = {polynomials in a with coefficients in F}. 
(4) a € B for some finite extension B of F. 


Proof. Note that in general F(a) = {rational functions in a with coefficients 
in F}. If we let R = {polynomials in @ with coefficients in F}, then R C F(a). 

First, suppose (2) is true. Then R is a finite-dimensional vector space over 
F, so by Lemma 2.2.3, R is a field and R = F(a), proving (3). If (3) is true, 
then a~! = f(q@) is a polynomial in a, so af (a) = 1. Then g(a) = 0 where 
g(X) = Xf (X)—1, and @ is algebraic, proving (1). If (1) is true, then f(a) = 
0 for some polynomial f(X), so if f(X) has degree d, then {1,a,...,a471} 
spans R (as for any polynomial g(X), g(X) = f(X)q(X) + r(X) with 
degr(X) < d, and hence g(a) = f(a)q(a) +r(@) = r(@) = Se cia): 
so again R is a field, F(a) = R and (F(a)/F) < d is finite, proving (2). Thus 
we see that (1), (2), and (3) are equivalent. Also, (2) implies (4) since we may 
choose B = F(q), and (4) implies (2) since if a € B, then F(a) C B, so B/F 
finite implies F(a) /F finite. oO 


Lemma 2.4.3. Let a € E be algebraic. Let 
fi (X) be the monic generator of the ideal { f (X) € F[X] | f(@) = 0} 
f2(X) be the monic polynomial of lowest degree with f2(a) = 0. 
F3(X) be the monic irreducible polynomial with f3(a) = 0. 
Then f,(X), fo(X), and f3(X) are well defined and f\(X) = f2(X) = 
f3(X). Oo 


The polynomial satisfying the equivalent conditions of this lemma plays a 
vital role, and we give it a name. 


Definition 2.4.4. Let a € E be algebraic. The minimum polynomial m, (X) 
is the polynomial satisfying the equivalent conditions of Lemma 2.4.3. © 


2.4 Algebraic Elements and Algebraic Extensions 19 


Remark 2.4.5. (1) Note that m,(X) depends on the field F, but in order to keep 
the notation simple, we suppress that dependence. 

(2) Note that m,,(X) is linear, in which case m,(X) = X — a, if and only if 
aeéF. © 


We have the following very important properties of m,(X): 


Proposition 2.4.6. Let a be algebraic over F. Then 

(1) {1, a, a2,..., atl} is a basis for F(a) as a vector space over F, where 
d = deg m,(X). 

(2) (F(a)/F) = deg my (X). 

(3) Let T : F(a) — F(a) be multiplication by a, i.e., T(B) = ap. Then 
T is a linear transformation of F-vector spaces, and its minimum polynomial 
mr (X) = mg(X). 


Proof. Let d = degm,(X). Since m,(a) = 0, the set {1,a@,..., a4—'} spans 
F(q@), as in the proof of Lemma 2.4.2. We claim this set is linearly independent. 
Suppose not. Then wea car! = 0 with not all c; = 0, i.e., f(a) = O where 
0 f(X) = D4)c:X! € FLX]. But deg f(X) < degm,(X), a contradiction 
by Lemma 2.4.3. Hence {1, a,..., @4~'} is a basis for F(a), yielding (1), and 
this basis has d elements, so (F(a)/F) = d, yielding (2). 

(3) Let my(X) = Ee ix By definition, m,(X) is monic, so cg = 1. 
Then 0 = U4 pcia!, soa? = D4) (-ci)a’'. 

Now consider the matrix of T in the basis {1, @,..., @?—!} of F(a). Since 
T (a') = a'*t!, we see T has matrix 


00+. 0 —c9 
10-50 ce 
O1--0 -e¢ 
00-1 —Cd-1 


which we recognize as the companion matrix C(m,(X)) of the polynomial 
m,(X). But for any polynomial f(X), C(f(X)) has minimum polynomial 
(and characteristic polynomial) f(X) (see [AW, Theorem 4.4.14]). oO 


Lemma 2.4.7. Let F C B C Eand let a € E. Then (B(a)/B) < (F(a@)/F). 


Proof. If (F(a)/F) is infinite there is nothing to prove, so suppose (F(a) /F) 
is finite. Then this follows immediately from Lemma 2.3.4, Oo 


Corollary 2.4.8. Let a1,...,@, € E with F(a;)/F finite for each i. Then 
F(q,..., @,)/¥F is finite. 
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Proof. Trivial form = 1. Forn = 2, 
(F(a), a2)/F(a1)) = (F (a1) (a2)/F(@1)) < F(@2)/F) 
by Lemma 2.3.4. Then proceed by induction. o 


Corollary 2.4.9. (1) IfE/F is finite, then E/F is algebraic. 
(2) IfE = F({a;}) with each a; algebraic over F, then E/F is algebraic. 


Proof. (1) For any @ € E, F(a) € E, so (F(a)/F) < (E/F) is finite, and so, 
by Lemma 2.4.2, E/F is algebraic. 

(2) Let a € E. Then a is a rational function of {q@;}, so in particular w@ € 
F(a ,,..., ,) for some n. 

But, by Corollary 2.4.8, F(a@1,...,@,)/F is finite, so, by part (1) and 
Lemma 2.4.2, a is algebraic over F. Since @ is arbitrary, E/F is algebraic. O 


Remark 2.4.10. (1) It follows from Lemma 2.4.2 and Corollary 2.4.8 that if 
E is an algebraic extension of F obtained by adjoining finitely many al- 
gebraic elements to F, then E is a finite extension of F. But not every 
algebraic extension E of F is a finite extension of F. For example, if 
E = Q(v2, V3, V5, V7, ...), then E/Q is infinite. As a second example, if 
E = Qv2, V2, 72, 2,...), then E/Q is infinite. (While these two claims 
are quite plausible, they of course require proof, but we shall not prove them 
now.) 

(2) We also remark that a complex number that is algebraic over Q is 
known as an algebraic number, and that a subfield E of the field of com- 
plex numbers C that is obtained by adjoining finitely many algebraic num- 
bers to Q is known as an algebraic number field. We then immediately see 
that E C C is an algebraic number field if and only if E is a finite extension 
of Q. ° 


The next two results illustrate a theme which we will often see repeated. 
Let us consider fields F, B, and E with F C B C E. Thus B is an extension 
of F and E is an extension of B. Also, E is an extension of F and B is a 
subextension. We have some “nice” property of extensions (in this case, being 
algebraic). We ask if a “nice” extension of a “nice” extension is necessarily a 
“nice” extension, and also if a subextension of a “nice” extension is necessarily 
“nice”. We will see that for some properties (e.g., being algebraic) the answers 
to both questions are yes, but for others (e.g., being Galois) they are not. 


Proposition 2.4.11. Let E be an algebraic extension of ¥ and let B be any field 
intermediate between F and E. Then B is an algebraic extension of F and E is 
an algebraic extension of B. 
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Proof. Since E is an algebraic extension of F, every element of E is algebraic 
over F, and B C E, so certainly every element of B is algebraic over F, and so 
B is an algebraic extension of F. 

Now let a € E. Then @ is a root of some polynomial f(X) € FLX], and 
F[X] C B[X], so q@ is certainly a root of some polynomial in BLX], and so a 
is algebraic over B. Since q@ is arbitrary, E is algebraic over B. Oo 


Theorem 2.4.12. Let B be an algebraic extension of F and let E be an alge- 
braic extension of B. Then E is an algebraic extension of F. 


Proof. Let a € E. Then a is a root of some polynomial f(X) € B[X]. Let 
Bo C B be the field obtained from F by adjoining the finitely many coeffi- 
cients of f(X), each of which is algebraic over F. Then (Bo/F) is finite and 
(Bo(@)/Bo) is finite, so (Bo(a)/F) = (Bo(a)/Bo)(Bo/F) is finite as well. 
But @ € Bo(a@), so a is an element of a finite extension of F and hence, 
by Lemma 2.4.2, a is algebraic over F. Since a is arbitrary, E is algebraic 
over F. Oo 


For any fixed element a € E, we may define a ring homomorphism 
g: FLX] — E by ¢g | F = id and g(X) = a (so that g(f(X)) = f(a) 
for every f(X) € F[X]). 


Lemma 2.4.13. Let a € E be algebraic over F. Then y induces 
P : F[X]/(mo(X)) > Fla) 
an isomorphism of fields and of F-vector spaces. 


Proof. Let x : F[X] — F[X]/(m,(X)) be the canonical projection and set 
m(f(X)) = f(X). 7 

First, we show that g is well defined. Let f(X) € F[X]/(m,(X)) and 
suppose that 7(f(X)) = f (X) = m(g(X)). Then g(X) — f (X) is divisible by 
My(X), 80 g(X) = f(X) + ma(X)q(X) for some polynomial g(X) € FLX], 
and then g(g(X)) = g(a) = f(a) + malaga) = f(a) = g(f(X)), as 
required. 

Now it is easy to check that ¢ is a homomorphism of rings and a linear 
map of F-vector spaces, so to complete the proof of the lemma we need only 
show that it is both one-to-one and onto. 

Since g(1) = 1, we see, by Lemma 2.1.3, that g is injective. 

Now, by Proposition 2.2.4 and Proposition 2.4.6 (2), F[X]/(m,(X)) and 
F(a) are both F-vector spaces of the same finite dimension, and hence, since 
y is injective, it is surjective as well. oO 
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Remark 2.4.14. We have chosen to present a direct proof of Lemma 2.4.13, but 
it is a special case of a more general algebraic result: Let g : R > S be amap 
of rings. Then g induces an isomorphism @ : R/ Ker(y) > Im(g). © 


Remark 2.4.15. Let f(X) € FLX] be a monic irreducible polynomial, and let 
E be an extension field in which f(X) has a root a. Then f(X) = mg(X) is 
the minimum polynomial of a. Of course, F(a) C E, and F(a) = E if and 
only if (E/F) = deg m,(X), by Proposition 2.4.6 (2). © 


2.5 Splitting Fields 


Definition 2.5.1. (1) Let f(X) € FLX] be a nonconstant polynomial. If E > F 
is such that f(X) factors into (possibly repeated) linear factors in E[X], then 
F(X) splits in E[X]. 

(2) If f(X) splits in ELX] but not in BLX] for any proper subfield B of E, 
then E is a splitting field of f(X). © 


Note that X — q@ is a factor of f(X) if and only if f(@) = 0, ive., if and 
only if a is aroot of f(X). Thus, we regard f(X) as splitting in E if “all” the 
roots of f(X), i-e., in E, and we regard E as a splitting field if “all” the roots 
of f(X) lie in E but not in any proper subfield of E. 


Lemma 2.5.2. Let f(X) € F[X] be a nonconstant polynomial. Then f (X) 
has a splitting field. 


Proof. By induction on deg f (X), and all fields simultaneously. Without loss 
of generality we may assume that f(X) is monic. If deg f(X) = 1, then 
f(X) = X —a € F[X] and F is a splitting field for f(X). 

Assume the lemma holds for all polynomials of degree less than d, and all 
fields, and let f(X) € FLX] have degree d. 

By Theorem 2.2.6, there is an extension field B of F in which f(X) has a 
root a@;, and moreover B = F(a). Then f(X) = (X — a1)g(X) € B[X]. By 
induction, g(X) has a splitting field E over B. Hence g(X) = (X—az)--- (X— 
aa) € E[X] and f(X) = (X —a)--- (X — aq) € E[X] splits. 

Clearly E > Baz, ...,@,), and then E = B(ap,..., a@,), since certainly 
g(X) does not split over any field not containing each of a2,...,a,. Then 
E = F(q@1)(@2,...,Q@,) = F(ai,...,@,), and f(X) does not split in any 
proper subfield of E, by the same logic, so E is a splitting field for f(X).  O 


Note that in general it may well be the case that an extension B of F con- 
tains a root of an irreducible polynomial f(X) € F[X] but that polynomial 
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does not split in BLX], i.e., that “some” but not “all” of the roots of f(X) are 
in B. As an example of this, we may take B = Q(./2). Then the polynomial 
X4 — 2 is irreducible in Q[X] with roots 2, ix/2,—</2, and —i/2, and B 
contains just two of these four roots (2 and —4/2). 

We shall soon see that any two splitting fields of f(X) € F[X] are isomor- 
phic. Granting that, for the moment, we have the following result. 


Lemma 2.5.3. Let f (X) € F[X] be a nonconstant polynomial, with deg f (X) 
= d. Let E be a splitting field of f (X). If f (X) is irreducible, (E/F) is divisi- 
ble by d. In any case, (E/F) < d!. 


Proof. Without loss of generality we may assume that f(X) is monic. 

Suppose that f(X) is irreducible, and let a € E be a root of f(X). Then 
F(X) = m,(X), by Lemma 2.4.3, and d = degm,(X) = (F(@)/F), by 
Proposition 2.4.6 (2). But F(a) C E, and so (F(a@)/F) divides (E/F). 

For the upper bound, we proceed by induction on d, and all fields simul- 
taneously. If d = 1, E = F and (E/F) = 1. Suppose the lemma holds for 
all polynomials of degree less than d, and all fields, and let f(X) € FLX] 
have degree d. Let a be a root of f(X), set B = F(q@), and write f(X) = 
(X — a@)g(X) with g(X) € B[X]. Since f(a) = 0, ma(X) divides f(X), so 
(B/F) = deg m,(X) < deg f(X) = d. 

Let E be a splitting field of g(X), a polynomial of degree d — 1, over B. 
Then, by induction, (E/B) < (d — 1)!, and then (E/F) = (E/B)(B/F) < d!. 

Oo 


Example 2.5.4. (1) Let F = Q and let E be the splitting field of the irreducible 
polynomial X° — 2 € F[X]. Then E = F(a, »/2) where w? + w +1 = 0, and 
(E/F) = 6 =3!. 

(2) Let F = Q(w) and let E be the splitting field of the irreducible polyno- 
mial X3 — 2 € F[X]. Then E = F(/2), and (E/F) = 3 < 3}. © 


Corollary 2.5.5. Let E be a splitting field of anonconstant polynomial f (X) € 
FLX]. Then E/F is algebraic. 


Proof. E/F is finite. Oo 


Remark 2.5.6. Suppose that f(X) € F[X] splits in some extension A of F, and 
let a;,..., 0% be the roots of f(X) in A (so that f(X) = (X — a1)" ---(X — 
a,)%® € A[X]). Then E = F(qi,...,a%) is a splitting field for f(X), as 
F(X) visibly splits over E, and any field over which f (X) splits must contain 
Q,,..., @, and hence must contain E. © 
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2.6 Extending Isomorphisms 


We now prove two results about extensions of field isomorphisms that will be 
key technical tools. 


Lemma 2.6.1. Let 09 : Fj — F, be an isomorphism of fields. Let f,(X) € 
F\[X] be irreducible and let E, = F\(B1) where f,(B:) = 0. Let Ex = F.(f2) 
where f2(B2) = 0. Then oo extends to a unique isomorphism o : EK, > Ey, 
with o (B,) = Po. 


Proof. Clearly oo gives an isomorphism oo : F,[X] — F.2[X] and f2(X) is 
irreducible if and only if f;(X) is. Now, by Lemma 2.4.13, we have isomor- 
phisms 


Gi F[X1/(fi(X)) > Fi(Bi)) =E;, i = 1,2, 
and we let 
Oo = $2009 '. O 


Corollary 2.6.2. Let f(X) € F[X] be irreducible. Suppose B, and Bz are 
both roots of f(X) and let EK; = F(B), i = 1,2. Then there is a unique 
isomorphism o : E, — E2 with o | F = id and o(f) = fo. In particular, if 
E = F(6,) = F(fp), there is a unique automorphism o of E with o | F = id 
and 6 (B;) = Bo. o 


This corollary says that, algebraically, there is no distinction between roots 
of the same irreducible polynomial — choosing any two roots gives us isomor- 
phic extensions. 


Lemma 2.6.3. Let 09 : F,; — F, be an isomorphism of fields. Let fi(X) € 
Fi [X] and let fo(X) = oo(fi(X)) € FLX]. Let E, be a splitting field of F(X) 
and let E, be a splitting field of f.(X). Then oo extends to an isomorphism 
o :E, — Ey. 


Proof. Factor f;(X) into irreducibles in F[X], and let there be k factors. Set 
dy(f\) = deg( fi) — k. We prove the theorem by induction on dp(f)), and all 
fields. 

If de(fi) = 0, then f;(X) is a product of linear factors, and E; = F;, 
E> => F,, SOO = Oo. 

Suppose dg(f;) > 0. Then f,(X) has an irreducible factor g1(X) of de- 
gree greater than 1. Let a, be a root of g;(X) in E; and let a be a root of 
60(g1(X)) in Ey. Then E; > F(a) and Ey > F(a2). By Lemma 2.6.1, there 
is an isomorphism o; : F(o,) — F(o2) with o; | F = oo and 0; (a)) = a. 
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Set B = F(q,), and consider f;(X) € B[LX]. Now g;(X) € BLX] has the 
factor X — a,, so f,(X) has at least k + 1 irreducible factors in B[X] and 
hence dg(fi) < dr(fi). Since E; was a splitting field of f,(X), regarded as 
polynomial in F,[{X], and B C E), then, by Remark 2.5.6, E; is still a splitting 
field of f,(X) regarded as a polynomial in B[X], and similarly for E2, so by 
induction o, extends to o, as claimed. oO 


Corollary 2.6.4. Let f (X) € FLX]. Then any two splitting fields of f (X) are 
isomorphic. qo 


Note that we are certainly not claiming that the isomorphism o of Lemma 
2.6.3 is unique! In fact, studying automorphisms E that fix F is what Galois 
theory is all about. To give a simple example of this, let F = Q and E = 
Q(/D). Then E has an automorphism o given by o(a + b./D) =a —bVD. 


2.7 Normal, Separable, and Galois Extensions 


We begin by defining two (independent) properties of field extensions. 


Definition 2.7.1. An algebraic extension E of F is a normal extension if every 
irreducible polynomial f(X) € F[X] with f(@) = 0 for some a € E splits in 
E[X]. © 


Remark 2.7.2. Observe that Definition 2.7.1 is equivalent to: An algebraic ex- 
tension E of F is normal if m,(X) splits in E[X] for every a € E. © 


Definition 2.7.3. (1) If the irreducible factors of f(X) € FLX] split into a 
product of distinct linear factors in some (hence in any) splitting field for 
F(X), then f(X) is a separable polynomial. Otherwise, it is an inseparable 
polynomial. 

(2) Let E be an algebraic extension of F. Then a ¢€ E is a separable 
element if m,(X) is a separable polynomial. Otherwise, a is an inseparable 
element. 

(3) Let E be an algebraic extension of F. Then E is a separable extension 
of F if every a € E is a separable element. Otherwise, it is an inseparable 
extension. © 


Remark 2.7.4. We are most interested in extensions that are both normal and 
separable, as these have the closest connection with Galois theory, so we will 
defer our consideration of extensions that satisfy only one of these two prop- 
erties until later. However, some discussion of both of these properties is in 
order now. 
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First, we might observe that the definitions of normal and separable are 
rather discouraging on the face of it, as they each require us to verify a condi- 
tion on m,(X) for each a € E. But, as we will soon see (in Theorem 2.7.14), 
we have an easy criterion for extensions to be both normal and separable. 

Even if we are interested in extensions that are normal or separable, the 
situation is not so bad. We note some results that we shall prove later on. 


Theorem 5.2.1. E is a finite normal extension of F if and only if E is 
the splitting field of a polynomial f (X) € F[X]. 
Theorem 5.1.9. E is a finite separable extension of F if and only if 


E is obtained from F by adjoining root(s) of a separable polynomial 
F(X) € FLX]. 


Actually, sometimes separability is automatic. There are some fields F all 
of whose algebraic extensions are separable. Such a field F is called perfect, 
and we will show below that the following is true. 


Theorem 3.2.6. F is a perfect field if and only if ¥ is a field of char- 
acteristic 0 or ¥ is a finite field. © 


We now define one of the most important objects in mathematics. 


Definition 2.7.5. Let E be an algebraic extension of F. The Galois group 
Gal(E/F) is the group of all automorphisms of E that restrict to the identity 
on F, 


Gal(E/F) = {0 : E> E automorphism | o | F = id}. ° 


(Strictly speaking, we should have defined Gal(E/F) to be the set of these 
automorphisms, but it is easy to verify that this set is indeed a group under 
composition.) 


Lemma 2.7.6. Let E be an algebraic extension of F and let B be a field with 
F CB CE. Then Gal(E/B) is a subgroup of Gal(E/F). 


Proof. Any automorphism 0: E — E with o | B = id certainly satisfies 
o | F=id. oO 


Definition 2.7.7. Let G be a group of automorphisms of a field E. Then the 
fixed field Fix(G) = {a € E| o(a@) = a forallo € G}. © 


Lemma 2.7.8. Let G be a group of automorphisms of a field E. Then Fix(G) 
is a subfield of E. Oo 
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Note that, by definition, F C Fix(Gal(E/F)). 


Definition 2.7.9. Let E be an algebraic extension of F. Then E is a Galois 
extension of F if Fix(Gal(E/F)) = F. ° 


Our first main goal is the Fundamental Theorem of Galois Theory (FTGT), 
which, for a finite Galois extension E of F, establishes a one-to-one correspon- 
dence between intermediate fields B (i.e., fields B with F C B C E) and sub- 
groups H of G = Gal(E/F). On the way there, we need to obtain a criterion 
for E to be a Galois extension of F, an important result in its own right. 


Definition 2.7.10. Let E be an algebraic extension of F and let a € E. Then 
{ao (a) | o € Gal(E/F)} is the set of (Galois) conjugates of a in E. © 


Lemma 2.7.11. Let H = {o € Gal(E/F) | o(@) = a}. Then H is a subgroup 
of G = Gal(E/F) and the number of conjugates of a in E is equal to the index 
[G : H]. Oo 


The following lemma is particularly useful. 


Lemma 2.7.12. Let E be a Galois extension of F and let a € E. Then a has 
finitely many conjugates in E. If {a;}i=1,...r is the set of conjugates of a = a), 
then 


joerg 


ma(X) = | [(X — ai). 
i=1 


Proof. Since m,(X) € F[X], for each o € G = Gal(E/F), o(q@) is a root 
of o(my(X)) = m,(X). Since m,(X) has only finitely many roots, {0 (@)} 
must be a finite set. Now let ng(X) = Ta (X — a;). Since o € G permutes 
{aj}, o(Mg(X)) = ng(X). In other words, every o € G fixes each coefficient 
of n.(X). Since E is a Galois extension of F, this implies that each of these 
coefficients is in F, i.e., that ny(X) € FLX]. As we have observed, m,(a;) = 0 
for each i, so X —q; divides m,(X) for each i, and hence n, (X) divides m,(X) 
in E[X], and hence in F[X], by Lemma 2.2.7. But m,(X) is irreducible in 
F[X], so mg (X) = ng(X). Oo 


Corollary 2.7.13. Let E be a Galois extension of F and let a € KE. Then 
(F(@)/F) is equal to the number of conjugates of a in E. 


Proof. (F(a)/F) = degm,(X) by Proposition 2.4.6 (2) and degm,(X) is 
equal to the number of conjugates of a in E by Lemma 2.7.12. a] 


The following theorem is a key result. 
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Theorem 2.7.14. Let E be a finite extension of ¥. The following are equiva- 
lent: 

(1) E is a Galois extension of F. 

(2) E is anormal and separable extension of F. 

(3) E is the splitting field of a separable polynomial f (X) € F[X]. 


Proof. (1) => (2): Let E be a Galois extension of F and let a € E. Let {a;} be 
the set of conjugates of a in E. By Lemma 2.7.12, m,(X) = TT; (X — aj), 
and this is a separable polynomial (as its roots are distinct) that splits in E. 


(2) => @): Let {e;} be a basis for E over F, and let f(X) be the product 
of the distinct elements of {m,,(X)}. Then f(X) is separable, as each m,,(X) 
has distinct roots, and f (X) certainly splits in E. Moreover, any field in which 
Ff (X) splits must contain each ¢;, so E is the splitting field of f(X). 


(3) => (1): We prove this by induction on (E/F) and all fields simultane- 
ously. Let E be the splitting field of the separable polynomial f(X). 

If (E/F) = 1, then E = F, Gal(E/F) = {id}, and we are done. 

Suppose now that the theorem is true for all extensions of degree less than 
n and let (E/F) =n > 1. 

Factor f(X) into irreducibles f(X) = f,(X)--- f;(X) in FLX]. Some 
f;(X) has degree greater than one, as otherwise f(X) would split in F[X] 
and so E = F. Renumbering if necessary, we may suppose that this factor is 
fi (X). Let it have degree r. Let a = a be a root of f|(X), a € E. Then 
Fi(X) = m,(X), since f;(X) is irreducible. Of course, a ¢ F. 

By assumption, m,(X) is separable, so has distinct roots a),..., @,. Now 
a; is a root of the irreducible polynomial m,(X) by assumption, and a; is a 
root of the irreducible polynomial m,,(X) by definition, so, by Lemma 2.4.3, 
Mg,(X) = m,(X), for each i. Furthermore, by Corollary 2.6.2, there are iso- 
morphisms o;: F(@,) —> F(q@;) with o; | F = id and o;(a;) = aj, i = 
i eats a 

Consider E D> F(a;) D> F. Then E is the splitting field of m,(X) € 
F(a@;)[X], so, by Lemma 2.6.3, there is an automorphism of E extending the 
isomorphism o;. Denote this extension by o; as well. Then o; | F = id, so 
o; € Gal(E/F). Note that o;(F(a;)) = F(@,) for some k, as the automor- 
phism o; of E must permute the roots of the irreducible polynomial m,(X). 

Now consider E as an extension of F(a). Then (E/F(@)) < (E/F), and 
E is the splitting field of the separable polynomial m,(X) € F(a)[X], so 
by induction E is a Galois extension of F(a), i.e., F(a) is the fixed field of 
Gal(E/F(@)). By Lemma 2.7.6, Gal(E/F(q@)) is a subgroup of Gal(E/F), so 
this implies that B = Fix(Gal(E/F)) C F(a). We wish to show that B = F. 
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Let m,(X) € BLX] be the minimum polynomial of a regarded as an ele- 
ment of B. Since B C F(a), we see that B(a) = F(a), and then 


deg m.(X) = (B(a)/B) = (F(a)/B) < (F(@)/F) = deg ma(X) 


with equality if and only if B = F. Thus it remains to show that deg m,(X) = 
deg m,(X). In fact we show that my(X) = m,(X). 

Now m,(X) divides my(X) and my(X) = []j_,(X — ai) by Lemma 
2.7.12. 

Consider a;. We have constructed an element 0; € Gal(E/F) with o;(a@) = 
a;, i.e., there is an automorphism o; of E with o;(@) = a; and o; | F = id. 
But B = Fix(Gal(E/F)) so o; | B = id, and hence o; € Gal(E/B). Then 
Oj (Mg(X)) = Mq(X), as 0; (Mq(X)) € B[X]; thus 


Ma (Qi) = Mg (o;(a)) = oj(Ma(a)) = 0;(0) = 0, 


so a; is a root of m,(X) for each i, i.e., X — a; is a factor of m,(X) for each 
i, and so m,(X) = m,(X), as required. oO 
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In this section we reach our first main goal. Before we get there, we have some 
work to do. 

We let F* denote the set of nonzero elements of F, and recall that F* is a 
group under multiplication. 


Definition 2.8.1. A character of a group G in a field F is a homomorphism 
o:GroF. © 


Example 2.8.2. (1) Let G = F*. Then id: G — F* is a character. 
(2) Let G = F*. For any automorphism o of F, 0: G — F* is a character. 
(3) Let G = F*. For any map of fields o: F — E, o: G > E* isa 
character. © 


Definition 2.8.3. A set of characters {o;};=<1,.... 1s dependent if there is a set 
of elements {@;}j<1,..... of F, not all zero, with a}0, +---+a,o0, = 0 (ie., with 
(a\0,+-+-+a,0,)(x) = 0 for every x € G). Otherwise itis independent. ¢ 


Theorem 2.8.4 (Dirichlet). Let {o;};=1,..., be a set of mutually distinct char- 
acters of G in F. Then {o;} is independent. 
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Proof (Artin). By induction on n. 

Suppose n = 1. Then a;o, = 0 implies a; = 0 (asa (1) = 1). 

Suppose now that the theorem is true for any set of fewer than n characters 
and consider {0;};-1,..... Suppose aja, +---+d,0, = 0. Some a; is nonzero. 
Let that be a;. Since o; and o, are distinct, there is an x € G with o,(x) 4 
0,,(x). Now by hypothesis, for every y € G, 


a01(y) + +++ + anon(y) = 9, 
so, multiplying by o,,(x), 
(*) G1On(x)o1(y) + +++ + anOn(x)On(y) = 0. 
On the other hand, for every y € G, 
ajo, (xy) +--+ + an0,(xy) = 0; 

using the fact that o;(xy) = 0; (x)o;(y), 

(#*)  a01(x)o1(y) + +++ + GnOn(x)on(y) = 9, 
and then, subtracting («) from («*), 

41 (01 (X) — On(X))or(y) + +++ + Gn—1(Gn-1(%) — On(X))On-1(y) = 0 


for every y € G. By induction, each coefficient is zero, so in particular 0; (x) = 
0, (x), a contradiction. oO 


Theorem 2.8.5. Let © = {o0;, i = 1,...,n} be a group of mutually distinct 
automorphisms of a field E, and let F be the fixed field of X. Then (E/F) = n. 


Proof. (Artin) First we show n < (E/F) (which only uses the fact that © is a 
set) and then we show n > (E/F) (which uses the fact that © is a group). We 
prove both inequalities by contradiction. Let r = (E/F). 

For the first step, suppose r < n. Let {€;,..., €,} be a basis for E over F. 
Consider the system of equations in E: 


O1(€1) «++ On(€1) | | a1 
; > | =0. 


o1(€;) pes On (é,) oy 


This system has more unknowns than equations, so it has a nontrivial solution 
which we still denote by aj, ...,a,. Then 
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S| a105 (x) = Oforeachk = 1,...,r. 


i=] 


Let e € E be arbitrary. Since {€,} is a basis, we have that ¢ = Sey Sk€x With 
Fx € F, and since F is the fixed field of ©, o;(/;) = f, for each 1, k. Then 


Ys aoi() = aici) > few) = Yo a0; (feer) = D> a4 fei (€x) 
i=0 i=0 k=I ik ink 


= DP f(D) 1014) = YF fe) = 0, 
k=1 i=1 k=1 


so )-;_, #0; = 0, contradicting Theorem 2.8.4. 

For the second step, suppose r > n. Since & is a group, some o; is the 
identity. Let it be o,. Let {€;,...,€:41} be a set of F-linearly independent 
elements of E. Consider the system of equations in E: 


oy (€1) +++ O1(€n41) Bi 
: |=0. 
On(€1) +++ On(€n41) Bn+i 
This system has more unknowns than equations, so it has a nontrivial solu- 
tion which we still denote by 61, ..., Bni;. Among all such solutions choose 
one with the smallest number s of nonzero values. By permuting the subscripts, 
we may assume this solution is ,,..., 8;,0,...,0. Note that s > 1, since if 
s = 1,0 = fio; (€1) = Bye, implies Bj = 0 as ey # 0. Then we may fur- 
ther assume (multiplying by B-! if necessary) that 8, = 1. Finally, not all 6; 
are in F, since if they were, we would have 0 = f,0;(€;) + ---+ B,o1(€s) = 
Bye, +---+ és, an F-linear dependence of {€;, ..., €,}. Thus we may finally 
assume that 6; ¢ F. Then we have 


(*:) Bio;(€1) +--+ + Bs_10;(€s-1) + oj (Es) =0, i=1,...,n. 


Since f, ¢ F = Fix(), there is ao, € X with o;, (61) 4 6. Since ¥ isa 
group, for any 0; € & there isao; € & with o; = o,0;. Then applying o; to 
(*;), we have 


(#*;) 0% (B1)0;(€1) +--+ + 0% (Bs—1) 0; (€s_1) + O71 (Es) = 9, 
fori = 1,...,n. Subtracting (««;) from (*;) gives 
(* **;) (By — o¢(B1))0;(€1) + +--+ (Bs-1 — 9; (€s—1) 0; (€s—1) = 9, 


fori = 1,...,n. Now f; — ox(6;) € O and this equation has fewer than s 
nonzero coefficients, a contradiction. gO 
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Corollary 2.8.6. (1) Let G be a finite group of automorphisms of E and let 
F = Fix(G). Then any automorphism of E fixing F must belong to G. 

(2) Let G, and G2 be two distinct finite groups of automorphisms of E, and 
let F, = Fix(G,), F. = Fix(G2). Then F, and F are distinct. 


Proof. (1) (E/F) = |G| =n, say, by Theorem 2.8.5, so if there were some 
automorphism o of E fixing F that was not in G, then F would be fixed by at 
least n + 1 > (E/F) automorphisms of E, a contradiction. 

(2) We prove the contrapositive: If F, = F,, then F, is fixed by G2, so 
G2 C G, by part (1), and vice versa, so G, = Gp. im 


Lemma 2.8.7. Let G be a group of automorphisms of E fixing F and let H be 
a subgroup of G. Let B = Fix(). Then for any o € G, 0 (B) = Fix(o Ho). 


Proof, Let B € Band t € H. Then ota—!(o(B)) = ot(B) = a(B), so 
a (B) © Fix(o Ho—!). On the other hand, if oto ~!(’) = B’ for some f’ € E 
and all t € H, then to~!(b’) = o —!(b’); soo“! (B') = B € Fix(A) = B and 
B’ = o(B), so Fix(o Ho!) CoB). g 


Here is the most important theorem in this book, and one of the fundamen- 
tal theorems in all of mathematics. 


Theorem 2.8.8 (Fundamental Theorem of Galois Theory = FTGT). Let E 
be a finite Galois extension of F and let G = Gal(E/F). 

(1) There is a one-to-one correspondence between intermediate fields 
E > B 3D F and subgroups {1} C Gg C G given by 


B = Fix(Gp). 


(2) B is a normal extension of ¥F if and only if Gg is a normal subgroup of 
G. This is the case if and only if B is a Galois extension of ¥. In this case 


Gal(B/F) = G/Gp. 
(3) For each E 2 B D F, (B/F) = [G : Gp] and (E/B) = |Gpl. 


We say that the intermediate field B and the subgroup Gg “belong” to each 
other. 
Before proving this theorem, we make some observations. 


Remark 2.8.9. (1) If B; © Bz, then Gg, > Gg,, so the correspondence is 
“inclusion-reversing”’. 

(2) E is always a Galois extension of B and Gg = Gal(E/B), both claims 
being true by the definition of a Galois extension (Definition 2.7.9). 
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(3) Since E/F is separable, B/F is separable for any B intermediate be- 
tween F and E (recall Definition 2.8.3 (3)), so, by Theorem 2.7.14, B/F is 
normal if and only if B/F is Galois. This justifies the second sentence of 
Theorem 2.8.8 (2). 

(4) As we shall see from the proof, in case B is a Galois extension of 
F, the quotient map Gal(E/F) — Gal(B/F) is simply given by restriction, 
aoro|B. © 


Proof. (1) For each subgroup H and G, let 
By = Fix(#). 
This gives a map 
I’: {subgroups of G} — {fields intermediate between F and E}. 


We show I is a one-to-one correspondence. 

I is one-to-one: If H, #4 Ab», then Fix(H,) # Fix(H2) by Corollary 
2.8.6 (2). 

I is onto: Let F C B C E and let 


H ={o €G| o | B= id} = Gal(E/B) C Gal(E/F). 


Since E/F is Galois, it is the splitting field of a separable polynomial 
f(X) € F[X] by Theorem 2.7.14. But F C B so f(X) € B[X]. Then E 
is the splitting field of the separable polynomial f(X) € B[X], so E/B is 
Galois, again by Theorem 2.7.14, and hence B = Fix(Gal(E/B)) = Fix(#2). 

Thus I is one-to-one and onto, and if [~!(B) = Gg, then B = Fix(Gp). 


(3) Since E/B is Galois, we know that (E/B) = | Gal(E/B)| = |Ggl, by 
Theorem 2.8.5, and (E/F) = (E/B)(B/F), while |G| = |[Ggl|[G : Gg], so 
(B/F) = [G: Gg]. 

(2) Suppose that Gg is a normal subgroup of G. For any 0 € Gal(E/F), 
o(B) = Fix(oGgo™') = Fix(Gg) = B, by Lemma 2.8.7. Hence we have 
the restriction map R : Gal(E/F) — Gal(B/F) given by o bh o | B, 
and Ker(R) = {fo € G | o | B = id} = Gg by definition. Thus 
Im(R) = Gal(E/F)/ Ker(R) = G/Gg. But let o9 € Gal(B/F). Then E/B 
is Galois, so E is the splitting field of a (separable) polynomial f(X). Then 
oo: B — B extends too: E > E by Lemma 2.6.3, and o | F = id, so 
o € Gal(E/F). Then R(o) = 00, so R: Gal(E/F) — Gal(B/F) is onto and 
hence Gal(B/F) = G/Gg. 
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Conversely, suppose that B/F is Galois. Then B is the splitting field of a 
separable polynomial f(X). Let f(X) have roots £),..., 8, in B, and note, 
by Remark 2.5.6, that B = F(6;,..., B,). Leto € G = Gal(E/F). 

Now f(X) € FLX], so o(f(X)) = f(X) and hence o permutes the 
roots of f(X), i.e., for every i, o(B;) = 6; for some j. In particular this 
implies that o(B) = B. But now, by Lemma 2.8.7, Fix(Gg) = B = o(B) = 
Fix(o Ggo~!), so, by part (1), Gg = oGgo™!. Since o is arbitrary, Gg is a 
normal subgroup of G. a 


In the next section, we shall give a number of examples of the FTGT, but 
first we continue here with our theoretical development. 


Definition 2.8.10. Two fields B; and B» intermediate between E and B are 
conjugate if there is ao € Gal(E/F) with o(B,) = Bo. © 


Corollary 2.8.11. (1) Two intermediate fields B, and Bz are conjugate if and 
only if Gg, and Gx, are conjugate subgroups of Gal(E/F). 

(2) B is its only conjugate if and only if Gg is a normal subgroup of 
Gal(E/F). 


Proof. Immediate from Lemma 2.8.7 and Theorem 2.8.8. oO 


Returning to the situation of the Fundamental Theorem of Galois Theory, 
let E be a finite Galois extension of F, and let B be an intermediate field be- 
tween E and F. 


Definition 2.8.12. Let 
Qp = {o0: B > B’ anisomorphism | F C B’ CE, oo | F = id}. 


Let A: Qp — {left cosets of Gg in G} be defined as follows: 
Let o9 € Qp. Since E is a splitting field, 09 extends to 0 € Gal(E/F) by 
Lemma 2.6.3. Then set 


A(oo) = [ol] € G/Gg. 2 


Proposition 2.8.13. (1) A is well defined. 

(2) A is one-to-one and onto. 

(3) Gal(B/F) © Qp with equality if and only if Gg is normal, or equivalent 
if and only if B/¥F is Galois. In this case, A is an isomorphism of groups, 
A: Oz, —-G i Gg. 


Proof. (1) We need to check that A(o0) is independent of the choice of exten- 
sion o. Let o’ be another extension of oo. Then o’ | B = op = o | B, ie., 
o’(B) = o(B) for all 8B € B, so (o~'0’)(B) = B for all 8 € B, and hence 
alo’ € Gg, soa’ € oGg and [o’] = [o]. 
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(2) Suppose A(o9) = [o] and A(t) = [t] with [o] = [rt]. Then t = op 
for some p € Gg, sot | B = op— | B. But op € Gg so p | B = id; hence 
t | B=o | B,i-e., t) = oo, and A is one-to-one. Also, let o Gg be a left 
coset of Gg in G, and let 09 = o | B,op: B > B’ = oo (B) C E. Then 
A(a) = [00], so A is onto. 

(3) Clearly Gal(B/F) C Qs, as Gal(B/F) = {oo € Op | B’ = By}. 
The first sentence then follows directly from Corollary 2.8.11. As for the sec- 
ond, if A(o) = [oo] and A(t) = 1%, then o | B = oo andt | B = to, 
so ot | B = oot and hence A(ot) = [ooto]. But if Gg is normal, 
(o0oGB)(toGB) = ootoGp, i.€., [ooto.] = [Go][o0], so A(ot) = A(o) A(t). 
Thus A is a group homomorphism that is one-to-one and onto as a map of 
sets, so A is an isomorphism. oO 


Proposition 2.8.14. Let E be a finite Galois extension of F and let B, and By 
be intermediate fields with B, = Fix(H,) and B2 = Fix(A)). 

Then: 

(1) B, By = Fix(A N Ap) 

(2) B, NB» = Fix(A3) where Hy; is the subgroup generated by H, and Ap. 


Proof. (A) Ifo € H,M Ab, theno € Hj, soo fixes Bj, anda € A, soo fixes 
B,; hence o fixes B,B2. On the other hand, if o fixes B,B2, then o fixes B,, 
soo € Hj, ando fixes Bx, soo € Hp; henceo € H,M Ap. 


(2) If o(6) = B for every o € H;, then o(f) = B for every o € Hi, so 
B € B,, and o(f) = B for every o € Hy, so B € By; hence f € B, NB. On 
the other hand, if 6 € B, 1 By, then b € B,, soo (8) = B for everyo € A, 
and b € By, so o(f) = 8B for every o € Hy; hence o(f) = 6 for every 
o € A. a 


In the original development of group theory, and in particular in the work 
of Galois, groups were not regarded as abstract groups, but rather as groups 
of symmetries, and in particular as groups of permutations of the roots of a 
polynomial. This viewpoint, still a most useful one, is encapsulated in the fol- 
lowing result. In order to state it, we first recall that an action of a group G on 
aset S = {s;} is transitive if for any two elements s; and s; of S, there is an 
element o of G with o(s;) = s;. 


Proposition 2.8.15. Let E be a finite Galois extension of ¥, so E is the splitting 
field of a separable polynomial f (X) € F[X]. Then G = Gal(E/F) is isomor- 
phic to a permutation group on the roots of f (X). If f (X) is irreducible, then 
G is isomorphic to a transitive permutation group on the roots of f (X). 
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Proof. Let a;,...,@q be the roots of f(X) in E. For any o € Gal(E/F), 
o(a;) is aroot of o( f(X)) = f(X), so Gal(E/F) permutes {a;}. Furthermore, 
E = F(q),..., ag) (Remark 2.5.6), so if o(a;) = a; for each i, then o = id. 
Now if f(X) is irreducible, and a; and a; are any two roots of f(X), 
there is isomorphism o9: F(a@;) > F(a;) with o | F = id and oo(a;) = a; 
(Lemma 2.6.1), and oo extends too: E — E (Lemma 2.6.3). a 


Remark 2.8.16. Note Proposition 2.8.15 implies Lemma 2.5.3 in case f(X) is 
separable. © 


Remark 2.8.17. Note that Proposition 2.8.15 is about how the Galois group is 
realized, not about its structure as an abstract group. For example, consider 
E = Q(V2, V3) and F = Q. Then G = Gal(E/F) = (Z/2Z) @ (Z/2Z), 
and E is the splitting field of the polynomial (X? — 2)(X? — 3), which is not 
irreducible, so G does not act transitively on {./2, ERT ES V3, —/3}. On the 
other hand E = Q(./2 + V3) and E is the splitting field of the polynomial 
(X — (2+ -V3))(X — (W2 — V3) (XK — (-V2 +. V3) )(X — (V2 - V3) = 
X* — 10X? + 1, which is irreducible, and G does indeed act transitively on 


{V2 + 73, V2 — V3, -V2 + V3, -V2 — V3}. ° 


Corollary 2.8.18. Let f(X) € F[X] be a separable polynomial and write 
F(X) = fiC(X)"--- fe(X)%, a factorization into irreducibles in FX]. Let 
Ff,(X) have degree d;. Let E be the splitting field of f(X) © F[X]. Then 
Gal(E/F) is isomorphic to a subgroup of Sa, x «-- < Sa, (where Sq denotes 
the symmetric group on d elements). In particular, if f (X) € F[X] is a sepa- 
rable polynomial of degree d, and ¥ is the splitting field of f (X) € FLX], then 
Gal(E/F) is isomorphic to a subgroup of Sq. oO 


Theorem 2.8.19. Let E be a finite Galois extension of F of degree d. Then 
G = Gal(E/F) is isomorphic to a subgroup of Sa, the symmetric group on d 
elements. Also, G has a subgroup H of index d. 


Proof. Since E is a Galois extension of F, it is certainly a separable extension 
of F (Proposition 2.8.14).We now apply a result we shall prove later (Corollary 
3.5.3) to conclude that E = F(a) for some a € E. Thend = (E/F) = 
(F(a)/F) = deg m,(X) (Proposition 2.4.6 (2)), so the theorem follows from 
Proposition 2.8.15 and the following general fact: If G acts transitively on 
S = {s;}, a set of cardinality d, then H = {o € G | o(s;) = 5;} is a subgroup 
of index d. im 
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In this section we give a number of examples of the Fundamental Theorem of 
Galois Theory, and compute a number of Galois groups. 


Example 2.9.1. See Example 1.1.1. © 
Example 2.9.2. See Example 1.1.2. © 
Example 2.9.3. See Example 1.1.3. © 
Example 2.9.4. See Example 1.1.4. © 


Example 2.9.5. Let E, be the splitting field of f(X) = X?* — a over Q, where 
for simplicity we take a to be an integer. There are several cases. 

a = 0: Then f(X) = (X)(X)(X) is a product of linear factors, so E, = 
Q. (E, is obtained from Q by adjoining 0 three times, but adjoining 0 does 
nothing.) Note (E,/Q) = 1. 

a # Oaperfect cube: Leta = b*. Then f(X) = X?>—b® = b3((X/b)3—1) 
so E, = E,. Thus we need only find the splitting field of f(X) = X 3_ 1, This 
we have done already. E; = Q(w) where » = (—1+i /3) /2 is a primitive 
cube root of 1. Note (E,/Q) = 2 and Gal(E,/Q) = Z/2Z. 

a ~ 0 not a perfect cube: This situation is entirely analogous to Exam- 
ple 1.1.3. Ez = Q(a, ./a) and (E,/Q) = 6. Also, G = Gal(E,/Q) = Dg, the 
dihedral group of order 6. Note that we can determine G without doing any 
computation. We know that |G] = (E,/Q) = 6, and there are only two groups 
of order 6, Z/6Z, which is abelian, and De, which is not. Now E, > Q(./a) 
and Q(./a) is not a normal extension of Q, so G has a subgroup that is not 
normal and hence G is nonabelian. © 


Example 2.9.6. E is the splitting field of f(X) = X® — 3 over Q. Then E = 
Q(¢, 3) where ¢ is a primitive sixth root of 1 and (E/Q) = 12. We may 
choose ¢ = (1 + iV3)/2. Then w = ¢? and —1 = ¢3. But then notice also 
that ¢ = 1+ so in particular Q(¢) = Q(w). An element o of Gal(E/Q) is 
determined by its effect on ¢ and on /3. One can check that G = Gal(E/Q) 
has elements o and t with: 


CARI kal To) =e 
o(V3)=V3 1(V73) = £3. 


Clearly o? = 1 and t® = 1. Alsoot(¢) = 65 = to (¢) and ot (V3) = 
c71Y/3 = 1710 (73). Since any element of G must take ¢ to ¢ or ¢7!, and 
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must take /6 to ¢'./6 for some i, we see that o and t generate G. Thus we 
conclude that 


G=(o,t|o? =1, r=liot=t!'o) 


is isomorphic to the dihedral group D}p. It is then routine but lengthy to check 
that G has 15 subgroups, which we list below, where subgroups denoted by the 
some letter are mutually conjugate (so in particular Aj, D), E;, G;, H, and 
are normal): 

A, = {1} 

B, = {l,o}, By = {1,170}, Bs = {1, r40} 

C, ={1, to}, Co = {1, ro}, C3 = {1, 130} 


Di= 1:7") 
B= (ha 
F, = 1,0,13, 130}, F, = {1, to, t?, t+o}, F3 = {1, t20, t7, t°o} 


G, = {1, t?, t+, 0, t20, t*o} 
H, = {1, t,t”, t3, t4, >} 


i =G 
These subgroups have the following fixed fields: 
Fix(A;) = E 


Fix(B1) = Q(V3), Fix(B2) = Q(¢73), Fix(B3) = Q(@V3) 
Fix(C1) = Q((1 + £)73), Fix(C2) = Q(i/3), 
Fix(C3) = Q((1 + ¢71)/3) 
Fix(D1) = Q(é, V3) 
Fix(E}) = Q(é, V3) 
Fix(F\) = Q(73), Fix(F2) = Q(¢/3), Fix(F3) = Q(@V3) 
Fix(G1) = Q(V3) 
Fix(H1) = Q(é) 
Fix(l;) =Q 


The 6 subfields fixed by normal subgroups are Galois extensions of Q, so are 
splitting fields of separable polynomials: 

Fix(A,) = splitting field of X° — 3 

Fix(D,) = splitting field of X? — 3 

Fix(E,) = splitting field of (xX? — X + 1)(X? — 3) 

Fix(G1) = splitting field of X? — 3 

Fix(H,) = splitting field of X? —X +1 

Fix(/;) = splitting field of 1 


Note here there are also interesting relationships between the fields interme- 
diate between E and Q. For example, let F = Fix(F,) = Q(/3). Then By, 
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C2, and D, are all normal subgroups of F; (although B, and C> are not nor- 
mal subgroups of G). Hence Fix(B,)/F,, Fix(C2)/F,, and Fix(D,)/F; are all 
Galois extensions, all of degree two, hence with Galois groups isomorphic to 
Z/2Z, and they are the splitting fields of the polynomials X? — ./3, X? + V3, 
and X? + X + 1 € Q(./3)[X], respectively. © 


Example 2.9.7. E is the splitting field of X®° + 3 over Q. Again E = 
QC, x/—3) where ¢ is a primitive sixth root of 1. However, (/-3)3 = iJ3, 
sot é Q(./—3) and E = Q(</—3). Thus in this case (E/Q) = 6, and here 
Gal(E/Q) = Dg by an argument as in Example 2.9.4. © 


Example 2.9.8. If (E/Q) = 3, then, by Theorem 2.8.19, Gal(E/Q) is a sub- 
group of S3 whose order is divisible by 3, so it is either $3 or Z/3Z. The 
construction in part (4) of this example always gave S3. Here is a case where 
the Galois group is Z/3Z. Let ¢ be a primitive ninth root of 1 and consider the 
polynomial f(X) = (X — (+ ¢7"))(X — (7 +6°-7) (KX — (64 +0674) = 
X3 — 3X +1 € Q[X]. This polynomial is irreducible over Q (as otherwise it 
would have a linear factor, i.e., a root in Q, and it does not). Let Ao, A1, and Az 
be the roots of this polynomial, in the order written, and let E = F(Ao, A1, A2) 
be its splitting field. 

Then (E/Q) = deg f(X) = 3, and since | Gal(E/Q)| = (E/Q), the Ga- 
lois group must be isomorphic to Z/3Z. We can see this concretely as follows: 
Note that AZ = Ay +2 and At = Az +2 (and also A5 = Ag + 2), so in fact E = 
F(Ao), and o € Gal(E/Q) is determined by o (Ao). Since f (X) is irreducible, 
there is an element 0; € Gal(E/Q) with 0; (Ao) = 4;, i = 0, 1, 2. Clearly o9 = 
id. If o1(Ao) = Au, then 04 (A1) = 01(A§ —2) = 04 (Ao)? —01(2) = AZ -2=Ay 
and similarly 01 (Ad) = Xo. Then a? (Ao) = Oj (a1(Ao)) = 01(A}) = Az, SO 
of = 0; similarly 07 (Ao) = Ao, 80 of = oo, and we see explicitly that 
Gal(E/Q) = {1, 01, o7}. © 
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Exercise 2.10.1. In each case, find a polynomial in Q[X] that has @ as a root. 
Then find all complex roots of this polynomial. 


(a) a= 14+ V2. 
(b) a= /24+ V3. 
() a=V14+ V2. 
(d) a = V3 —2V2. 
(ec) a=V1+/-3. 
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(f)a=V1+V2. 
(g) a=V14 V2. 
(h) a= V64- 734 V6— V3. 
@ a= V44+V74+ V4—7. 


Exercise 2.10.2. Let f(X) = X> + 7X +1 € Q[X]. This polynomial is ir- 
reducible. Let E = Q[a] for some root a of f(X). Consider the following 
elements of E: 6} =a +3, Bp =a*+1, ps3 =a? — 2a +3. 

(a) Express each of the following in the form g(a) for some polynomial 
g(X) € QLX}: By’, By*, Bs", BiBo, BiB3, Bobs. 

(b) Find mg, (X), mg,(X), mg,(X) € Q[X]. 


Exercise 2.10.3. Let f(X) = X? + X? +2 ©€ Fs[X]. This polynomial is ir- 
reducible. Let E = Fs[a] for some root aw of f(X). Consider the following 
elements of E: 6; = 2a +1, By =a*—1, Bj =a? —a +2. 

(a) Express each of the following in the form g(a) for some polynomial 
g(X) € Fs[X1: Br’, By’, Bs's BiB, Bibs, Bobs. 

(b) Find mg, (X), mg,(X), mp,(X) € Fs[X]. 


Exercise 2.10.4. As we shall see in Section 3.3, for every prime power g = p’, 
there is a unique (up to isomorphism) field F, with g elements. 

(a) Write down an explicit addition and multiplication table for F2, F3, and Fs. 
(b) Write down an explicit addition and multiplication table for F4 and Fo. 

(c) For each element a € Fu, find its minimum polynomial m,(X) € F2[X], 
and for each element a € Fo, find its minimum polynomial m,(X) € F3[X]. 
(d) Explicitly compute the Frobenius endomorphism ® on Fy, and Fo. 

(e) Write down an explicit addition and multiplication table for Fs. 

(f) For each element a € Fs, find its minimum polynomial m,(X) € F2[X}. 
(g) Explicitly compute the Frobenius endomorphism ® on Fx. 


Exercise 2.10.5. (a) Find all irreducible quadratic, cubic, and quartic polyno- 
mials f(X) € F,[X]. 

(b) Find all irreducible quadratic, and cubic polynomials f(X) € F3[X]. 

(c) Find all irreducible quadratic polynomials f(X) € Fs[X]. 

(d) Find all irreducible quadratic polynomials f(X) € F4[X]. 


Exercise 2.10.6. Let f(X) = a,X" + +--+ ao € F[X] split in E. Show that 
(1) implies (2): 

(1) For every a € E, if a is a root of f(X), then —a@ ¢€ E is also a root of 
F(X). 

(2) ay—% = 0 for all odd k. 
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Exercise 2.10.7. Let f(X) = a,X” +---+ a9 € F[X] split in E. Show that 
(1) implies (2): 

(1) For every a £0 € E, if a is aroot of f(X), then 1/a € E is also a root of 
F(X). 

(2) For e = +1, a,_, = ea, for all k. 


Exercise 2.10.8. (a) Let f(X) € Z[X] be a monic polynomial. Show that if 
its mod p reduction f(X) € F,,[X] is irreducible for some p, then f(X) is 
irreducible. 

(b) Use this to show that f(X) = X 3 _ §X + 36 is irreducible. 


Exercise 2.10.9. A priori, there is a distinction between polynomial expres- 
sions and polynomial functions, i.e., between f (X) regarded as an element of 
F[X] and f(X) as defining a function on F. Clearly, if f(X) = g(X) as ele- 
ments of F[X], then f(X) = g(X) as functions on F[X] (e., f(a) = g(a) 
for every a € F). 

(a) Show that, if F is infinite, the converse is true: If f(a) = g(a) for every 
a éF, then f(X) = g(X) € F[X]. 

(b) Find a counterexample to the converse if F is finite. That is, if F is finite, 
find polynomials f(X) 4 g(X) € FLX] but with f(a) = g(a) for every 
aeéF. 

(c) Use the result of (b) to show that no finite field is algebraically closed, i.e., 
that if F is any finite field, there is a nonconstant polynomial f(X) € FLX] 
that does not have a root in F. 


Exercise 2.10.10. (a) Let f(X) € FLX] have roots a;,...,@, in some split- 
ting field E. Show that f (X) is irreducible in FLX] if and only if 


] | - a) ¢ FIX] 

a;€T 
for any nonempty proper subset T of S = {ay,..., &,}. 
(b) Observe that E = Q[/3, V5] is the splitting field of f;(X) = X*—46X?+ 
289, with roots /3 + 2/5, /3 — 25: —/3 + 2/5, and —J3 — 2/5, and 
also of fo(X) = X4 — 6X3 + 5X? + 10X +4 2, with roots 1 + V3, 1 — V3, 
2+ J/5, and 2 — /5. Use part (a) to show that f,(X) is irreducible in Q[X] 
but f2(X) is not. 


Exercise 2.10.11. Let f(X), g(X) € F[X] be irreducible polynomials. Show 
that if f(X) and g(X) have a common root in some extension E of F, then 


f(X) = g(X). 


Exercise 2.10.12. Let E > F and let a 4 0 € E. Show that a is algebraic over 
F if and only if 1/a = f(a) for some polynomial f(X) € FLX]. 
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Exercise 2.10.13. Let R be a subring of F and let E be an extension of F. Let 
a &€ E be algebraic over F. If m,(X) € R[X], then @ is called integral over 
R. In case R = Z and F = Q, show that a ¢€ E is integral over R if and 
only if f(@) = 0 for some monic polynomial f (X) € Z[X]. (Such a complex 
number is called an algebraic integer.) 


Exercise 2.10.14. Suppose that R = Z and F = Q. Show that, for any a € E, 
there is an integer n 4 0 € Z such that na is an algebraic integer. 


Exercise 2.10.15. Let E be a field and let R be a subring of E. If every element 
of E is integral over R, show that R is a field. 


Exercise 2.10.16. Let E be an extension of F and let f(X) € F[X] be an ir- 
reducible polynomial. Let f(X) = f,(X) fo(X) --- f,(X) € ELX] be factored 
as a product of irreducible polynomials. 

(a) If E is a Galois extension of F, show that {f,(X), fo(X),..., f;(X)} are 
mutually conjugate in ELX]. (Two polynomials f;(X), f2.(X) € E[X] are mu- 
tually conjugate if there exists an element o € Gal(E/F) with o(f\(X)) = 
f2(X).) 


(b) Give a counterexample to this if E is not a Galois extension of F. 


Exercise 2.10.17. Let E be a splitting field of the separable irreducible poly- 
nomial f(X) € F[X]. 

(a) For aroot a € E of f(X), let r(a@) be the number of roots of f(X) in F(a). 
Show that r(@) is independent of the choice of a. Call this common value r. 
(b) Let d be the number of distinct fields {F(@) | a € Ea root of f(X)}. Show 
that dr = deg f(X). 

(c) Give examples where r = 1,1 <r < deg f(X), andr = deg f(X). 


Exercise 2.10.18. Let E be the splitting field of the separable irreducible poly- 
nomial f(X) € FLX] and let B be a Galois extension of F with F C B C E. 
Let f(X) = fi(X)--- fx(X) € BLX] be a factorization into irreducible poly- 
nomials. Show that each f;(X) has the same degree d. Furthermore, if a € E 
is any root of f(X), show that d = (B(a)/B) and that k = (BN F(a)/F). 


Exercise 2.10.19. Let f(X) € Q[X] be an irreducible cubic with roots a, 8, y 
in some splitting field E. Show that one of the following two alternatives holds: 
(1) Gal(E/Q) = Z/3Z, and there is no field B with Q CB CE. 

(2) Gal(E/Q) = 53, and there are exactly four fields B with Q Cc B c E, 
these fields being Q(a), Q(B), Q(v), and Q(/D) for some D € Q that is not 
a perfect square. 

(In fact, it is possible to decide between these two alternatives, and to find D, 
without finding the roots of f(X). See Section 4.8.) 
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Exercise 2.10.20. Let f(X) = X” — p € Q[X]. By Proposition 4.1.7 below, 
J (X) is irreducible. Let E be a splitting field of f(X). Show that for every 
n > 3, the Galois group G = Gal(E/Q) is not abelian. 


Exercise 2.10.21. Let E be a splitting field of the separable irreducible polyno- 
mial f(X) € F[X]. Let a be any root of f(X) in E. Let p be a prime dividing 
(E/F). Show there is a field F C B C E with E = B(q) and with (E/B) = p. 


Exercise 2.10.22. Let F be an arbitrary field. Let m and n be positive integers 
and let d = gcd(m, n). Let f(X) = X" — 1, g(X) = X” — 1 € F[X]. Show 
that gcd(f (X), g(X)) = h(X) where h(X) = X4¢ — 1 € F[X]. 


Exercise 2.10.23. Let f(X) € Q[X]. If f(X) € Z[X], then certainly 
f(™) € Z for every n € Z. The converse of this is false, as the example 
F(X) = X(X + 1)/2 shows. Let co(X) = 1 and let c,(X) = X(X —1)--- 
(X —(k—1))/k! for k > 0. Show that any f(X) € QLX] with the property that 
f(n) € Z for every n € Z can be written a linear combination of {c,(X)} with 
integer coefficients. (This remains true if Q is replaced by any field of charac- 
teristic 0.) Note this implies that if f(”) is a polynomial of degree at most k 
with f(n) an integer divisible by k! for every integer n, then f(X) € Z[X]. 
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Development and Applications of Galois Theory 


3.1 Symmetric Functions and the Symmetric Group 


We now apply our general theory to the case of symmetric functions. We let 
D be an arbitrary field and set E = D(X,,..., Xa), the field of rational func- 
tions in the variables X,,..., Xz. Then the symmetric group Sz acts on E by 
permuting {X;,..., Xq}. 


Definition 3.1.1. The subfield F of E fixed under the action of Sz is the 


field of symmetric functions in X;,..., Xqg. (F = {f(%,...,Xa) € E | 
ff (Xoa,.--,Xo@) = f(X,..., Xa) for every o € Sy}.) A polynomial 
f(X,,..., Xa) € F is asymmetric polynomial. © 


Since F = Fix($,), by definition E is a Galois extension of F with Galois 
group Sz. We may use this observation to easily show that any finite group is 
the Galois group of some field extension. 


Lemma 3.1.2. (1) Let G be a finite group. Then there is a Galois extension 
E/B with Gal(E/B) = G. 

(2)There is a Galois extension E/B with Gal(E/B) = G and with E (and 
hence B) a subfield of the complex numbers C. 


Proof. (1) Any finite group G is isomorphic to a subgroup of some sym- 
metric group Sg. Identify G with its image under this isomorphism. Let 
EK = D(X,,..., Xa), as above, and set B = Fix(G). Then E/B is Galois 
with Galois group isomorphic to G. 

(2) Let D = Q. Then we need only show there is subfield of C 
isomorphic to Q(X),..., Xq). Let t,,...,tg be algebraically independent 
elements of C, i.e., elements that do not satisfy any polynomial equation. 
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Let gy: Q(X,..., Xa) > Q(h,...,tg) be defined by g(X;) = 4. If 
r(X1,..., Xa) = f(X1,..., Xa)/g(X1,.-., Xa) € QUK,..., Xa), then 
g(r(X1,...,Xa)) = flt,...,ta)/eth,...,ta) = r(t,...,tg). Then ¢ is 


well defined as the denominator g(t,,..., fg) is never zero. It is obviously 
onto and it is 1-1 as the numerator f(t,,...,f7) is never zero, so ¢ is an iso- 
morphism. Then set E = Q(t), ..., t7) and let B be the fixed field of G acting 
by permuting ¢),..., tg. 

It remains only to show that we can indeed find algebraically indepen- 
dent elements ¢,,..., tz of Q. Let Ej = Q and consider the extension field 


F, = {z € C | zis algebraic over Ep}. Eo is countable; so there are only count- 
ably many polynomials in Eo[X,], each of which has only finitely many roots. 
Hence F; is countable. But C is uncountable. Thus we may choose any ¢, ¢ F; 
and let Ej = Eo(t,). Then X; +> t, induces an isomorphism Eo(X,) —> E;. 
But again E)(X,) has only countably many elements, so E, is countable and 
we may iterate this process. Oo 


We now return to the study of symmetric functions. 
Definition 3.1.3. The elementary symmetric polynomials s;, ..., 54 are 


Ss = +S Xj, Xi, °** Xi; k=1,...,d. 2 


<i <...<iy<d 
For example, if d = 4: 
Sy =X, + X2+ X34 Xq4, 
Sg = XX. + Xi X34 X1Xq4 + X2X3 + X2X4 t+ X3Xq, 
83 = X1XoX3+ X1X2X4 + X,X3X4 + X2X3X4, 
54 = X,X2X3Xq. 
Lemma 3.1.4. The field of symmetric functions F = D(s,,..., 8a). 


Proof. Let B = D(s),..., 5g). Clearly F > B, as each 5; is fixed by Sz. 

Now (E/F) = |Sg| = d!, so (E/B) > d!. We will show that F is the 
splitting field of a separable polynomial f(X) € B[X] of degree d. Then, by 
Lemma 2.8.18, (E/B) = | Gal(E/B)| < d!. Hence (E/B) = d! and F = B. 

Now f (X) is simply the polynomial 


f(X) = (X — X1)(X — X2) ++ (X — Xa), 


which obviously has splitting field E, as its roots are X;,..., Xq. a 
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Remark 3.1.5. (1) Note in particular that we have constructed an explicit poly- 
nomial f(X) of degree d whose Galois group is Sg. Explicit computation 
shows that 


d 
F(X) = X44 OH Dis X47. 


t=] 


(2) Let us write f(X) = X4 +-ag_,X7-! +---+ ag. Then we see from the 
above expression that the coefficients of f(X) are, up to sign, the elementary 
symmetric functions of its roots, 


a4 SH l)'sp. TSI d, 
and, in fact, this is true for any polynomial f (X). © 
Lemma 3.1.6. Let Y be the monomial 
¥ = X}xX3...xX49-'(= XOX) --- X9-), 
Then E = F(Y). 


Proof. Obviously, the only element of Sz that fixes Y is the identity, so Y 
has d! conjugates. Then, by Corollary 2.7.13, (F(Y)/F) = d! = (E/F), so 
E= F(Y). Oo 


Corollary 3.1.7. Any element f (X,, ..., Xa) of E can be written uniquely as 


di—1 
fy ika SBCs yy 
L 


where g;(s1, ..., Sq) is a rational function in sj, ..., Sa- 


Proof. By Lemma 3.1.6 and Proposition 2.4.6 (1), {1, Y,..., ¥Y#7!} is a vec- 
tor space basis for E over F, and any element of F is a rational function of 
S1,..., 5a, by Lemma 3.1.4. oO 


Remark 3.1.8. In the language of Section 3.5, Lemma 3.1.6 shows that E is a 
simple extension of F and that Y is a primitive element of E. © 


Lemma 3.1.9, Let Y be the monomial Y = Xx} tee xe (as in Lemma 3.1.6) 
and foro € Sa, let Y, be the monomial 


_ yl d—1 
Yo — X52) oe Xo(d): 


Then {Y, | o € Sq} is a (vector space) basis for E over F. 
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Proof. We prove the claim by induction on d. 

For d = | this is simply the claim that Y = 1 is a basis for E over E, which 
is trivial. 

Now assume the result is true for d — 1, and suppose that 


Y- co(X1,- ++ Xa) Xo X47} = 0, 


oeSg 


with c,(X1,...,Xa) € F. We wish to show that c,(X1,...,Xqz) = 0 
for each o. Assume not. By “clearing denominators” we may assume that 
{Co (Xy,..., Xq)} are polynomials in F with no common polynomial factor. 

For convenience, write the above sum as }*. Fori = 1,...,d, let Hj = 
{o € Sg|o(i) = 1},i =1,...,d. Then >) = 90>, +--+ + 0, where 


a= De ee hi Ka) Some He: 


i oé€H; 


We may further write >; = 3°,+0/, i = 1,...,d, where 5°; is 
taken over those o € H; with c,(Xj,..., Xa) not divisible by X;, and )*/ 
is taken over those o € H; with c,(Xj,..., Xq) divisible by X;. Call these 
two subsets H; and H,’, respectively. 

Let us consider the equation }* = 0. Note that the exponent of Xj is at 
least one for each term in }°;,i # 1 (as if o(i) # 1, then o(j) = 1 for some 
j with 2 < j < d), and also for each term in ye Thus, considering the terms 
in > that are not divisible by X,, we thus see that we must have ae = 0, ie., 
that 


a Co (X11, »++5Xq)Xo(2) XO) => 0. 


oéeH; 


Observe that H; is isomorphic to S;_;, permuting the subset {2,..., d} of 
{1,...,d} (and each H; is a left coset of A). 
Let us set X; = O in )>), thereby obtaining 


O= D> co, X2,..., Xa)Xoq-.- X4q) 


oeH; 


= (Yo co, Xo, -.., Xa)Xoey ++ KEG) Xo Xa. 


oeHy 


Now we apply the inductive hypothesis. {X,3) -:- xa) is a basis for 
D(X2,..., Xq) over the subfield of symmetric functions in X2,..., Xg, so in 
particular they are linearly independent. Hence we have that each coefficient 
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Co (0, X2,..., Xg) = 0. In other words, each c, (X1,..., Xq) is a polynomial 
that vanishes when we set X; = O, so it must have X, as a factor, contra- 
dicting the definition of H{. Hence we see that Hj = @, and so Hj’ = Hj. 
In other words, c,(X1,..., Xq) is divisible by X, for every o € Aj. But 
Co(X1,..., Xa) € Fis a symmetric polynomial in X,,..., Xz, so this implies 
that cg (X1,..., Xa) is also divisible by X2,..., Xa, and hence by the product 
X,--:Xq, foreacho € Ay. 

Similarly, we see, for each i = 1,...,d, that H/ = 0, Hi’ = H;, so 
Co(X1,..., Xa) is divisible by X;, and thus by X,---Xg, for each ao € 
A. Thus {co(X1,..., Xa) | o € Sa} have the common polynomial fac- 
tor X,---Xg, contradicting our choice of {c,(X1,...,Xqa)}. Thus, 
{Xo °°: X. a) is linearly independent, and thus is a vector space basis for E 
over F (as it has d! = (E/F) elements), completing the inductive step. oO 


Corollary 3.1.10. Any element f (X1,..., Xa) of E can be written uniquely 
as 


F(X, ...,Xa = yh, we, Sa) XoQ2y 1° XH 


oESg 
where hz (s1,..., Sq) is a rational function of s1,..., Sd. 
Proof. Lemma 3.1.4 and Lemma 3.1.9. oO 


Remark 3.1.11. In the language of Section 3.6, Lemma 3.1.9 shows that 
{Xoa)--: xe | o € Sg} is anormal basis of E over F. © 


Our discussion here is not yet complete. Corollaries 3.1.7 and 3.1.10 show 
how to write rational functions uniquely in terms of symmetric functions. What 
we have not yet shown is that symmetric functions can be written uniquely in 
terms of the elementary symmetric functions. We do that now. 


Lemma 3.1.12. Let f(X1,...,Xa) € F be a symmetric function. Then 
f(X1,..., Xa) may be written uniquely as a rational function e(s1,..., Sa) 
of the elementary symmetric functions s1,..., Sq. 


Proof. We prove this by induction on d. In case d = 1, s; = Xj, and e(s;) = 
J (X}) is the unique expression. Now suppose the result is true for d — 1. 

We first need to make an observation about the elementary symmetric func- 
tions. We really should have written s; as sz,q, as the expressions in Defini- 
tion 3.1.4 depended on d, but for simplicity we did not. We do that now. We 
then observe that if we let 5,4 be the expression obtained from s;,¢ by setting 
Xa = QO, then 
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Sk.d = Sk d-1 fork < d—1 and Sad = 0. 


By equating different expressions for f(X,,..., Xq) and “clearing de- 
nominators’’, it is easy to see that to prove the lemma it suffices to show 
that the only polynomial e(s,,4,...,5¢,¢) that is identically zero is the zero 
polynomial. Thus suppose e(s1,2,.--,5d,4) = 0 but e(s,a,...,5a,a) is not 
the zero polynomial. Since F is a field and sg is a nonzero element of F, 
e(Sid,+++,Sda) = 0 if and only if (sa.a)*e(St.a; ..2Sdd) = 0 for any k. 
Hence, factoring out by a power of 57,4 if necessary, we may assume, expand- 
ing e(S1,a,---,5¢,a) in powers of sq.q, that the constant term is nonzero. In 
other words, we have that 


n 
0 =e(S81,4,.--, Sada) = > (Sigs css 81a) 89g 
ae 
with e;(sia,.--,Sd—1,4) polynomials in s,4,...,Sa—1,¢4, and furthermore 
€0(S1,d, +--+, Sd—1,a) not the zero polynomial. Now set Xz = 0. Then the above 


expressions become 


O = e(51,a,---, Said, 9) 
= €9(Si,d, +--+» Sd-1,d) 
= €9(S1,d-1, -- +» Sd—1,a—1): 
contradicting the d — | case. Oo 
Remark 3.1.13. We have just shown that the only polynomial in s5),..., 54 
that vanishes is the zero polynomial. This is usually phrased as saying that 
S1,..-, Sq are “algebraically independent” over D. © 


We can also strengthen Lemma 3.1.12 as follows. 


Lemma 3.1.14. Let f(X,,..., Xa) € F be a symmetric polynomial. Then 
f(%,..., Xa) may be written uniquely as a polynomial e(s), ..., 5a) in the 
elementary symmetric functions s;,..., Sa. 


Proof. Uniqueness follows from Lemma 3.1.12 so we must show existence. 
We do so by induction on d. We include in our inductive hypothesis that ev- 
ery term in e(s1,...,5q), when regarded as a polynomial in X),..., Xa, has 
degree at most the degree of f(X1,..., Xa). 

For d = 1, s, = Xj, and the result is trivial. 

Assume the result is true for d — 1. We proceed by induction on the degree 
k of the symmetric polynomial. If k = 0 the result is trivial. Assume it is true 
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for all symmetric polynomials in X;,..., Xq of degree less than k, and let 
F(X, ..., Xa) have degree k. 

Now f(X,,..., Xg-1, 0) is a symmetric polynomial in X;,..., Xg_ so 
by induction f(X,,..., Xa-1) = g(Si,a-1,---,Sa—1,d-1) for some polyno- 
mial g (where we use the notation of the proof of Lemma 3.1.12). 

Then F(X, arety Xa) _ gsi, aus > Sq—1) = A(X, Dhenduig Xa) is a sym- 
metric polynomial in X;,...,Xq with f,/(X1,...,Xa-1,0) = 0. Hence 
fi(X1,..., Xa) is divisible by Xqg in D[X,,..., Xa], and hence, since this 
polynomial is symmetric, it is divisible by the product X;...Xq as well. 
Hence f{(X1,..., Xa) = (X1--- Xa) fo(X%,...., Xa) with fo(X1,..., Xa) 
a polynomial of lower degree. By induction fo(X1,..., Xa) = A(s1,..., Sa) 
for some symmetric polynomial h(s;, ..., sq) satisfying our inductive hypoth- 
esis, and of course X,---Xq = Sg is a symmetric polynomial satisfying our 
hypothesis as well. 


Then 
F(X, ..., Xa) = 8(81,..-, Sa-1) + Sah(1, ..., 5a) 
= e(s1,..., 8a) 
is a polynomial in s;,..., sg, aS required. oO 


We have been considering polynomials with coefficients in a field. But, in 
fact, we also have a result valid for polynomials with integer coefficients. 


Lemma 3.1.15, Let f(X ,..., Xa) be a symmetric polynomial with integer 
coefficients. Then f(X,,..., Xa) may be written uniquely as e(s,,..., 5a) 
where e(s},..., Sq) is a polynomial in the elementary symmetric functions 
S1,..., Sq with integer coefficients. 


Proof. The proof of Lemma 3.1.14 goes through unchanged to prove this 
result. Oo 


3.2 Separable Extensions 


In this section we develop criteria for polynomials and extensions to be separa- 
ble. Recall that an irreducible polynomial f(X) € F[X] is separable if f(X) 
splits into a product of distinct linear factors over a splitting field E. Recall 
that a root a of a polynomial f (X) is called simple if X — a divides f(X) but 
(X — a)* does not, (otherwise a is called multiple) so an irreducible polyno- 
mial f(X) is separable if and only if all of its roots in a splitting field E are 
simple. 
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For a polynomial f(X) = ae c;X', we let f’(X) be its derivative 
{OSD ie 
Lemma 3.2.1. Let E be an extension of ¥, let « be an algebraic element of E, 
and let f (X) € F[X] anonzero polynomial with f (a) = 0. Then a is a simple 
root of f (X) if and only if f'(a) £ 0. 


Proof. Write f(X) = (X — a@)g(X), a factorization in E[X]. Then, by the 
usual rules for derivatives, f’(X) = (X — a)g/(X) + g(X) so f’(a) = g(a). 

By the division algorithm, we may write g(X) = (X — a)h(X) + g(a), 
so here g(X) = (X — a)h(X) + f’(a@) and then f(X) = (X — a)g(X) = 
(X — a)?h(X) + (X — a) f'(a@). Thus (X — a)? divides f(X) if and only if 
f'(a) =0. a 


Proposition 3.2.2, Let f(X) € F[X] be irreducible. If f'(X) # 0, then f (X) 
is separable. In particular: 

(1) If char(F) = 0, then f (X) is separable. 

(2) If char(F) = p, then f (X) is separable or f (X) is of the form 


k 
FO=). GX: 
i=0 


Proof. Let a be any root of f(X) in an extension field E of F. Since f(X) 
is irreducible, f(X) is the unique monic polynomial in F[X] of lowest degree 
with f(a) = 0 (and indeed, f(X) = m,(X)). Thus, if f’(X) 4 0, then f’(X) 
is a polynomial of lower degree, so f’(~) 4 0 and q@ is a simple root of f(X) 
by Lemma 3.2.1. Hence every root of f(X) in a splitting field is simple and 
Ff (X) is separable. 

Now if f (X) is anonconstant polynomial and char F = 0, then f’(X) # 0. 
If charF = p, then f’(X) 4 O unless the exponent of every power of X 
appearing in f(X) is a multiple of p, proving the proposition. qo 


Recall that an algebraic extension E of F is separable if m,(X) € E[X] is 
a separable polynomial for every a € E. Thus we see: 


Corollary 3.2.3. If char F = 0, every algebraic extension of ¥ is separable. 0 


Example 3.2.4. Here is an example of an inseparable polynomial and, cor- 
respondingly, an inseparable extension. Let F = F(t), the field of rational 
functions in the variable t with coefficients in F,. Let E be the field obtained 
by adjoining a root of the polynomial X? —¢, E = F(s) with s? = t. Then, in 
E[X], X? —t = X? —s? = (X —5)?, sos is not a simple root of X? —t. Note 
that E is in fact a splitting field for this polynomial. To complete this example 
we need to show that X? — tf is an irreducible polynomial in FLX], and this 
follows immediately from Lemma 3.2.8 below. © 
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Definition 3.2.5. A field F is a perfect field if every algebraic extension of F 
is separable. © 


We have a simple criterion for a field to be perfect. In order to state it, recall 
that for a field F of characteristic p, we have the Frobenius map ® : F — F 
defined by ®(a) = a?. We let F? = Im(®) and note that, since ® is an 
endomorphism, F? is a subfield of F. (This is easy to verify directly: 1 = 1, 
ifc = a? andd = DP, thence+d = (a+b)? and cd = (ab)?, and if 
¢ #£0,c7! = (@7!)?,) 


Theorem 3.2.6. F is a perfect field if and only if: 
(1) char(F) = 0, or 
(2) char(F) = p and F = F?. 


Proof. By Corollary 3.2.3, if char(F) = 0, then F is perfect. Let char(F) = p. 
First assume F = F?. Let a € E be inseparable and consider m,(X). By 
Proposition 3.2.2 (2), ma(X) must be of the form )“\_, ¢;X’?. 
Since F = F?, for each c; there is ad; € F with d? = c;. Then 


k 


k k \P 
ma(X) =) ciX? =) aPx”? = (doax') 
i=0 i=0 


i=0 
contradicting the irreducibility of m,(X). Hence @ is separable and F is per- 
fect. 


Next assume F is perfect. (The argument here parallels Example 3.2.4.) 
Leta € F,a ¢ F? and consider f(X) = X? —a € F[X]. By Lemma 3.2.8 
below, f(X) is irreducible. Let E = F(a) where @ is a root of f(X). Then, in 
E, a? =aso X? —a= X? —a? = (X — a)? andsoaw € Eis an inseparable 
element, contradicting the fact that F is perfect. Hence F = F?. oO 


Corollary 3.2.7. Every finite field is perfect. 


Proof. Immediate from Corollary 2.1.11 and Theorem 3.2.6. Oo 


Lemma 3.2.8. Let char(F) = p, and leta € F, a ¢ F?. Then f(X) 
X?' — a € F[X] is irreducible for every t > 1. 


Proof. Factor f(X) into monic irreducible polynomials in F[X], f(X) = 
a1(X)--- a (X). Let E = F(@) with g;(~) = 0. Then g1(X) = m,(X) 
F[X] as g;(X) is irreducible. 

Now 0 = g1(a) implies O = f(#) =a” —asoa =a? and 


Mm 


f(X) =X" ~a =X” —a? =(X—a)” €E[X]. 
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For any i, g;(X) divides f(X) in F[X], and hence g;(X) divides f(X) in 
E[X] by Lemma 2.2.7, ie., g;(X) divides (X — a)?" in E[X], so g;(X) is a 
power of X — a and hence g;(a) = 0. Since g;(a) = 0, g;(X) is divisible by 
My(X) = g1(X), for every i. Since the choice of g;(X) was arbitrary, we see 
that 21(X) = go(X) = --- = g,(X) and further that f(X) = g(X)* where 
g@(X) = (X —a)/ for some j. 

Thus X? ~ a = ((X —a)/)* € E[X] so j = p’ andk = p‘~ for some 
s <t. Suppose s < t — 1. Then g(X) = (X — a)?" € F[X], so g(X)? € 
F[X] as well. But g(X)? = (X —a)?" = X"""' —bwithb =a” and 
hence b € F. But then b? = (aP')P =a? =a,soa € F’, acontradiction. 
Hence s = t,k = 1, and f(X) = g(X) is irreducible in F[X]. a 


3.3 Finite Fields 


Let us use the Fundamental Theorem of Galois Theory to completely deter- 
mine the structure of finite fields. Recall we defined the Frobenius map ® in 
Definition 2.1.10: Let F be a field of characteristic p. Then ® : F > F is the 
map defined by P(a) = a?. 


Theorem 3.3.1. Let p be a prime and r a positive integer. 

(1) There is a field F ,, of p’ elements, unique up to isomorphism. 

(2) Let s divide r. Then F ,, contains a unique subfield of p* elements. If s 
does not divide r, then F ,, does not contain such a field. 

(3) If = F, and F = F, for s dividing r, then Gal(E/F) is cyclic of 
order r/s, generated by VW = ®*, ® the Frobenius map. (Then V(a) = a? .) 
In particular, ifE = F,, and F = F,, then Gal(E/F) is cyclic of order r, 
generated by the Frobenius map ®. 


Proof. (1) Setq = p’. Let f(X) = X4—X e€ F,[X], and let F be the splitting 
field of this polynomial. We know that a splitting field exists and is unique up 
to isomorphism (Lemma 2.5.2 and Corollary 2.6.4). Let g(X) = X7-! — 1, so 
St (X) = Xg(X). Now f’(X) = —1 so, by Lemma 3.2.1, the roots of f(X) are 
all simple. Thus f(X) has deg f(X) = gq distinct roots in F, so in particular 
F must have at least g elements. Now let D C F be the subset of F consisting 
of the roots of f(X) and note that |D| = deg f(X) = q. Now we have that 
D = {a € F | a? = a} and we observe that D is a field: 19 = 1, if a? = a and 
bi = b, then (ab)? = ab and (a+ b)? = a4 +b? =a+b, and fora £ 0, 
(a~')? = a~!. Thus f(X) splits in D and since F is a splitting field, F C D, 
and so F = D. Hence F = D = F, is a field of g elements. 
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On the other hand, if B is any field of g elements, then the multiplicative 
group of B has order g — 1, so every nonzero element of B is a root of g(X) = 
X4~! _ 1; hence every element of B is a root of f(X), so B is a splitting field 
of f(X) (again as f (X) cannot split in any proper subfield of D) and hence B 
is isomorphic to F. 


We have observed that the roots of f(X) are all simple, and hence f (X) is 
separable. (Alternatively, this follows from from Proposition 3.2.2 (2).) Now 
F, is the splitting field of the separable polynomial f(X) € F,[X], so Fg is 
a Galois extension of F, (Theorem 2.7.14) and | Gal(F,/F,)| = (F,/Fp) = 
dimp, F; = r.Now ®: F, — F, and ® | F, = idasa? = a foreverya € F, 
(by Fermat’s Little Theorem, see Corollary 2.1.12). Hence @ € Gal(F,/F,). 
Also, ®’ (a) = a? = ao for every a € F, as every a € F, is a root of 
f(X), ie., ®” = id: F, — F,. On the other hand, 6° ¥ id for s < r as 
®5(a) =a? = a if and only if @ is a root of the polynomial X?’ — X, and this 
polynomial cannot have p’” roots by Lemma 2.2.1. Hence {1, ®,..., ®’—Jisa 
subgroup of Gal(F, /F,). Since this subgroup has r = | Gal(F, /F,)| elements, 
it must be the entire Galois group. 

Now we may prove (2) and (3) by a direct application of the Fundamental 
Theorem of Galois Theory. The subfields of F, are in 1 — 1 correspondence 
with the subgroups of the cyclic group {1, ®,..., &”~!} and each subgroup is 
a cyclic group, of order r/s, generated by YW = &* for some divisor s of r. 
Thus these subfields are the fixed fields of the cyclic subgroups generated by 
W, ie., the fixed fields of YW. But Y(a) = a is the equation a? = a, whose 
solutions are the roots of X? — X, and these are the fields F,; asin(1). O 


Remark 3.3.2. Theorem 3.3.1 (2) has an alternate, more elementary proof. 
Consider the multiplicative group G of F,-, a group of order p’ — 1. Sup- 
pose F,, contains a subfield isomorphic to F:, and let H be the multiplicative 
group of that field, of order p* — 1. Now, by elementary number theory, p* — 1 
divides p’ — 1 if and only if s divides r. Hence if s does not divide r, |H| 
does not divide |G|, so no subgroup H, and hence no such subfield F,: can 
exist. On the other hand, we also know, by Corollary 2.2.2, that G is cyclic, 
so if s divides r, and hence p* — 1 divides p” — 1, there is a unique subgroup 
H of order p* — 1, and then H U {0} is the unique subfield of F,, with p* 
elements. © 


Corollary 3.3.3. Let F = F,; and let f(X) € F[X] be an irreducible poly- 
nomial of degree n. Let r = ns. Then E = F¥,, is a splitting field for f (X). 
Furthermore, Gal(E/F) = Z/nZ generated by V = ®*. 


Proof. Let Eg = F(a) be the field obtained by adjoining a single root a of 
f (X) to F. Then, since deg f(X) =n, (Eo/F) =n, and Eo = F,-. 
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Let E > Ep be a splitting field for f(X). We claim that E = Ep. 

On the one hand, this claim follows from Theorem 3.3.1. By Theorem 
3.3.1, Eo is a Galois extension of F, so by Theorem 2.7.14, it is in particular a 
normal extension of F. But f(X) has a root in Eo; by the definition of a normal 
extension this implies that f(X) splits in Eo. 

On the other hand, we can verify this claim directly here. ¥ is an automor- 
phism of Ey) = F(a) of order n, and that implies that a, ¥(a),..., W"-"(a) 
are all distinct. But for any k,0 = W*(0) = W*(f(a)) = f(H*(@)), so 
f (X) has the n distinct roots a, W(a),..., Y"~'(a) in Eo; therefore f(X) = 
Tz (x — W*(a)) € Eo[X] is a product of linear factors, i.e., f(X) splits in 
Eo. 

The last sentence in the statement of the corollary is then simply a restate- 
ment of Theorem 3.3.1 (3). oO 


Corollary 3.3.4, (1) For any p, s, and n, there is an irreducible monic poly- 
nomial f (X) € F>:[X] of degree n. 
(2) Let k(p*, n) be the cardinality of the set 


K={1<k< p™—1| (p™ —1)/gcedtk, p” — 1) does not divide 


p’™* — 1 for any proper divisor m of n}. 


Then the number of distinct irreducible monic polynomials in F ps[X] of 
degree n is k{p*,n)/n. 


Proof. (1) By Corollary 2.2.2, the multiplicative group G of Fp»: is cyclic. Let 
ao be a generator of G, so Fp: = Fp; (ao). Then f(X) = ma, (X) € Fp:[X] is 
an irreducible monic polynomial of degree n. 

(2) First we claim that k(p*, n) is the cardinality of the set 


K' = {a € Fp | w € any proper subfield of F,.. containing F,,:}. 


To see this, consider a nonzero element a € F >... Then, as an element of 
G, a has order dividing p”* — 1. By Theorem 3.3.1, the proper subfields of 
Fs containing F,; are the fields F,»» with m a proper divisor of n, and a is 
in such a subfield if and only if its order, as an element of G, divides p”* — 1. 
Now a = ap for some k, and then a has order (p”* — 1)/ gcd(k, p”* — 1). Thus 
we see that K’ = {aj |k € Ky}. 

Now observe that F,;(@) = Fs» if and only if a € K’, and also that 
F,:(@) = Fp» if and only if degm,(X) = n. In this case f(X) = mg(X) 
is an irreducible monic polynomial of degree n, and every irreducible monic 
polynomial of degree n arises in this way. Also, every such polynomial has 
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distinct roots (as it divides X?" — X, which has distinct roots), and no two dis- 
tinct such polynomials have a root in common (since if fj(@) = fo(a) = 0, 
then f;(X) = m,(X) = fo(X)). Since each such polynomial has n distinct 
roots in K’, and K’ has k(p*, n) elements, there are k(p*, n)/n such polyno- 
mials. oO 


Now let us investigate k(p*, n) a bit further. 


Lemma 3.3.5. (1) k(p*, n) > g(p”™* — 1), where g denotes the Euler totient 
function. 
(2) If n is prime, k(p*,n) = p™ — p*. 
(3) For any positive integer n, 


k(p’,n) = >) u(n/d)p, 


din 


where jt is the Mobius yu function, defined by u( j) =0 if j is divisible by 
the square of a prime, and otherwise u(j) = (—1)' where i is the number of 
distinct prime factors of j. 


Proof. (1) Observe that k € K for any 1 < k < p”*—1 with gcd(k, p™ —1) = 
1, and by definition g(p”* — 1) is the number of such integers. 

(2) If n is a prime, the only fields intermediate between F,; and F,». are 
these two fields themselves, so in this case K’ = {a € Fp, a ¢ F,:} and 
there are p”* — p* such elements. 

(3) Let f(p*, n) = p”* denote the cardinality of the field F.». Then 


f(p',n) = >> k(p', d) 


d\n 


as any element @ of F». generates F,«: for exactly one value of d dividing n. 
(This is the value of d for whicha € F,«: buta ¢ F,-s for any proper divisor c 
of d.) But then the Moébius Inversion Formula from elementary number theory 
shows that 


k(p',n) =) wn/d) f (p*, 4), 


d|n 


as claimed. oO 


3.4 Disjoint Extensions 


In this section, we assume that all fields are subfields of some field A. 
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Definition 3.4.1. Let B, and Bz be extensions of F. Then B, and B> are dis- 
joint extensions of F if B; 1 By = F. © 


Of course, B, and By are always disjoint extensions of B, Bo. 
We first note the following case, which is very special, but easy and useful. 
Note also that in this case we can strengthen Lemma 2.3.4. 


Lemma 3.4.2. Let B, and By» be finite extensions of ¥, with d; = (B;/F), i = 
1, 2. If d, and dy are relatively prime, then B, and Bz are disjoint extensions 
of F, and, furthermore, 


(B,B2/F) =d,d2,  (B, B2/B2) = d), and (B,B2/B)) = d. 


Proof. Let Bp = B, 1 By and dy = (Bo/F). Then (B; /F) = (B;/Bo)(Bo/F), 
for i = 1, 2, so dp divides both d, and d2, so dy) = 1 and Bp = F. 

Now let d = (B,B,/F). We observe that d = (B,B,/B;)(B;/F) for 
i = 1,2. From this we immediately see that d is divisible by both d, and 
dy, and from Lemma 2.3.4 we see that d < d,d2, so d = d,d> from which the 
remaining two equalities immediately follow. oO 


As we shall now see, we can say quite a bit about the composite of disjoint 
extensions when at least one of the extensions is finite Galois, and even more 
when both are. 


Theorem 3.4.3. Suppose that B> is a finite Galois extension of B, 0 By. Then 
B,B, is a finite Galois extension of B,, and 


Gal(B,B./B,) = Gal(B,/B, 9 B2), 
with the isomorphism given by o t> a | By. 


Proof. Let Bp = B,NBz. Since Bz is a Galois extension of Bo, it is the splitting 
field of a separable polynomial f(X) € Bo[X]. If f(X) has roots a1, ..., a, 
then By = Bo(ay,..., a) (Remark 2.5.6), and so B;B. = By(q1,..., ax). 
Then B,Bz is the splitting field of the separable polynomial f(X) € B,[X], so 
B,B, is a finite Galois extension of B,. 

Let o € Gal(B,B2/B,). Then o | B; = id, so certainly o | Bo = id, 


and hence o( f(X)) = f(X). In particular, o permutes the roots a, ..., a 
of f(X), so o(Bz) = Bo(o(a@1)... , o(ax)) = Bo(a),...,a,) = Bo, where 
{a),...,@,} is a permutation of {a,...,a,}. Thus o | Bz : By > Bb, and 


a | Bo = id, soo | By € Gal(B2/Bo). 
We claim that the map o +> o | Bz is an isomorphism. 
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First, suppose that o | B. = id. Then o(a@;) = a; for each i. Also, since 
o € Gal(B,B,/B,), o | By = id by definition. But we have observed that 
B,B, = Bi (a1, estes a), soo = id. 

Next, let ¢ € Gal(B./Bo). Then B,B, = B,(qj,..., a ;) is the splitting 
field of f(X) € B,[X], so, by Lemma 2.6.3, t extends to o : B,B. — B,Bo, 
and then o | Bz, = tT. a 


Under our hypothesis we may strengthen Lemma 2.3.4. 
Corollary 3.4.4. Suppose that B is a finite Galois extension of B, M Bz. Then 


(B,B./B,) = (B2/B, 1 Bo), 


(B, B2/B2) = (B,/B,; 1 Bp), 
and 
(B,B./B, 0 Bz) = (B,/B, 9 B2)(B2/B; 9 Bz). 


Proof. The first equality is immediate from Theorem 3.4.3 and then the second 
and third follow as 


(B, B2/B, 9 Bz) = (B,By/B,)(B,/B, 9 B2) 
= (B, B)/B2)(B2/B, 1 Ba). Oo 


We also make the following observations. 


Corollary 3.4.5. Let B,; and Bz be finite extensions of F and suppose that By 
is a Galois extension of ¥. Then 


(B, B2/F) = (B,/F)(B2/F) 
if and only if B, and B> are disjoint extensions of F. 
Proof. By Corollary 3.4.4, 


(B, /F)(B2/F) = (B,/B, 9 B2)(B, N B2/F)(B2/B,; N B2)(B, N B2/F) 
= (B|B2/B, 9 By) (B, N B2/F)’ 
= (B,B2/F)(B, 1 B2/F) 


so we have the equality in the statement of the corollary if and only if 
(B, 1 B2/F) = 1, ie., if and only if B; NB. = F. oO 
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Corollary 3.4.6. (Theorem on Natural Irrationalities) Let f (X) € FLX] be 
a separable polynomial and let B D F. Let E be a splitting field for f (X) over 
F. Then BE is a splitting field for f (X) over B and Gal(BE/B) is isomorphic 
to Gal(E/E 1 B), a subgroup of Gal(E/F), with the isomorphism given by 
oPo|E. 


Proof. Let f (X) have roots a1, ..., @,,80 E = F(a,,..., a,) (Remark 2.5.6); 
then BE = B(a,,..., a) is a splitting field for f(X) € B[X]. Now BE is a 
Galois extension of B as it is the splitting field of a separable polynomial, and 
E is a Galois extension of F for the same reason. Then, setting D = BNE, 


FCDCE,E= D(qj,...,a,), and so E is a Galois extension of D, also for 
the same reason. Then, by Theorem 3.4.3, Gal(BE/B) is isomorphic, via the 
restriction map, to Gal(E/D), which is a subgroup of Gal(E/F). oO 


Theorem 3.4.7. (1) Let B, and B» be disjoint Galois extensions of F. Then 
E = B,By is a Galois extension of F with Gal(E/F) = Gal(B,/F) x 
Gal(B,/F). 

(2) Let E be a Galois extension of ¥ and suppose that Gal(E/F) = G, x 
G». Let By = Fix(G,) and Bz = Fix(G2). Then B, and By are disjoint Galois 
extensions of F and E = B,By. 


Proof. (1) By Theorem 3.4.3, we have isomorphisms 
Gal(E/B;) > Gal(B;/F) 


given by o +> o | B;, fori = 1 and j = 2, and vice versa. In other words, any 
o; € Gal(B;/F) has a unique extension to ao; € Gal(E/B;) © Gal(E/F), j = 
1, 2. Now any e € E may be written as e = )> bib? with b} € B, and be € Bo. 
Then 6162(e) = S° 6162(b/b7) = Yo 6162 (b})G162(b7) = YG (b})G2(b?) = 
626; (b})6261(b7) = D> 6261 (b1b?) = G26; (e), so G; and G2 commute and 
we have a map 


Gal(B,/F) x Gal(B2/F) +> Gal(E/F) 
defined by 
(01, 02) > G62. 
Next, this map is an injection: Suppose 6,62 = id : E —> E. Then in 
particular 6,62 | Bz = id, but 62 | Bz = id by definition, so 0; = 6; | B, = id, 


and similarly 02 = 6) | By = id. 
Finally, on the one hand, as Gal(E/F) contains Gal(B;/F) x Gal(B2/F), 
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| Gal(E/F)| 


V 


| Gal(B,/F) x Gal(B2/F)| 
| Gal(B,/F)| | Gal(B2/F) | 
= (B,/F)(B2/F) 

= (B,/F)(E/B,) 

= (E/F), 


and, on the other hand, | Gal(E/F)| = (E/D) < (E/F), where D 2 F is the 
fixed field of Gal(E/F), so | Gal(E/F)| = (E/F). Thus this map is an injection 
from one group to another group of the same order, and hence an isomorphism; 
furthermore E is a Galois extension of F. 

(2) Since G = GG» and {1} = G; M Gy, this follows directly from 
Proposition 2.8.14. Oo 


Corollary 3.4.8. Let B,; and B be finite Galois extensions of F and let E = 
B, By, Bo = B, 9 By. Then E is a Galois extension of F and Gal(E/F) = 
{(o1, 02) € Gal(B,/F) x Gal(B2/F) | 0 | Bo = 02 | Bo}. 


Proof. Since B, is a Galois extension of F, it is the splitting field of a sep- 
arable polynomial f;(X) € FLX], by Theorem 2.7.14. Similarly, Bz is the 
splitting field of a separable polynomial fo.(X) € F[X]. Then E is the split- 
ting field of the separable polynomial f(X) = f\(X)fo(X) © FLX], so, by 
Theorem 2.7.14, it is a Galois extension of F. 

As in the proof of Theorem 3.4.3, o(B;) = B; for each o ¢€ Gal(E/F), 
i = 1, 2 (as B; is the splitting field of a separable polynomial whose roots are 
permuted by o). Thus we have a map o +> (01,02) = (o | Bi, o | Bo). 
Again this map is an injection, as E = B, By, and clearly any (0), 02) in image 
of this map satisfies 0; | Bp = 02 | Bo. Then 


(E/F) = (E/Bo)(Bo/F) = (E/Bz)(B2/Bo)(Bo/F) 
= (B,/Bo)(B2/Bo) (Bo/F) 
= (B,/F)(B2/F)/(Bo/F), 
and these are the orders of the groups in the statement of the corollary. Oo 


Corollary 3.4.9. Let B and E be disjoint extensions of ¥, with E a finite Galois 
extension of F. Let r : Gal(BE/B) -—> Gal(E/F) be the restriction isomor- 
phism, r(o) =o | E. Let H C Gal(BE/B) be a subgroup. Then, for the fixed 
fields, we have 


Fix(H) = BFix(r(H)). 
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Proof. First observe that r is an isomorphism by Theorem 3.4.3. Now let K = 
r(#f) and D = Fix(K). Then certainly Fix(H) > BD. Now 


(BE/B) = (BE/BD)(BD/B) 
and 
(E/F) = (E/D)(D/F). 


Now (BE/B) = (E/F) as the Galois groups of these two extensions are 
isomorphic, again by Theorem 3.4.3. On the other hand, by Lemma 2.3.4, 


(BE/BD) < (E/D) and (BD/B) < (D/F), 


so both inequalities must be equalities. But, since 7 is an isomorphism between 
the groups H and K, 


(BE/ Fix(H)) = |A| = |K| = (E/ Fix(K)) = (E/D) 
so (BE/ Fix(7)) = (BE/BD) and hence Fix(H) = BD. oO 


Theorem 3.4.10. Let B and E be disjoint extensions of ¥. 

(1) Assume that both B and E are finite Galois extensions of F. Let N, = 
Gal(BE/B) and N. = Gal(BE/E). Then BE is a Galois extension of F, and 
N, and N>2 are normal subgroups of Gal(BE/F). Furthermore, Gal(BE/F) is 
the direct product N, x No of the subgroups N, and N2. 

(2) Assume that E is a finite Galois extension of F. Let H = Gal(BE/B) 
and N = Gal(BE/E). Then BE is a Galois extension of F and N is a normal 
subgroup of Gal(BE/F). Furthermore, Gal(BE/F) is the semidirect product 
FIN of the subgroups H and N. 


Proof. (1) This follows immediately from Theorem 3.4.3 and Corollary 3.4.6. 

(2) E is a Galois extension of F, by hypothesis, so N = Gal(BE/E) is a 
normal subgroup of Gal(BE/F), with quotient Hy) = Gal(E/F). By Theorem 
3.4.3 the subgroup H = Gal(BE/B) maps isomorphically onto Ho under the 
projection G > G/N. But then G = AN. Oo 


Lemma 3.4.11. Let a € A with separable minimum polynomial my(X) € 
F[X]. Let E be a splitting field of m,(X). If B be an extension of F such that 
B and E are disjoint, then m,(X) is irreducible in B[X]. 


Proof. Let m,(X) be the minimum polynomial of a over B. Of course, iM,,(X) 
is irreducible in B[X] (as is my (X) in F[X]). Let {a;,..., @} be the roots of 
m,(X) in E. E is a Galois extension of F by Theorem 2.7.14. Now Gal(E/F) 
acts transitively on {a;}, by Proposition 2.8.15, and every o9 € Gal(E/F) ex- 
tends too € Gal(EB/B), by Theorem 3.4.3, so Gal(EB/B) acts transitively 
on {a;}. Then, by Lemma 2.7.12, r¢(X) = []4_,(X — a) = m,(X). O 
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Remark 3.4.12. The converse of Lemma 3.4.11 is false in general. Here is an 
example. Let F = Q and A = Q(w, 2) w a primitive cube root of 1). 
Let a = 2, so my(X) = X? — 2 € F[X] with splitting field E = A. Let 
B = Q(w). Then m,(X) is irreducible in B[X], but BNE =B 5 F. © 


However, we do have the following partial converse. 


Lemma 3.4.13. Let a € A with separable minimum polynomial m,(X) € 
F(X] and suppose that E = F(a) is a splitting field of ma(X). If B is an ex- 
tension of F such that m,(X) is irreducible in B[X], then B and E are disjoint 
extensions of F. 


Proof. Since m_(X) is irreducible in BLX], m,(X) = mq(X). By Corollary 
3.4.4, (B(a)/B) = (BF(a)/B) = (F(a) /BN F(@)) = (E/B NE). But 


(B(a)/B) = deg m,(X) = deg ma (X) = (F(@)/F) = (E/F), 


soBNE=F. oO 


3.5 Simple Extensions 


Let E be a finite extension of F. Then, choosing a basis {a),..., a} for E as 
an F-vector space, E = F(a, ..., a). We may think of E as obtained from F 
in (at most) k steps, successively adjoining a ;, then a2, ..., and finally ag. It 
is natural to ask when we can obtain E in one step. 


Definition 3.5.1. Let E be an algebraic extension of F such that E = F(a) for 
some @ in FE. Then E is a simple extension of F and a is a primitive element 
of E. © 


We derive a criterion for E to be a simple extension of F. 


Theorem 3.5.2. Let E be a finite extension of F. Then E is a simple extension 
of F if and only if there are a finite number of intermediate fields F C B C E. 


Proof. First, we consider the case when F is finite. Then E is finite, so on the 
one hand there are (trivially) only finitely many intermediate fields, and on 
the other hand, the multiplicative group of E is cyclic (Corollary 2.2.2), so it 
consists of the powers of some a € E, and then E = F(a). 

Now we consider the case when F is infinite. First, assume that E is simple, 
E = F(a). Then a has minimum polynomial m,(X) € F[X]. LetF CB CE 
and consider m_(X) € B[X], the minimum polynomial of a over B. Then E = 
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B(q@), so (E/B) = deg m,(X). Let D be the field obtained from F by adjoining 
the coefficients of m,(X). Then F C D C B. As m,(X) is irreducible in B[X], 
it is certainly irreducible in D[LX], so m,(X) is the minimum polynomial of a 
over D, and E = D(a), so (E/D) = degm,(X) = (E/B) and hence B = D. 
Thus the intermediate field B is determined by the polynomial m,(X). But 
M,(X) divides m,(X) in BLX] (as m,(a) = 0) and hence m,(X) divides 
ma(X) in E[X]. But m,(X) has only finitely many factors in E[X], so there 
are only finitely many possibilities for m,(X) and hence for B. 


Conversely, suppose there are only finitely many fields between F and E. 
We show that given any @ and § in E there is a j, in E with F(a, 8) = F(1). 
Since E is a finite extension of F, it is obtained by adjoining a finite number k 
of elements, and then the theorem follows by induction on k. 

Consider the fields F(a + a8) for a € F. Since there are infinitely many 
elements of F and only finitely many intermediate fields, there must exist dis- 
tinct elements a; and a2 of F with F(a@+a,B) = F(a+az8). Set y, = at+a,B, 
V2 = a+a26. Then F(y,) = F(z), so y2 € F(), and certainly y, € F(y,), so 
¥2—Y1 = (a2—ay)B € F(1), and hence B € F(y1) and y1—a18 = a € F(1). 
Thus F(y,) C F(a, 8) C F() and they are equal. a 


While Theorem 3.5.2 does not look easy to apply, in fact it readily gives a 
strong general result. 


Corollary 3.5.3. If E is a finite separable extension of ¥F, then E is a simple 
extension of F. 


Proof. Let E = F(q,...,a,). By the definition of a separable extension 
(Definition 2.7.3) each mag,(X) is a separable polynomial and hence (also by 
Definition 2.7.3) the product f(X) = mg, (X)---m,(X) is also a separable 
polynomial. Let E’ > E be an extension of F that is a splitting field of the 
polynomial f(X). Then E’ is a Galois extension of F (Theorem 2.7.14), so by 
the Fundamental Theorem of Galois Theory there are only finitely many fields 
intermediate between F and E’ (corresponding to the subgroups of Gal(E’/F)), 
and hence there are certainly only finitely many fields between F and E. Then, 
by Theorem 3.5.2, E is a simple extension of F. Oo 


In case E is a Galois extension of F, we have the following criterion for an 
element of E to be primitive. 


Lemma 3.5.4. Let E be a finite Galois extension of F and let a € E. Thena 
is primitive, i.e., KE = F(a), if and only if o(a) 4 a for every o € Gal(E/F), 
o #id. 
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First proof. Let d = (F(a@)/F) and n = (E/F), so E = F(a) if and only 
ifd = n. Nown = |Gal(E/F)| (Theorem 2.8.5) and d = degm,(X) 
(Lemma 2.4.6 (2)). But, by Lemma 2.7.12, m,(X) = Ta — a;) where 
G1 = @,2,...,a@q are the Galois conjugates of a in E. Hence E = F(a) 
if and only if @ has n conjugates, and this is true if and only if o(@) = a, 
o € Gal(E/F), implies o = id. 

Second Proof. Let B = F(a) so B is intermediate between F and E. By the 
FTGT, F = Fix(#) for H a subgroup of Gal(E/F), and furthermore H = 
{o € Gal(E/F) | o | B = id} = {o € Gal(E/F) | o(@) = a}. Then, also by 
the FTGT, B = E if and only if H = {id}. Oo 


The following proposition is very useful in constructing primitive ele- 
ments. 


Proposition 3.5.5. Let F be a field of characteristic 0 and let B, and By be 
disjoint finite Galois extensions of F. Set B = B,Bo. Let a; be a primitive 
element of B, and let az be a primitive element of Bp. Then a = a; + a2 is a 
primitive element of B. 


Proof. We first observe that B is a Galois extension of F (Theorem 3.4.7), so, 
by Lemma 3.5.4, it suffices to show that the Galois conjugates of a are all 
distinct. In order to show this, we need only show that if o(@) = @ for some 
o € G = Gal(B/F), then o = id. 

Thus, let o € G with o(@) = a. By Theorem 3.4.7, 0 = (01, 02) with 
o; € Gal(B;/F), i = 1, 2. Then 


a; +a, =a =a(a) = 0;(a1) + .02(a2), 


so we see that 0) (a1) — a, = 02(a@2) — a2. But o;(a;) — a; € Bj, i = 1,2, and 
B, and B, are disjoint extensions of F, so 0; (a1) — a, = 02(@2) —a@2 =a EF. 
Thus o;(@) = a +a, from which we see that of (a) = a+ka for every k. 
But oj has finite order m, so a = oj"(@) = a + ma, so ma = 0 and hence 
a = 0. Thus 0; (a1) = a, and then 02(a@2) = a2 as well. But a is a primitive 
element of B,, so 0; (a) = a implies 0; = id on B;; similarly 02 = id on Bz 
as well, soo = id on B as required. Oo 


Remark 3.5.6. In order to effectively apply Proposition 3.5.5 we need to de- 
velop some more background, which we do in the next chapter. But to show 
its applicability, as well as to provide some interesting examples of primitive 
elements, we shall quote an example from the next chapter here. 


Example 4.6.21. (1) Let E = Q(V2, V2, 2, /2). Then E is an ex- 
tension of Q of degree 210 with primitive element /2+/2+~/2+,/2. 
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(2) Let E = Q(V2, V3, V5, V7). Then E is an extension of Q of 
degree 16 with primitive element /2 + /3 + /5 + V7. Similarly, if 
E= Q(/2, </3, </5, x/7), then E is an extension of Q of degree 81 
with primitive element /2 + /3 + /5 + J/7. 

(3) Let E = Q(V2, V2, V3, V3). Then E is an extension of Q of 
degree 36 with primitive element /2 + 124+ /3 +73. © 


Example 3.5.7. Here is an example that shows that the conclusion of Proposi- 
tion 3.5.5 may be false if B,; and B2 are not Galois extensions of F. Let F = Q, 
B, = Q(/2), and By = Q(wV2). Then B = Q(w, V2). Let a, = —V2,a 
primitive element of B,, and let a2 = —w /2, a primitive element of Bz. Then 
a =a, + a2 = w*V2 is not a primitive element of B. © 


Example 3.5.8. Here is an example of an extension that is not simple. Let 
F = F,,(s, £), the field of rational functions in the variables s and t over Fp. 
Let E be the splitting field of the polynomial (X? — s)(X? — t). More simply, 
E = F(f, y) where B? = s and y? = f. Then [E/F] = p’. On the other hand, 
it is easy to check that for any a € E, a? € F, so [F(a) : F] = 1 or p, and in 
particular F(a) C E. rs 


3.6 The Normal Basis Theorem 


Let E be a Galois extension of F of degree n. Then, as an F-vector space, 
E has a basis of n elements. On the other hand, Gal(E/F) has n elements, 
and so it natural to ask if there is some element a of E whose conjugates 
{o(a@) | o € Gal(E/F)} form a basis for E over F. In fact, this is always the 
case, as we shall show in this section. 


Definition 3.6.1. Let E be a Galois extension of F. A basis {@;}j=1,...n of E 
as a vector space over F is a normal basis for E over F if {a;} = {o;(a)} for 
some a € E, where {o;};=<1,...n = Gal(E/F). © 


There is one case of this theorem that follows directly from linear algebra. 


Theorem 3.6.2. Let E be a finite Galois extension of ¥. Suppose Gal(E/F) is 
cyclic. Then E has a normal basis. 


Proof. Let o be a generator of Gal(E/F) and let T : E — E be given by 
T (a) = o(a). Then T is a linear transformation that satisfies 7” — I = 0. We 
claim the minimum polynomial m7(X) = X” — 1. Certainly m7 (X) divides 
X" — 1. Suppose mr (X) # X" — 1. Then mr(X) = 34.94; X' with d <n. 
In other words, 
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doid+---+ag_jo =0 


as a map from E to E, and hence as a map from E* to E. 

But {id,o,...,0%¢~'} are a set of distinct characters of E* in E, so by 
Theorem 2.8.4 are linearly independent, so a; = 0 for each i, a contradiction. 

Now order the elements of Gal(E/F) as {id, o, ..., 077}. 

Then (by [AW, Theorem 3.7.1]) there is an element a of E with Ann(q@) = 
(m7(X)) (i.e., where the annihilator ideal of w in F[X] is the ideal generated 
by mr(X)). Then, since degm7(X) = n, {a,T(a),...,T’(a)} = 
{a, 0(a),...,0”!(@)} are linearly independent, hence form a basis, and this 
is a normal basis. 

(Alternatively phrased, mr (X) = m,(X), by Proposition 2.4.6 (3). But E 
has a basis over F in which the matrix of T is the companion matrix of m7 (X). 
But then if @; is the first element of the basis, o/(a@}) = T/(a1) = a4; for 
j =0,...,n —1 ({AW, Corollary IV.4.15]), so {a;} is a normal basis.) oO 


The argument for the general case also uses linear algebra, but is more 
involved. 


Lemma 3.6.3. Let E be a Galois extension of ¥F of degree n, and let o;, i = 
1,...,n, be the elements of Gal(E/F). Let a1, ..., @, be elements of E. Then 
{a1,..., &,} is a basis for E over ¥ if and only if the matrix A = (aij), oi; = 
0; (aj), is nonsingular. 


Proof. Let {a1,...,@,} be a basis for E over F, and suppose some linear 
combination of the rows of A is zero, say )-;_, ciaij = O for each j, ice., 
yi cioi(@) = 0, a = ay,...,a;. But each o; is an F-linear map, so 
>)-1 ci9i1(@) = O for every a € E. But the o; are distinct characters of E* 
in E, so by Theorem 2.8.4 are linearly independent; so c} = --- = c, = 0. 
Thus the rows of A are linearly independent and A is nonsingular. 

On the other, suppose {a@1,...,@,} is not a basis. Then it is not linearly 
independent, so there is a nontrivial linear combination pe dja; = 0. Then 
Yai dj Qj; = ae dj0;(a;) = oi iat djar;) ay 0; (0) = 0 for each i, so 
the columns of A are linearly dependent, and A is singular. Oo 


Lemma 3.6.4. Let F be an infinite field, let E be an extension of ¥, and let 
F(X, .-., Xe) € ELM, ..., Xx] be a polynomial. If f(ay,...,a,) = 0 for 
every (aj,..., ax) © F*, then f (X1,..., X,) is the zero polynomial. 


Proof. By induction on k. For k = 1, let f (X,) € E[X,] be a nonzero polyno- 
mial with f(a,) = 0 for every a; € F. Then f(X,) has more than deg f(X;1) 
roots, contradicting Lemma 2.2.1. Now assume the lemma is true for k — 1 and 
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consider f(X,,..., X;). Regard this as a polynomial in X; with coefficients 
in X14, paehiey Xk-1> so 


n 
Ti Misco ae) = So gi(Xi, sXe) Xp. 
i=0 


For any fixed elements a), ..., ay,_1 of F, f (Xz) = f(aj,..., ax_-1, Xx) 
has more than d roots, so is identically zero by the k = 1 case, so each coef- 
ficient g;(X1,..., X,-1) is zero for every (a,, ..., a,—1), and hence is identi- 
cally zero by the k — 1 case. Oo 


Theorem 2.8.4 gives us linear independence of characters. In fact, when 
F is infinite and E is a finite Galois extension of F, we may derive a stronger 
kind of independence, algebraic independence. 


Theorem 3.6.5. Let F be an infinite field and let Gal(E/F) = {oj}, i = 
1,...,n. Then {o;} are algebraically independent, i.e., if f(X1,..., Xk) € 
E[X,,..., X;] is a polynomial with f(o\(@),...,0%(@)) = O for every 
a €K, then f(X,,..., Xx) is the zero polynomial. 


Proof. Fix a basis {a,...,@,} for E over F. By Lemma 3.6.3, the matrix 
A = A(q@,...,@,) is nonsingular, where A = (aj;) = (0; (a;)). 

In this proof we shall identify an n-tuple (61,..., B,) of elements of E 
with the column vector [f;,..., B,]'. (Purely for typographical convenience, 
we write this column vector [f;,..., 8, ]' as the transpose of the row vector 


[B1,.--, Bnl.) 


For an arbitrary n-tuple (c1,..., Cn) of elements of F, let a = ee Cj Qj. 
Then o;(@) = S7j_, cjo1 (aj) = )j_, wij¢; for eachi = 1,...,n,i€., 


[oy (a), ...,On(a@)]' = Alcy,..., cn]. 


Now suppose that f(o1(@), ..., On(@)) = 0 for every a € E. Then, in our 
notation, 


O= f(lor(@),...,on(@)]}') = f(Aler,...,en}/) 
for every (cy,...,C,) € F”. Thus the polynomial 
a(X1,...,Xn) = F(ALK, ..., Xa) 


is zero for every (c1,...,Cn) € F”, so, by Lemma 3.6.4, it must be the zero 
polynomial in E[X,,..., X,], and g(1,..., y) = 0 for every (y1,.-., ¥n) € 
E”. We claim also that f(X;,..., X,) is the zero polynomial, and, again 
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by Lemma 3.6.4, that will follow if we show f(b;,...,b,) = O for ev- 
ery (bj,...,b,) € F". Thus, let (b;,...,b,) € F". Since A is invertible, 
we may define (y1,...,%) by [1,.--, ml’ = A7'[b,,..., b,]}', and then 
f(bi,..-,bn) = fb1,.-., bn) = f(AIn, ---. ml!) = 8(M1,---. Yn) = 9, 
as claimed. Oo 


Remark 3.6.6. Theorem 3.6.5 is false for finite fields. Here is a counterexam- 
ple. Let F = F, = {0, 1} and E = Fy = {0, 1, a, ao + 1} with ae =at+1. 
Let Gal(E/F) = {01,02} with 0, = id and o2 given by o2(a9) = a + 1. 
Let f(X,, X2) be the polynomial f(X,, X2) = (Xo — X1)(X2 — Xi — 2D). 
Then p(o;(a@)o2(@)) = (o2(@) — o1(@))(02(a@) — 0; (a) — 1) = O for every 
a ek. ° 


Theorem 3.6.7. Let E be a finite Galois extension of F. Then E has a normal 
basis. 


Proof. If F is finite, then E is a cyclic extension of F (Theorem 3.3.1) so the 
result is a special case of Theorem 3.6.2. 
Assume henceforth that F is infinite. Let Gal(E/F) = {o1,...,0,}. Let 


B= B(X,,..., X,) be the matrix whose entries are indeterminates X;, with 
bij = Xx if ojo; = og. Then det(B) is a polynomial in X),..., Xx, det(B) = 
d(X,,..., Xx). Note each X; appears exactly once in every row and column. 


Thus, setting X; = 1 and X; = Ofori > 1, we see det(B) = +1, i-e., 
d(i,0,...,0) = +1. Thus d is not the zero polynomial. Hence by Theorem 
3.6.5 there is ana € E with d(o;(a),...,0,(a)) 4 0. Leta; = o;(@), 
j=1,...,n.Nowlet A = B(o;(@),... , on(@)). If A = (aij), then aj; = ag 
where 0,0 ;(@) = 0, (a), or, in other words, aj; = oj0;(@) = o;(a;). Thus A 
is a matrix as in Lemma 3.6.3, and det(A) = d(o;(a@),...,0,(a)) 4 0,so A 
is nonsingular, and then, by Lemma 3.6.3, {a,..., @,} = {01 (@),..., On(a@)} 
is a basis for E over F. oO 


Remark 3.6.8. Let E be a Galois extension of F and let a € E. Then a is a 
primitive element if the conjugates of a are all distinct (Lemma 3.5.4), but 
for a to be part of a normal basis, the conjugates of a must be linearly inde- 
pendent. This latter is definitely a stronger condition, as the following simple 
example shows. Let F = Q and E = Q(V/2). Let a = V2. Then the conju- 
gates of a are a and —a, so the conjugates are distinct (and E = F(q)) but 
they are certainly not linearly independent (so {a@, —a} is not a normal basis 
for E over F). ° 
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3.7 Abelian Extensions and Kummer Fields 


Let E be a Galois extension of F. Then E is called an abelian extension of 
F if the Galois group Gal(E/F) is abelian. Since abelian groups are easier 
to understand than arbitrary groups, we may hope that abelian extensions are 
easier to understand than arbitrary Galois extensions. As we shall see in this 
section, under the appropriate conditions on F, we can indeed describe abelian 
extensions very concretely. 

Recall that for a field F, Fp denotes the prime field: Fo = Q if char(F) = 0 
and Fo = F, if char(F) = p. 


Definition 3.7.1. An element ¢ € F is a primitive n™ root of 1 in F if ¢” = 1, 
but ¢" A 1 foranyl <m <n. © 


Lemma 3.7.2. (1) If F has a primitive n™ root of 1, then char(F) = 0 or is 
prime to n. 

(2) The following are equivalent: 

(a) F has a primitive n™ root of 1. 

(b) F has n distinct n™ roots of 1. 


Proof. (1) Suppose char(F) = p and p divides n. Let ¢” = 1. Then ¢ is a root 
of X" —1. But X"—1 = (X"/?)P —1 = (X"/P —1)? so is aroot of X”/? —1, 
ie., ¢”/? = 1 and € is not primitive. 

(2) If ¢ is a primitive n™ root of 1, then 1,¢,...,¢"7! are distinct and 
are all n" roots of 1. On the other hand, the group of n™ roots of 1 in F is a 
subgroup of the multiplicative group of F, so is cyclic (Corollary 2.2.2). Thus 
if F has n distinct n roots of 1, a generator of this group is a primitive n™ root 
of 1. Oo 


Henceforth we assume that char(F) = 0 or that p = char(F) is relatively 
prime to n and we let ¢, denote an arbitrary but fixed primitive n™ root of 1. 
Observe that ¢, = exp(2zi/n) is a primitive n™ root of 1 in C. 


Lemma 3.7.3. Fo(¢,) is a Galois extension of Fo, and Gal(Fo(¢,)/Fo) is iso- 
morphic to a subgroup of (Z/nZ)*. In particular this group is abelian. 


Proof. F(¢,) is the splitting field of the separable polynomial X” — 1, so it is 
a Galois extension of Fo. 

If 0, € Gal(Fo(Z,)/Fo), then 0; (¢,) is a primitive n™ root of 1, so 01(f,) = 
¢™ for some k, with (k,n) = 1. 

Similarly, 02 € Gal(F(o)/F) satisfies o2(f,) = ch where (k2,n) = 1. 
Then 0102(¢,) = chike = 070)(¢,), ando € Gal(Fo(¢,)/Fo) is determined by 
o (f,); SO we see that we have an injection 0; +> k; from Gal(Fo(¢,,)/Fo) into 
(Z/nZ)*. oO 
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Remark 3.7.4. We will see in Corollary 4.2.7 below that if Fo = Q, then 
Gal(Fo(¢,)/Fo) = (Z/nZ)*. This is false in general. In the most extreme 
case, if p— 1 is a multiple of n, then ¢, € Fo, so in this case Gal(Fo(¢,)/Fo) = 
{id}. © 


We now introduce some nonstandard but very useful language. 


Definition 3.7.5. Let a € F. Then @ is n-powerless in F if a is not an m® 


power in F for any m dividing n, m > 1. ° 


Proposition 3.7.6. Let F > Fo(¢,). Let E be the splitting field of X" —a € 
F[X]. Then Gal(E/F) is isomorphic to a subgroup of Z/nZ. In particular, this 
group is cyclic. Furthermore, the following are equivalent: 

(1) a is n-powerless in F. 

(2) Gal(E/F) = Z/nZ. 

(3) X" — a is irreducible in F[X]. 


Proof, Let a be a root of X" —a in E. Then X” —a = [J (X — Gia) soE = 
F(a), and m,(X) divides X" — a in F[X] and hence in E[X] (Lemma 2.2.7) 
so my(X) = Lis (X — gta) for some subset {ix} of {0,...,n ~ 1}. 

Since ¢/*a and & are both roots of the irreducible polynomial m,,(X), by 
Lemma 2.6.1 there is an element 0, € Gal(E/F) with o,(@) = Gia, and 
this equation determines o, uniquely. Furthermore, if oz(@) = Sita, then 
onoe(a) = C/*tta, so we see that {i,} form a subgroup of Z/nZ isomorphic 
to Gal(E/F). 

Now to the second part of the proposition. Since | Gal(E/F)| = (E/F) = 
(F(a)/F) = deg m.(X), 


Gal(E/F) = Z/nZ = | Gal(E/F)| =n 
> degm,(X) =n 
 mg(X) = X"—a 
< X” — ais irreducible, 


showing that (2) + (3). 

Suppose that (1) is false, soa = b” for some b € F. Letn = jm. Then 
X" —a = X/™ — b™ has X/ — basa proper factor, so it is not irreducible. 

On the other hand, suppose that (3) is false. Then, as we have observed, 
Mo(X) = []po9 (X — Gita) and {¢‘} form a group of order m isomorphic 
to a subgroup of Z/nZ, so it must be {ex | kK = 0,...,m — 1}, and then 
ma(X) = [[py (X ~ fka) = X — a” = X —b € F[X]. But ifn = mj, then 
a=a" =a” = (a")J = b/, b € F, soa is not n-powerless in F. oO 
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This proposition has a partial converse. 


Proposition 3.7.7. Let F > Fo(¢,). Let E be an extension of F. The following 
are equivalent: 

(1) E is the splitting field of X" —a € F[X], for some a that is n-powerless 
in F. 

(2) E is a Galois extension of F with Gal(E/F) = Z/nZ. 


Proof. (1) implies (2) is (1) implies (2) of Proposition 3.7.6. 
Now suppose (2) is true. Let o be a generator of Gal(E/F). By Theorem 
3.6.2, E has a normal basis {o'(a) | i = 0,...,n — 1} forsomea € E. Let 


B=atG loa) +---+5,° Po" l(a). 
Since {a'(~)} are independent, B 4 0; then direct calculation shows 
o(B) =o(@) +G,'o*(a@) +--+" Pa = GB, 


and so o/(B) = ¢/6 for each i. Thus {o'(8)} are all distinct, so E = F(B) by 
Lemma 3.5.4. Furthermore, 


n—-1 
mp(X) = | [(X — ¢)8) = X" — B" € FLX]. 
11 


Thus, if a = 6”, a € F[X] and E is the splitting field of X” — a. Finally, 
a is n-powerless in F as in the proof of Proposition 3.7.6: If a = b”,n = mj, 
then m,(X) would have X J — basa factor, and mg(X) is irreducible so j =n 
andm = 1. oO 


Remark 3.7.8. Consider the case Fo = Q. In order to apply Propositions 3.7.6 
and 3.7.7, we must do arithmetic in the field Q(¢,,), which may not be so easy. 
It would be a lot simpler if we only had to do arithmetic in Q, which is easy. 
Fortunately, this is often, and indeed usually, the case. We have the following 
results, which we shall prove later on. 


Lemma 4.6.5. (1) Let n be an odd integer, and let a be n-powerless 
in Q. Then a is an-powerless in Q(én) for every N. 

(2) Let n be an even integer, and let a be n-powerless in Q. If a is 
negative, assume also that —a is not a square in Q. Then one of the 
following two alternatives holds: 

(a) a is n-powerless in Q(éy) for every N. 

(b) a = b’ for some b € Q(ty), for some N, and b is n/2-powerless 
in Q(fy’) for every multiple N’ of N. 

Corollary 4.5.5. Let a be a square-free integer. If a is positive and 
odd, set a' = a. Otherwise set a’ = 4la|. Then a = b? for some 
b € Q,) if and only if a’ divides n. © 
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Definition 3.7.9, Let F > Fo(¢,,). A Kummer field E is the splitting field of a 
polynomial of the form 


f (X) = (X" —ay)(X" — ay) ---(X" —a,), a EF, i=l,...,t. 9 


Recall that the exponent e of a finite group G is the smallest positive 
integer with the property that g° = 1 for every g © G, and that the exponent 
of a group divides its order. 


Theorem 3.7.10. Let F > Fo(¢,,), and let E be an extension of F. Then E is a 
Kummer field if and only if: 

(1) E is a Galois extension of F. 

(2) Gal(E/F) is abelian. 

(3) exponent (Gal(E/F)) divides n. 


Proof. First suppose that E is a Kummer field, the splitting field of f(X) = 
(X” — ay) +--+ (X" —a;). Leta; € E with a? = a; foreach i. Then X” — a; = 
Tj (X — GJ a;), so X" — a; splits into a product of distinct linear factors and 
is separable; then f(X), the product of separable polynomials, is separable as 
well. Thus E is the splitting field of a separable polynomial in F[X], so E is a 
Galois extension of F, proving (1). We prove (2) and (3) by induction on t. The 
t = 1 case follows immediately from Proposition 3.7.6. Assume the theorem is 
true for t—1. Let B; C E be the splitting field of f,(X) = (X” —a)---(X"—- 
a;_,) over F and let B, C E be the splitting field of f.(X) = X” — a, over 
F. Then E = B,By. Then, by Corollary 3.4.7, Gal(E/F) is a subgroup of 
Gal(B,/F) x Gal(B2/F), so by the inductive hypothesis (for f,(X)) and the 
t = | case (for f)(X)) Gal(E/F) is a subgroup of an abelian group of exponent 
dividing n, so Gal(E/F) is itself an abelian group of exponent dividing n, and 
by induction the result follows. 

Conversely, suppose G = Gal(E/F) is as claimed. Write G as a direct sum 
of cyclic groups G = H, ® --- ® H,. Since the exponent of G divides n, for 
each i the order m; of H; divides n. 

We prove the theorem by induction on s. If s = 1, then G = Hi is 
cyclic of order m, so, by Proposition 3.7.7, E is the splitting field of X” — b, 
for some b; € F or equivalently (since F > Fo(¢,)) of X” — a, where 
a, = bi/" & F. Now suppose the theorem is true for s — 1 and let G be 
written as above. Set B; = Fix(H; @ --- @ H,_;) and B. = Fix(A,). Then, 
by the inductive hypothesis, B, is the splitting field of a polynomial g;(X) of 
the form g;(X) = (X” — a,)(X” — a) --- (X” —a,) and, by the s = 1 case, 
By is the splitting field of a polynomial g2(X) of the form g2(X) = X” — 
a,4,. Then, by Proposition 2.8.14 (1), B;Bz = Fix((; @ --- ® Ay_1) 
H,) = Fix({1}) = E and E = B,B, is the splitting field of g)(X)g2(X) = 
(X” — ay) (X” — an)--- (X” — a,4)), and by induction the result follows. O 
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Let us now explicitly determine the Galois group of a Kummer extension. 
For a field F, recall that F* denotes the group (under multiplication) of nonzero 
elements of n. We let (F*)" denote those elements that are n™ powers, and 
observe that (F*)” is a subgroup of F*. 


Theorem 3.7.11. Let F > Fo(¢,,) and let E be the splitting field of 
f(X) = (X" — ay) ++ (X" — a) 


with each a; # 0. Then Gal(E/F) is isomorphic to (a,,...,a;) G F*/(F*)” 
(i.e., to the subgroup of F* /(F*)" generated by a,,..., ay). 


Proof. Let a; € E* witha? = a,,i = 1,...,n. LetG = (aj,...,@) C 
E*/F* and let G’ = (a;,...,a;) C F*/(F*)". Let g : G > G’ by g(a) =a”. 
We claim ¢ is an isomorphism. Clearly, g is an epimorphism, so we need only 
show it is amonomorphism. Suppose g(a) = 1. Then a” € (F*)", soa” = f” 
for some f € F*; thena = cf Ff € F* for some k (as ¢, € F by hypothesis). 
Thus instead of considering G’ we may consider G. 

Now write G as a direct sum of cyclic subgroups G = H; @--- @ A; and 
let 8; € E be a generator of H;. Let H; have order m; dividing n. Set b; = By" ‘ 
so b; € F and b; is m;-powerless in F. (Then also G’ = Hj @--- ® H; with 
Hj the subgroup generated by b;.) 

We prove the corollary by induction on s. We include in the inductive 
hypothesis that Gal(E/F) is generated by elements n; with n;(B;) = Cm, 8; and 
ni(Bj) = B; for j A i. If s = 1, this hypothesis is just the conclusion of 
Proposition 3.7.7. 

Now assume the hypothesis is true for s — 1. Let B = F(A), ..., Bs—1) and 
D = F(f;). 

Claim: B and D are disjoint extensions of F with composite BD = E. 


Assuming this claim, the inductive step, and hence the corollary then fol- 
lows immediately from Theorem 3.4.7. 

Proof of claim: E = F(a,,...,a;) and (a1,...,@;) = (By,...,Bs) C 
E*/F*, so certainly BD = E. 

Let D) = BND. By the FTGT, Bo = Fix(K) for some subgroup K of 
Gal(B/F), which is a cyclic group of order m,. From this we see that Dp = 
F((B;)” ) = F(2/b;), where mm’ = m,, for some m dividing m,. We want to 
show m = 1. 

Let us set 8B = °/b, = (B,)”. Then B € B, so by the inductive hypothesis 
we may write uniquely 


=)" = 2a Ciuahe Pr Po Be 
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with i; = 0,...,m,; — 1, foreach j = 1,...,s — 1, and with each cj, i, 
eF. 

Now let o € Gal(B/F). Then o(8) = ¢8 for some root of unity ¢, and, 
similarly, o (B;' --- B,~}) = ¢’B;' --- Bc; for some root of unity ¢’. Thus we 
see that we must have ¢’ = ¢ for every term with c;,,;,,, 4 0. But, by the 
inductive hypothesis, we may choose o with o(f;) = ¢;8; where each ¢; is 
an arbitrary mo root of 1. Hence, if this summation has more than one nonzero 
term, we may find a o which has the effect of multiplying one term by ¢ and 
another term by ¢’ with ¢’ # ¢, which is impossible. Hence we can conclude 


there is only one term in the summation, and that 
/ fei 
B = (Bs)” = Ciy,... sist ‘4 Bras Bo 


so we see that (f,)” € H, ®...® H,_; C E*/F*. But by assumption G = 
A, ®---@®H,; in particular (HW, ®...®@ H,_1) NH, = {1}, and hence we must 
have m’ = m, and hence m = 1, as claimed. qa 


1 


Corollary 3.7.12. In the situation of, and in notation of the proof of Theorem 
3.7.11, the isomorphism @;_,(Z/m;Z) — Gal(E/F) is given by 


(ii, - +5 Js) He o where o (Bi) = 6"! Bi (= Bi), be Dynes 8: 
Proof. This follows directly from the proof of Theorem 3.7.11. Qo 


Example 3.7.13. (1) Let E be the splitting field of (X? — 2)(X? — 3)(X? —5) 
over Q. Then Gal(E/Q) = (Z/2Z)? as (2, 3, 5) C Q*/(Q*)? is isomorphic to 
(Z/2Z)°. 

(2) Let E be the splitting field of (X? — 2)(X? — 3)(X? — 6) over Q. Then 
Gal(E/Q) = (Z/2Z)’ as (2, 3, 6) C Q*/(Q*)* is isomorphic to (Z/2Z)’. 

(3) Let E be the splitting field of X!* —5 over Q(¢12). Then Gal(E/Q(12)) 
= Z/12Z as (5) © Q(E12)*/(Q(G12)*)” is isomorphic to Z/12Z. The polyno- 
mial X!* — 5 is irreducible over Q and also over Q(¢12). 

(4) Let E be the splitting field of X!? —3 over Q(¢12). Then Gal(E/Q(¢12)) 
= Z/6Z as (3) Q(o5)/(Q(o12)*) 7 is isomorphic to Z/6Z. Note V/3 € 
Q(¢2). The polynomial X!* — 3 is irreducible over Q. Over Q(¢12), it factors 
as the product of two irreducible factors (X° — J/3)(X® + 4/3). 

(5) Let E be the splitting field of X* + 1 over Q(¢4). Then E = Q(és), 
Gal(E/Q(é4)) = Z/2Z, and (-1) © Q(f4)*/(Q(G4)*)* = Z/2Z as ~1 isa 
square but not a 4" power in Q(¢4). The polynomial X* + 1 is irreducible 
over Q. Over Q(¢4), it factors as the product of two irreducible polynomials 
(X? + i)(X? — i). 

(6) Let E be the splitting field of X* + 4 over Q(¢4). In fact E = Q(t) as 
X444 = (X —(14+i))(X — 1 — 1))(X¥ — (-1 +: 1))(X — (-1 — 1)); thus 
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Gal(E/Q) = {id}, and (—4) € Q(¢4)*/(Q(64)*)* = {id} as —4 = (1 + i)*, an 
equation in Q(¢4). 

In this example we have made a number of claims about arithmetic in 
cyclotomic fields (i.e., in fields Q(¢,,)). They will be verified in Section 4.2. o 


3.8 The Norm and Trace 


Let E be a finite extension of F. We shall define two important functions from 
E to F, the norm and the trace. We shall begin by defining them in case E is a 
Galois extension of F, which is the most important case, and the case to which 
we denote most of our attention. At the end, we will show how to generalize 
the definition. 


Definition 3.8.1. Let E be a finite Galois extension of F with Galois group 
G = Gal(E/F). For a € E, the norm (from E to F) of a is 


Nejr(a) = I] o (a) 


o€eG 
and the trace (from E to F) of a@ is 
Trpr(a) = yo o(@). © 
o€eG 


Lemma 3.8.2. For any a € E, Ngr(a) and Trg/r(@) are elements of F. 
Proof. Ng/r(a@) and Trg/r(@) are obviously invariant under G. oO 


Lemma 3.8.3. Let a € E with degm,(X) = r, and write my(X) 
yy ci X!. Let (E/F) =n. Then 


Ngyr(a) = (—1)"cg/" and Trepe(@) = —(n/r)c-1. 


Proof. If a has distinct conjugates a), ..., a, (with a, = a), then mg(X) 
[];-;(X — a:) by Lemma 2.7.12, so 


co = (-1)’a1---a, and c,-) = ~(@ +---+a,). Oo 


Lemma 3.8.4. For a € K, let T, : E — E be the linear transformation of 
F-vector spaces given by T,(B) = ap. Then 


Ng/r(@) = Det(T,) and Trgjr(a) = Trace(Ty). 
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Proof. Let B = F(a). Then B has F-basis B = {l,a,...,a@”~!} where 
r = degm,(X). If (E/F) = n, then (E/B) = n/r. Choose a B-basis 
{1 =€1,..., €,/r} for E over B. 

Then 


-1 -1 
CS {htacsO puss Geei ie yenee  S 


is a basis for E over F. 

Let Sy = Ty, | F(a). Now Sy : F(w) — F(a) and the matrix of S, in 
the basis B is just C(@m,_(X)), the companion matrix of the polynomial m,(X) 
(see the proof of Proposition 2.4.6(3)). Then the matrix of T, in the basis C 
is a block diagonal matrix consisting of n/r diagonal blocks, each equal to 
C(m,(X)), and the result then follows from Lemma 3.8.3. im 


Theorem 3.8.5. Let E be a finite Galois extension of F of degree n. Let B be 
a field intermediate between F and E. (Then E is a Galois extension of B.) 
Assume further that B is a Galois extension of F. Then for any element a of F 
and any elements a, B of E: 

(1) Ng;r(@) =a" and Tre/r(a) = na, 

(2) Neyr(@B) = Neye(@) Neye(B) and Tree(a + B) = Trer(@) + 
Treyr (8). 

(3) Ngr(@) = Npyr(Ng/p(@)) and Trg/p(@) = Trp/e(Tre/p(@)). 


Proof. (1) and (2) are clear. We prove (3). Let H = Gal(E/B) = {r,} 
have left coset representatives {p;}. Then we may identify G/H with {p;}. 
Then Ngjr(Neya()) = [], (11, 1@)) = Ti eits@) = eee oe) = 
Ng,;r(q@), and similarly for Trg (a). oO 


Lemma 3.8.6. There is an element a € E with Trejr(a) 4 0. 


Proof. If char(F) = 0 or n = (E/F) is relatively prime to p = char(F), this is 
completely trivial, as we may simply choose a = 1. 

In any case, for each o € Gal(E/F), o : E* — E* is a character of 
the group E* in E in the sense of Definition 2.8.1, so the result follows im- 
mediately from Dirichlet’s theorem on the independence of characters (Theo- 
rem 2.8.4). a 


Theorem 3.8.7 (Hilbert’s Theorem 90). Let E be a cyclic extension of F of 
degree n and let o be a generator of G = Gal(E/F). 

(1) If B is any element of E with Ng/r(B) = 1, then B = a/o(a) for some 
aeék. 

(2) If B is any element of E with Trgr(B) = 0, then B = a — o(@) for 
some a € E. 
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Proof. (1) By Theorem 2.8.4, {1, 0, ..., 071} are independent characters of 
E* in E, so for any elements €, ... , €,—-1 Of E, there is an element 6 of E with 
a = >") €:0'(6) £ 0. Now let 

€ = 0°(B)o'(B)---o'""(B), i=1,...,n—1. 

Note that Bo(e;) = €j41 fori = 1,...,n — 2, and €&,_1 = Ngr(B) = 1 
so also Bo (€n-1) = B = 0°(B) = €1. Let @ be as above and note then that 
Bo(a) =a so B =a/o(a). 

(2) By Lemma 3.8.6, there is an element of y of E with Trgr(y) 4 0. Set 
5 = Bo(y) + (B +o(B))o7(y) +--+» +(B+--- +0" *(B))o" | (y). 

Then, by direct calculation, 

5 — oly) = Bo(y) +--+» +0" (y)) — OB) +++ +0" '(B))v 
= BTrer(y) — vy Trer(B) = BTrer(y), 
so if a = 6/ Trg/r(y), we have that B = a — o(a@). oO 

Now we extend the definitions of norm and trace. First we consider sep- 
arable extensions. Here we assume familiarity with Section 5.2 below. 
Definition 3.8.8. Let E be a finite separable extension of F. Then 

NgE/F = Np/F and Tre /F >= Trp /F 
where D is any normal closure of E. © 
Remark 3.8.9. (1) It is easy to see that Ng/r and Trg, are well defined, i.e., 
independent of the choice of D. 

(2) The results of this section through Theorem 3.8.5 go through un- 
changed in this more general situation. ° 


Now we consider arbitrary finite extensions. Here we further assume fa- 
miliarity with Section 5.1 below. 


Definition 3.8.10. Let E be a finite extension of F. Then 
NE/F = (Np/r)4 and Tr E/F = dTrp/r, 
where D is any normal closure of E and d = (Fix(Gal(D/F))/F). © 


Remark 3.8.11. (1) Let F; = Fix(Gal(D/F)). Then D is a Galois extension of 
F; and F; is a purely inseparable extension of F. If E is a separable extension 
of F, then D is a Galois extension of F, F; = F, and d = 1. In particular this 
is always the case for a perfect field F. 

(2) If char(F) = p and E is not a separable extension of F, then d is a 
power of p and so in this case Trg; = 0. 

(3) Again the results of this section through Theorem 3.8.5 continue to 
hold. © 
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3.9 Exercises 


Exercise 3.9.1. Give an example of an extension E of F of degree n and a 
divisor d of n for which there does not exist a field B intermediate between F 
and E with (B/F) = d. 


Exercise 3.9.2. Let F be a field with char(F) # 2. Call a rational function 
F(R, ..., Xn) € F(X,..., X,) alternating if f(o(X,),...,0(X,)) = 
sign(a) f(X,,..., Xn) for every o € S,. Let 51, ..., 5, denote (as usual) the 
elementary symmetric functions in X,..., X,. Let 6 be as in Definition 4.8.1. 

(a) Show that every alternating rational function f(X,...,X,) can be 
written as a rational function in s,,..., 5, and 6 in a unique way. 

(b) Show that in fact every alternating rational function f(X1,..., Xn) 
can be written as f(X1,..., Xn) = g(S1,..-,5n)6 for some rational function 
2(S1,..-,5n) Of 51,...,5p- 

(c) Show that every alternating polynomial f(X,,..., X,) can be written 
as a polynomial in 51, ..., 5, and 6 in a unique way. 

(d) Show that in fact every alternating polynomial f(X,,..., X,) can be 
written as f(X1,..., Xn) = g(S1,.--,5n)5 for some polynomial function 
B(51,---,5n) INS], ..., Sp. 

(e) Show that every rational function f(X,,..., X,) invariant under the 
action of A, (i.e., every rational function f(X,,..., X,) with f(o(X)),..., 
o(Xn)) = f(X1,..., Xn) for every o € A,) can be written in a unique way as 
F(X, -.., Xn) = fe(X1,..., Xn) + fa(X1,..., Xn) where fy(X1,..., Xn) 
is symmetric and f,(X;,..., X,) is alternating. Furthermore, if f(X1,..., 
X,) is a polynomial, then so are f,(X;,..., X,) and fa(X1,..., Xn). 


Exercise 3.9.3. Show that (2) implies (1) in Exercise 2.10.6. 
Exercise 3.9.4. Show that (2) implies (1) in Exercise 2.10.7. 


Exercise 3.9.5. Interpret a in Exercise 2.10.1 as being in an extension of Fs, 
find an irreducible polynomial in F5[X] that has q@ as a root, and find all roots 
of that polynomial in a splitting field E. Also, find G = Gal(E/F). (In the 
definition of a, there may be an ambiguity because of the roots. Handle all 
cases.) 


Exercise 3.9.6. Interpret ~ in Exercise 2.10.1 as being in an extension of F7, 
find an irreducible polynomial in F7[X] that has @ as a root, and find all roots 
of that polynomial in a splitting field E. Also, find G = Gal(E/F). (In the 
definition of a, there may be an ambiguity because of the roots. Handle all 
cases.) 
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Exercise 3.9.7. In this exercise, let E be a splitting field of the polynomial 
f(X) € FLX] and let G = Gal(E/F). Find (E/F) and find G. 

(a) f(X) = X°—1€ B3[X]. 

(b) f(X) = X°-1 € Fs[X]. 

(c) f(X) = X?— 1 € F,[X]. 

(d) f(X) = X° -3 € F5[X]. 

(e) f(X) = ¥°4+4X 42 €Fs[X]. 

(f) f(X) = X44 2X3743X?24+3X +4 €F[X]. 

(g) f(X) = X443X? +4 € Fs[X]. 

(h) f (X) = X443X7 43 € Fs[X]. 


Exercise 3.9.8. Let F = F, and let f(X) = X? — X —aforsomea #0 € F. 
Let E be the splitting field of F and let a be a root of f(X) in E. Show that 
a,a+1,...,@+(p—1) are the roots of f(X) in E. Conclude that f(X) € 
F(X] is irreducible and that Gal(E/F) is cyclic of order p with generator o the 
automorphism of E given by o(@) = a +1. Then the Frobenius automorphism 
® of F must be given by ®(@) = a +k for some k £0 € F. Show that a can 
be chosen so that ®(a@) = a + 1. (E is called an Artin—Schreier extension 
of F.) 


Exercise 3.9.9. Let f(X) € Z[X] be a monic polynomial and let f (X) be 
its image in F,[X] (identifying F, with Z/pZ). Let E be a splitting field for 
f(X) and let E be a splitting field for f (X). Show that if, for some p, all the 
roots of f(X) in E are simple, then all the roots of f(X) in E are simple. 


Exercise 3.9.10. Let B; and B» be Galois extensions of F, both contained in 
some field A. Let E be the composite E = B, Bo. 

(a) Show that every 0 € Gal(B,/F) extends to a (not necessarily unique) 
automorphism 6 € Gal(E/F). 

(b) Show that B; and B, are disjoint extensions of F if and only if every 
o € Gal(B, /F) extends to an automorphism 6 € Gal(E/F) with o | B. = id. 


Exercise 3.9.11. Find an example of a field F and pairwise disjoint Galois 
extensions Bo, B,, Bz, of F with By and B, By not disjoint extensions of F. 


Exercise 3.9.12. Let D be a Galois extension of F and let B be an extension of 
F. Suppose that D and B are disjoint extensions of F. 

(a) Show that D and B’ are disjoint extensions of F for any Galois conjugate 
B’ of B. 
_ (b) Let B be the Galois closure of B. Give an example to show that D and 
B need not be disjoint. 
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Exercise 3.9.13. Let B,; and B» be finite Galois extensions of F. Show that 
B, MB, is a Galois extension of F. 


Exercise 3.9.14. (a) Let a € F and suppose that a is not a p™ power in F. Let 
B be an extension of F of degree m, and suppose that m and p are relatively 
prime. Show that a is not a p™ power in B. 

(b) More generally, let a € F and suppose that a is n-powerless in F. Let 
B be an extension of F of degree m, and suppose that m and n are relatively 
prime. Show that a is n-powerless in B. 


Exercise 3.9.15. Suppose that X” — a and X” — a are both irreducible poly- 
nomials in FLX]. 

(a) Suppose that m and n are relatively prime. Show that X’”” — a is an 
irreducible polynomial in F[X]. 

(b) More generally, let 2 = Icm(m, n). Show that X° — a is an irreducible 
polynomial in F[X]. 


Exercise 3.9.16. (a) Let E = Q(V2, V3, /5, V7, ...). Show that E/Q is 
infinite. 


(b) Let E = Q(V/2, V2, 2, </2, ....). Show that E/Q is infinite. 


Exercise 3.9.17. (a) Let F > Fo(¢2) (and consequently char(F) 4 2) and let 
f(X) = X? —a € F[X] be irreducible. Let E = F(a) where a? = a. Let 
B = bo + bia with bo, by € F. Show that the conjugates of 6 form a normal 
basis for E if and only if bob; 4 0. 

(b) Let F > Fo(¢3) (and consequently char(F) 4 3) and let f(X) = X 3 
a € F[X] be irreducible. Let E = F(a) where a? = a. Let B = by +bja+b207 
with bo, b), b2 € F. Show that the conjugates of 6 form a normal basis for E 
if and only if bob, bz # 0. 


Exercise 3.9.18. Let F C B C E with E/F Galois. Show that there exist 
irreducible polynomials f(X) € F[X] and g(X) € B[X] such that E is a 
splitting field of f (X), and E is also a splitting field of g(X), and g(X) divides 
F(X) in BUX]. 


Exercise 3.9.19. (a) Let E be a separable extension of F and suppose there is 
an integer n such that degm,.(X) <n for every « € E. Show that E is a finite 
extension of F. Furthermore, show that (E/F) <n. 

(b) Give an explicit counterexample to (a) in case E is not a separable 
extension of F. 


Exercise 3.9.20. Let E be an extension of F of degree 2, where F = F, is 
a finite field, with g odd. Let E = F(a), where a? € F. Show that, for any 
a,beF, 
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(a+ ba)? =a—ba or, equivalently, Ner(a) = (a+ ba)i*?, 


Exercise 3.9.21. Let E be an extension of F of degree 2, where char(F) # 2. 
Let E = F(5), where 5* = d € F. Let T : E > E be an F-linear transforma- 
tion. Leta = 7 (1) and 6 = T(6)/6. (Note a, B € E.) 

(a) If a = +, show that there exists an f € F with 


Ng/F(T (€)) = f Ngr(e) for alle CE 


and in fact f = Ngr(@) = Ng,r(£). 
(b) If a 4 +f, show there does not exist such an f. 


Exercise 3.9.22. Let E be an extension of F of degree 2, where char(F) 4 2. 
Let E = F(é), where 5? = d € F, and let o be the nontrivial element of 
Gal(E/F). Prove Hilbert’s Theorem 90 (Theorem 3.8.7 (1)) directly in this 
case. That is, if y = a+ bd € E with Ner(y) = a” — b?d = 1, then there is 
an element 6 = x + yd € Ewith 

6 x+y6 


o(@) x—yé 


yr 


Exercise 3.9.23. Let F = F,; and let E = F, for some multiple r of s. Set 
m = (p” — 1)/(p* — 1). Recall that Gal(E/F) is cyclic of order r/s with 
generator W given by V(a) =a?’. 

(a) Show that Ng/r(@) = a” for every a € E. 

(b) Show that Ng/r : E > F is an epimorphism. 

(c) Prove Hilbert’s Theorem 90 (Theorem 3.8.7 (1)) directly in this case: 
If B ¢ E with Ng/r(B) = 1, then B = (a)(a~?’) for some a € E. 


Exercise 3.9.24. (a) Fix a polynomial k(Y) € F[Y]. Let f(X) € FLX] be 
any separable polynomial. Let f(X) split in E with roots aj,...,@m. Let 
Oucr)(f (X)) be the polynomial 


Qu) (f(X)) = [ [&X — k@)). 


Evidently Qi,y)(f (X)) € E[X]. Show that in fact Oxy) (f (X)) € F[X]. 

(b) Fix a polynomial k(Y, Z) € F[Y, Z]. Let f(X), g(X) € FLX] be any 
separable polynomials. Let f(X) and g(X) split in E with roots a,...,Qm 
and £;,..., Bn, respectively. Let Qy,z)(f (X), g(X)) be the polynomial 


Ouv.z (F(X), g(X)) = | [(X ~ ka, B;)). 


ij 
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Evidently Qxy,z)(f (X), g(X)) € E[X]. Show that in fact 


Ony,z)( F(X), g(X)) € FLX]. 
(This generalizes to arbitrarily many polynomials.) 


Exercise 3.9.25. (a) Let {s;} be the elementary symmetric polynomials in {a;}. 
Show that for any k(Y) € F{Y], Qiy)(f(X)) is a polynomial whose coeffi- 
cients are polynomials in {s;}, and hence polynomials in the coefficients of 
F(X). 

(b) Let {s;} be the elementary symmetric polynomials in {a;} and let 
{si} be the elementary symmetric polynomials in {8;}. Show that for any 
kK(Y, Z) € FLY, Z], Qey,z) (F(X), g(X)) is a polynomial whose coefficients 
are polynomials in {s;} and {si}, and hence polynomials in the coefficients of 
F(X) and g(X). (This generalizes to arbitrarily many polynomials.) 


Exercise 3.9.26. (a) Show that if k(Y) € Z[Y] and f(X) e€ Z[X], then 
Quy (f (X)) € ZX]. 

(b) Show that if k(Y,Z) e€ ZY, Z] and f(X), g(X) € Z[X], then 
Qxy,z) (F(X), g(X)) € ZX]. (This generalizes to arbitrarily many polyno- 
mials.) 


Exercise 3.9.27. Let f(X) = X? +a4X +), g(X) = X? + cX 4+, and 
h(X) = X? + eX? + fX +g be polynomials in F[X]. Without finding the 
roots of these polynomials: 

(a) Find Qy41(f(X)), Qay(f(X)), Oy2(f (X)), and Oy3(f(X)). 

(b) Find Qy+41(A(X)), Qoy (A(X)), and Qy2(A(X)). 

(c) Find Qy+z(f(X), g(X)) and Qyz(f (X), g(X)). 

(d) Find Qy+z(f(X), A(X)) and Qyz(f(X), h(X)). 


Exercise 3.9.28. Let R be a subring of F and let E be an extension of F. Let 
S = {a € E| a is integral over R}. Show that S is a subring of E. 


Exercise 3.9.29. Let E be a field and let R C E. Suppose that E = R[a] for 
some a € E. Show that there is a nonzero element s € R such that R[1/s]isa 
field. 


seey 


in X,,..., Xq. Let t; = Xi +---+ Xi fori > 0. Prove Newton’s identities: 
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t} —s,; =0 
to — syty +25. =0 
tz — $)t2 + Sot; — 353 =0 


ta ~ Stay Fee + (—1) saith + (—1)4dsq = 0 


tag. — Sita tere t (—1)4saty =0 
ta42 — Sytag1 t+++ + (-1)% sat, = 0 


(b) Conclude that t is a polynomial in s),..., s; with integer coefficients, 
where j = min(k, d), for every k > 0. 
(c) Let R be the ring of symmetric polynomials in X;,..., Xq with co- 


efficients in F. Let f(X) be a polynomial in R of degree at most k, and let 
j be as above. If char(F) = 0 or char(F) > j, show that f(X) can be writ- 
ten uniquely as a polynomial in ¢t,,..., ¢. In particular, if char(F) = 0 or 
char(F) > d, show that every polynomial in R can be written uniquely as a 
polynomial int, ..., tg. 


4 


Extensions of the Field of Rational Numbers 


In this chapter, we assume that all fields we consider are of characteristic 0. 


4.1 Polynomials in Q(X] 


In this section we deal with a number of questions about polynomials in Q[X] 
related to factorization and irreducibility. 
We begin with a couple of elementary results. 


Lemma 4.1.1. Let F C R and let f (X) € F[X]. Ify € C is a root of f(X), 
then its complex conjugate y is also a root of f (X). Consequently, if f (X) has 
odd degree, then it has an odd number of real roots, counted with multiplicity, 
and if f (X) has even degree, then it has an even number of real roots, counted 
with multiplicity. 


Proof. f(y) = f(¥) = f(y) =0=0. o 


Lemma 4.1.2. Let f (X) € Z[X], f(X) = )77_) a:X'. Suppose that r € Q is 
a root of f (X) (or equivalently, that X — r is a factor of f(X)). fr = s/t, 
with s and t relatively prime, then s divides ag and t divides a,. In particular, 
if f (X) is monic, then r is an integer dividing ao. 


Proof. 0 = f (s/t) =t" f (s/t) = ))y_, a:s't” *. Now 0 is divisible by s, and 
every term of this summation except possibly apt” is divisible by s, so that 
term must be divisible by s as well, and since ¢ is relatively prime to s, this 
implies that ap is divisible by s. By the same logic applied to the term a,,s”, a, 
is divisible by f¢. Oo 
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Note that this lemma, used recursively, provides an effective method for 
finding all linear factors of f(X) in Q[X]. 

Corollary 4.1.6 below is a standard result, but one we shall use repeatedly. 
First, some preliminaries. 


Definition 4.1.3. A polynomial f(X) = a,X" +---+ ao € Z[X] is primitive 
if gcd(a,,...,@0) = 1. © 


Lemma 4.1.4. (Gauss’s Lemma) [f 9(X) and h(X) are primitive polynomials 
in Z[X], and f(X) = g(X)h(X), then f(X) is a primitive polynomial in 
Z[X]. 


Proof, Write g(X) = byX™ +--+ + bo and h(X) = cy, X* +--+ +9. Let 
F(X) = g(X)h(X) = a, X" + --- + ao. Suppose f (X) is not primitive and 
let d = gcd(a,,..., ao). Pick a prime p dividing d. By hypothesis, p does not 
divide all of the coefficients of g(X), so let i be the smallest index with b; not 
divisible by p. Similarly, p does not divide all of the coefficients of h(X), so 
let j be the smallest index with c; not divisible by p. 

Consider a; ;, the coefficient of X'*/ in f (X). Then 


Gj4j = bjcj + (Bi41¢j-1 + big2cj-1 +--+) 
+ (bi-1¢j41 + Di-2Cj42 +++). 


By hypothesis, p divides a;+;, and by construction p divides each of the terms 
in the two parenthesized expressions, so p divides b;c; as well, and hence p 
divides b; or p divides c;, a contradiction. oO 


Proposition 4.1.5. Let f(X) be a primitive polynomial in Z[X] and suppose 
F(X) = g(X)h(X) with g(X), A(X) € QLX]. Then f(X) = g1(X)hi(X) 
with g,(X), hy(X) € Z[X], where g\(X) is a constant multiple of g(X), and 
h,(X) is a constant multiple of h(X). 


Proof. We may write f(X) = efo(X) where fo(X) € Z[X] is primitive and 
e € Z. We may write g(X) = cgo(X) where go(X) € Z[X] is primitive and 
c € Q. Similarly we may write h(X) = dho(X) where ho(X) € Z[X] is prim- 
itive and d € Q. Then efo(X) = f(X) = g(X)A(X) = cdgo(X)ho(X). 
By Lemma 4.1.4, go(X)ho(X) is primitive so we must have e = +cd, 
SO fo(X) = Ago(X)ho(X) and f(X) = g1(X)hi(X) where gi(X) = 
kego(X) = (te/c)g(X) and hy(X) = ho(X) = (1/d)h(X). o 


Corollary 4.1.6. Let f(X) be a monic polynomial in Z[X] and suppose 
F(X) = g(X)h(X) with g(X), h(X) € QLX] monic polynomials. Then 
g(X), h(X) € ZX]. Consequently, if f (X) is irreducible in Z[X], then f (X) 
is irreducible in Q[X]. 
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Proof. Apply Proposition 4.1.5, and note that we must have g;(X) = g(X) 
and h,(X) = h(X) (up to a common sign) as f(X), g(X), and h(X) are 
monic. The second claim follows by contraposition. Oo 


We have the following useful criterion for a polynomial to be irreducible 
over Q. 


Proposition 4.1.7 (Eisenstein’s Criterion). Let f(X) be a polynomial with 
integer coefficients, f (X) = a,X" + dn_,X"-! +--+ +ap. Suppose there is a 
prime p with p not dividing ay, p dividing ao, ..., 4,1, and p* not dividing 
ao. Then f (X) is irreducible in QLX]. 


Proof. By Corollary 4.1.6, it suffices to show that f(X) is irreducible in Z[X]. 
Suppose f(X) = g(X)A(X) with g(X) = by X” + bn—1X""! +--+ + bo and 
h(X) = cy X* +ep_1X*"! +--+ +09. Then bycy = Gn, 80 neither is divisible by 
p. Since p divides ag = bocy but p? does not divide ao, by hypothesis, p must 
divide exactly one of bo and co. Let that one be bo. Now a, = byco+boc1. Since 
p divides a, and bo but not co, p must divide b;. Then az = bocg + bic, +boc2, 
so by similar logic p must divide b2. Proceeding inductively, we find that p 
divides b,,, contradicting b,, = 1. oO 


Example 4.1.8. We will use Eisenstein’s Criterion to show that for a prime 
p the polynomial ®,(X) = X?-!4---+ X41 = (X? —)H/(X -D 
is irreducible. Of course, Eisenstein’s Criterion does not apply directly. But 
observe that ®,(X) is irreducible if and only if ®,(X + 1) is irreducible, 
®,(X + 1) = (X + 1)? — 1)/X. Expanding by the Binomial Theorem, we 
see that ®,(X +1) = )°?_, (?)X'—! is a monic polynomial of degree p — 1 
with the coefficient of every power of X other than X?~! divisible by p, and 
with constant term p divisible by p but not p?, so is irreducible. (® p(X) is 
the p" cyclotomic polynomial. For n composite, ®,(X) is not defined by the 
above formula. We deal with cyclotomic polynomials in Section 4.2.) ° 


Let a be an integer of the form a = pq, where p is a prime and p and 
q are relatively prime. Then, by Eisenstein’s Criterion (Proposition 4.1.7), the 
polynomial X” —a is irreducible over Q for any n. Thus, for example, X? —2 is 
irreducible over Q. However, Eisenstein’s Criterion does not apply to X* — 4, 
which is also irreducible. Let us develop a criterion that does. 


Lemma 4.1.9. Let a be an integer of the form a = p™gq, where p is a prime 
and p and q are relatively prime. Let n be any integer that is relatively prime 
to m. Then the polynomial X" — a is irreducible over Q. 
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Proof. Leta = %/a and E = Q(a). Then (E/Q) = deg m,(X) by Proposition 
2.4.6 (2). Thus (E/Q) = n if and only deg m,(X) = n. Now m,(X) divides 
X”" — a (as qa is a root of this polynomial), so degm,(X) = n if and only if 
X" — a is irreducible. Thus, putting these together, we see that (E/Q) = n if 
and only if X” — a is irreducible. 

Let j be an integer with jm = 1(modn), so jm = nk + 1 for some k. 
Clearly Q(a) D> Q(a/) (and in fact ne are equal). Now (a@/)” = a = 
ai = p™qi = p™*'q/ so B = ai /p* satisfies 8” = pq/. In other words, 
B is a root of the polynomial X” — pq/, and this polynomial is irreducible by 
Eisenstein’s Criterion. Thus (Q(a/)/Q) = (Q(B)/Q) = n so (E/Q) = nas 
required. Oo 
Corollary 4.1.10. (1) Let p be an odd prime. Ifa € Zis nota p™ 
X”' — a is irreducible for every t > 0. 

(2) Ifa € Z is positive and not a square, then X* — a is irreducible for 
every t > 0. 


power, then 


Proof. In these cases a satisfies the hypotheses of Lemma 4.1.9 (changing 
notation so that n = p in case (1) and n = 2 in case (2).) o 


Remark 4.1.11. In the excluded case, X”" — a may not be irreducible. For ex- 
ample, X* + 4 = (X? + 2X 4 2)(X? — 2X +2). © 


Lemma 4.1.9 and Corollary 4.1.10 do not apply to the polynomial 

— 72. This polynomial is also irreducible, but it will require considerably 
more work to show this. We do this in Section 4.6, where we show that X” —a 
is irreducible in considerable generality. 


Remark 4.1.12. There is an algorithm, due to Kronecker, for factoring polyno- 
mials f(X) € Q[X]. 

It clearly suffices to consider the case that f(X) € Z[X] is a primitive 
polynomial. Then, by Corollary 4.1.6, it suffices to factor f(X) in Z[X]. Let 


F(X) have degree n. 
We begin by recalling the Lagrange Interpolation Formula. If a), ..., a 
are distinct, and bj, ..., b, are arbitrary, there is a unique polynomial g(X) of 


degree at most m — 1 with g(a;) = b; for each i, given by 


Fee i ee 


i=1 j#i (a; —aj) 


Using this we proceed as follows, looking for a factor g(X) of f(X). If 
there is no such factor, then f(X) is irreducible. If there is such a factor, write 
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F(X) = g(X)fi(X) and proceed recursively (next factoring f,(X),...). To 
find such a factor, let m = 2, ..., [m/2]+ 1. Pick distinct integers a1, ..., Gm. 
If f(a;) = 0 for some 7, then we have found a linear factor X — a;. Assume 
not and let B; = {b;} be the finite set of divisors of f(a;), for each 1. For each 
choice of elements b; € B;, let g(X) be the polynomial given by the Lagrange 
Interpolation Formula with g(a;) = b;. If g(X) has degree less than m — 1, 
or does not have integer coefficients, there is nothing to check. If g(X) is a 
polynomial of degree m ~— 1 with integer coefficients, test whether f(X) is 
divisible by g(X). © 


Remark 4.1.13. For future reference, we record an extension of this algorithm. 
Let R be the polynomial ring R = Z[Xj,..., X,] and let F be its quotient 
field, the field of rational functions in X,,..., X, with coefficients in Q. Let 
F (Xn41) € FLXn+1] be a polynomial. Then there is an algorithm for factoring 
f (Xns1)- 

We proceed by induction. For n = 0 this is just the algorithm of Remark 
4.1.11. Assume we have an algorithm for n = k and considern = k + 1. 
Now R is a UFD (a Unique Factorization Domain), so the analogs of Gauss’s 
Lemma (Lemma 4.1.4), Proposition 4.1.5, and Corollary 4.1.6 continue to hold 
for R. Thus we may, as in Remark 4.1.11, assume that f(X,41) is a primitive 
polynomial in R[X,,41]. Then proceed as in Remark 4.1.11. The only thing we 
need to see is that there is an algorithm for finding each of the sets B;. But that 
follows by induction, since in factoring f(a;), we are in the casen = k. © 


4.2 Cyclotomic Fields 


In this section we study the splitting fields of the polynomials X” — 1 over Q. 

Recall that ¢, is a primitive n™ root of 1 ina field E if ¢” = 1 but ¢” A 1 
for any 1 < m <n. If Eis the splitting field of X” — 1 over Q, then E = Q(é,). 
In this case, we may simply take ¢, = exp(27i/n), and we do this henceforth. 


Definition 4.2.1. ®,(X) = [](X — ¢) where the product is taken over all 
th 


primitive n*™ roots of 1. 
®,,(X) is the n™ cyclotomic polynomial and E = Q(¢,) is the n™ cyclo- 
tomic field. © 


Remark 4.2.2. Observe that ®,(X) and X” —1 = 15 ae (X — gj) are both 
products of distinct linear factors in E[X], and that ®, (X) divides X” — 1 in 
E[X]. 2 


We let y(n) (as usual) denote the Euler totient function, g(m) being the 
number of integers between 1 and n that are relatively prime to n. 
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Lemma 4.2.3. deg ®, (X) = ¢(n). 


Proof. We observe that ¢ is a primitive n™ root of 1 if and only if ¢ = ¢* for 
some k relatively prime to n, so {primitive n™ roots of 1} = {¢* | 1 < k < 
n, (k,n) = 1} and the cardinality of this set, which by Definition 4.2.1 is the 
degree of m;(X), is p(n). a 


Lemma 4.2.4. (1) ®,(X) € QUX] for every n. 
(2) Ifny # no, then ®,, (X) and ®,,(X) are relatively prime in Q{X]. 
(3) X"-1= TTatn ®,7(X). 


Proof. (1) Let E = Q(@,). By Remark 4.2.2, E is the splitting field of the 
separable polynomial X” —1. Thus, by Theorem 2.7.14, E is a Galois extension 
of Q. If ¢ is a primitive n™ root of 1 in E, then o(C) is also a primitive n™ root 
of 1 for any o € Gal(E/Q), so ®,(X) is invariant under Gal(E/Q), and hence 
®,(X) € Q(X]. 

(2) Let E = Q(fn,n,). From Definition 4.2.1 we see that ®,,(X) and 
®,,, (X) are relatively prime in E[X], and hence also in Q[X] by Lemma 2.2.7. 

(3) Every n® root of 1 is a primitive d™ root of 1 for a unique d 
dividing n. Oo 


Corollary 4.2.5. ®,(X) € Z[X]. 


Proof. From Lemma 4.1.4 we see that ®,(X) divides X” — 1 in Q[X], and 
hence, since ®,(X) is monic, ®,(X) € Z[X] by Corollary 4.1.6. QO 


Theorem 4.2.6. ®,,(X) is irreducible for every n. 


First Proof. Suppose ®,(X) is not irreducible, and consider a monic irre- 
ducible factor f(X) of ®,(X) that has ¢, as a root. Then f(X) does not 
have every primitive n root of unity as a root, so there is some k > 1 
with f(¢*) 4 0. Choose the smallest such k, and let p be any prime factor 
of k. Since k is relatively prime to n, p is relatively prime to n as well. Set 
¢ = ¢h/?. Then, by the minimality of k, f(¢) = 0 but f(¢?) 4 0. Now 
J (X) is irreducible and monic, and f(X) divides X” — 1 in Q[X], so in fact 
xX” —1 = f(X)g(X) where both f(X) and g(X) are in Z[X], by Corollary 
4.1.6. Then 


O= 7)" —1= FC")g(C") and f(6") #0, so g(¢”) = 0. 


Writing g(X) = >°c;X', c; € Z, we see that 0 = >of?! = Yc; (?)', so 
h(t) = 0 where h(X) = g(X?). Since f(2) = 0 and f(X) is irreducible 
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and monic, f(X) divides h(X) in Q[X] and hence in Z[X], again by Corol- 
lary 4.1.6. Now let 2: Z[X] — (Z/pZ)[X] be the map induced by reduc- 
ing the coefficients mod p. Then m(f(X)) divides w(h(X)) = m(g(X")) = 
m(g(X))? in (Z/ pZ)[X], so 2( f (X)) and 2(g(X)) have an irreducible factor 
q(X) in common. But 


X” —1=an(X" — 1) = m(f(X))m(8(X)). 


This would imply that X" — 1 is divisible by g(X)? in (Z/pZ)[X], and hence 
that X” — 1 has a repeated linear factor in E,, its splitting field over Z/pZ = 
F,,. However, X” — 1 has distinct roots in Ep, a contradiction. (This follows 
immediately from Lemma 3.2.1, but is easy to see directly.) 


Second Proof (Landau). Let mz (X) have degree d. Since m;, (X) is monic and 
divides X” —1 in Q[X], m,, (X) € Z[X], by Corollary 4.1.6. We claim that, for 
any k, fa = r,(¢) for a unique polynomial r;(X) € Z[X] of degree less than 
d. To see this, note that, by the division algorithm, X* = m t, (X)qa(X) +r (X) 
with g,(X), r,(X) € Z[X] unique polynomials with deg r;,(X) < d, and then 
set X = ¢,. It follows immediately that for any polynomial h(X) € Z[X], 
h(¢*) can be written as a unique polynomial in ¢, of degree less than d with 
integer coefficients. In particular, we may write m,, (¢*) = gp(¢) with g,(X) 
a polynomial of this form. Since ¢”+* = ¢*, we see that gnix(X) = 94(X). 

Now it follows immediately from the Multinomial Theorem and Fermat’s 
Little Theorem (a? = a(mod p) for every a € Z, for p a prime) that for any 
prime p and for any polynomial f(X) € Z[X], f(X?) — f(X)? has all of 
its coefficients divisible by p. In particular this is true for f(X) = m,,(X), 
so mz, (X?) — m;z,(X)? = pe(X) for some polynomial e(X) € Z[X]. Setting 
X = ¢, we see that g,(¢) = mz, (¢?) = pe(¢?). Now e(¢?) can be written 
as a polynomial in ¢ of degree less than d with integer coefficients in a unique 
way, and g,(¢) is also such a polynomial, so gp(¢) = pe(¢?). Thus we see 
that the coefficients of g,(X) are all divisible by p. 


There are only finitely many distinct g,(X), so there is an upper bound A 
for the absolute values of all of their coefficients. Let p be any prime with p > 
A. Then we see that g,(X) is the zero polynomial, so 0 = g,(¢) = m;z,(¢/), 
and hence ¢, and ¢) have the same minimum polynomial mz, (X) (as mz, (X) 
is irreducible). We may iterate this argument to conclude that m;(¢*) = 0 for 
any s not divisible by any prime p < A. 

Let r be any integer relatively prime to n. Let p,,..., p; be the primes 
less than or equal to A that do not divide r, and sets = r +np;--- p;. Then 
s is such an integer. (If p < A is a prime, then either p is equal to p; for 
some i, in which case p divides the second term but not the first, or it is not, in 
which case p divides the first term but not the second.) Then s = r(modn), so 
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me, (f") = mz, (f°) = 0. Thus every primitive n™ root of 1 is a root of mz, (X) 
and hence ®, (X) = m,,(X) is irreducible. QO 


Corollary 4.2.7. (1) mz, (X) = ®,(X) and (Q(gn)/Q) = g(a). 

(2) Gal(Q(¢,)/Q) = (Z/nZ)*. In particular, Gal(Q(én)/Q) is abelian. 
Proof. (1) Since ®,(¢,) = 0, m;,(X) divides ®, (X). But ®, (X) is irreducible 
by Theorem 4.2.6 so they are equal. Then (Q(¢,,)/Q) = degm;,(X) = o(n) 
where the first equality is Proposition 2.4.6 (2) and the second is Lemma 4.2.3. 

(2) For any k with (k,n) = 1, ¢* is also a primitive n™ root of 1, ice, a 
root of m;,(X), so by Lemma 2.6.1 there is a map ox : Q(én) > Q(én) ke 
On (fn) = ad and o | Q = id, and o, is determined by its value on ¢,. 


Corollary 4.2.8. Let m and n be positive integers and set d = gcd(m, n) and 


€ = Iem(m, n). Then Q(Em)Q(En) = Q(Se) and Q(Em) 1 QESn) = Qa). 
In particular, if m and n are relatively prime, Q(m)Q(Cn) = Q(Emn) and 


Q(Gin) 1 (Gn) = Q, Le, Qn) and Q(e,) are disjoint extensions of Q. 


Proof. AS tm = 6!" and t& = ;/", clearly Q(fe) D> Q(ém)Q(En). Now 


f/m and £/n are relatively prime, so let s and ¢ be integers with s(€/m) + 
t(€/n) = 1,80 1/€ = s/m+t/n. Then f = 656) so fe € Q(Sn)Q(Sn) and 
Q(Se) = MEm)QEn). 

Observe that, for any integers r and s with r dividing s, Q(¢,) C Q(é;), so 


(Q(Es)/Q(S-)) (Q(G,)/Q) = (Q(Es)/Q), and hence, by Corollary 4.2.7, 
(Qés)/QG,)) = 9(s)/e(r). 


As ba = tm” and fq = tn'4, clearly Q(fa) S QEm) M QEn). Now, by 
Corollary 3.4.3 and the above observation, 


= (Qe)/QEm)) 
= g(£)/p(m). 


Furthermore, again using the above observation, 


(QEn)/(Q Sn) O WEIN) CQWGm) 1 QWEn))/Q(Ga)) = (QESn)/QEa)) 
= g(n)/e(d), — 


so 


((QEm) M QEn))/QEa)) = (YM)/G(4))/(G)/e(m)) 
= (y(m)ge(n))/(@)e). 
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But it is a fact from elementary number theory that for any two positive 


integers m and n, gp(m)gp(n) = g(d)p(£), 80 QSm) N QEn) = Qa), as 
claimed. oO 


We conclude this section by giving a formula for ®,(X). 


Proposition 4.2.9. For any positive integer n, the n-th cyclotomic polynomial 
®,,(X) is given by 


©,(X) = | [x4 — ee, 
d\n 


where jz is the Mobius wu function, defined by u(j) = 0 if j is divisible by 
the square of a prime, and otherwise (j) = (—1)! where i is the number of 
distinct prime factors of j. 


Proof. Since, by Lemma 4.2.4 (3), X77 — 1 = Tain @,(X), the result fol- 
lows immediately from the multiplicative version of the Mdébius Inversion 
Formula. oO 


4.3 Solvable Extensions and Solvable Groups 


In this section, we show that an equation is solvable by radicals if and only 
if its group is a solvable group. Of course, we must begin by defining these 
terms. We are most interested in the case F = Q, but the proofs apply more 
generally. 

We develop the necessary field theory and the connections between field 
theory and group theory here. We refer the reader to Section A.1 where we 
develop the necessary group theory. 


Definition 4.3.1. (1) A polynomial f(X) € F[X] is a radical polynomial if 
f(X) = X" — a for some positive integer n and element a of F. An extension 
E of F is a radical extension (or an extension by radicals) if E = F(q@) for a 
a root of a radical polynomial. 

(2) An equation f(X) = 0, f(X) € F[X], is solvable by radicals if there 
is a sequence of extensions Ey = F C E, C --- C Ey, with E; the splitting 
field of a radical polynomial f;(X) € E,;_;(X) and with E;, 2 E, a splitting 
field of f(X). ° 


(Radical polynomial is not a standard term, but radical extension is.) 
Before proving our main theorem, Theorem 4.3.4, let us observe a special 
case. 
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Lemma 4.3.2. Let f(X) = X"—a € F[X], let E be the splitting field of f (X), 
and let G = Gal(E/F). Then G is a solvable group. 


Proof. E = F(f;, %/a). Let B = F(¢,). Then F C B C E. Let G; = 
Gal(E/B). Now B is a Galois extension of F, so G, is anormal subgroup of G, 
and G/Gj is isomorphic to Gal(B/F) by the FTGT. But G/G; is abelian, by 
Lemma 3.7.3 if F = Q, and by Lemma 3.7.3 and Corollary 3.4.6 in general, 
and G; is abelian by Proposition 3.7.6. Then G is solvable, as we see immedi- 
ately from Definition A.1.1. Oo 


Let us record a generalization of Lemma 4.3.2 that will help us in the proof 
of Theorem 4.3.4. 


Lemma 4.3.3. Let f(X) = Tj (X” —a;) witha,...,a; €¥, let E be the 
splitting field of f (X) over F, and let G = Gal(E/F). Then G is a solvable 
group. 


Proof. Define a sequence of fields Do € --- C D, inductively, as follows. Let 
Do = F and, if D;_, is defined, let D; be the splitting field of (X”/ — a;) € 
Dj_i{X]. Note that D, = E. Let G; = Gal(D,_;/Do) for j = 0,...,¢. Then 
G = Gp D-:- D G; = {I}. Also, Gj_-1/G; = Gal(D,_;+1/D,—;). But this 
group is solvable by Lemma 4.3.2, so, by Lemma A.1.3, G is solvable. uO 


Now for our main theorem. 


Theorem 4.3.4. Let f(X) € F[X] and let E be a splitting field of f (X). Then 
F(X) = 0is solvable by radicals if and only if G = Gal(E/F) is a solvable 
group. 


Proof. First, assume G = Gal(E/F) is solvable. Let deg f(X) = m and set 
n=m!. 

Case I: F > Q(t). Let G = Gp D --- D Gy = {1} with G; a normal 
subgroup of G;_; and G;_;/G; cyclic (see Lemma A.1.3), say of order m;. 
Note m; < m so in particular m; divides n. Let B; = Fix(G;), and note that 
Bo = F and B; = E. Then B; is a cyclic extension of B;_; of degree m;, and 
Bi-1 > Qn) > Q(Sm,), so B; is the splitting field of X”' — a;, for some 
a; € B,-1, by Proposition 3.7.7. 

Case II: The general case. The equation X” — | is obviously solvable by 
radicals. Let B = F(¢,,), the splitting field of this polynomial. Let Eg be the 
splitting field of f(X) € B[X]. By Corollary 3.4.6, Gal(Eg/B) is isomorphic 
to a subgroup of Gal(E/F). But, by Lemma A.1.4 (1), a subgroup of a solvable 
group is solvable, so we are reduced to case I. 
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Conversely, assume that f(X) = 0 is solvable by radicals. Then there is 
a sequence of fields F = By C B,; C --- € By, with B; the splitting field of 
X™ —a;,a; € B;_1, and with B, D> E. Then Gal(B; /B;_1) is a solvable group, 
by Lemma 4.3.2. 

Suppose for the moment that k = 2. Then we have that Gal(B2/B,) and 
Gal(B,/Bo) are solvable groups, and that B2/B, and B;/Bo are Galois exten- 
sions. If we knew that B2/Bp was a Galois extension, we could apply Lemma 
A.1.4 (3) to conclude that G = Gal(B2/Bo) was a solvable group. However, 
a sequence of Galois extensions may not be Galois (and indeed, one can con- 
struct such an example precisely in this case). Thus in order to proceed we 
must enlarge the fields we are dealing with. 


We proceed inductively. We begin by setting B) = Bo = F and Bi = 
B,, and observe that B{ is a Galois extension of F. Suppose B;_, is de- 
fined and is a Galois extension of F. We let B; be the splitting field of 
Toecacss_, Bi) (X™ — o(a;)) € Bi_,[X]. Observe that this polynomial is in- 
variant under Gal(B;_,/Bo) so it :s in fact in Bj[X] = F[X]. Thus B; is the 
splitting field of a separable polynomial in FLX] so it is a Galois extension of 
F. Thus we obtain a sequence of fields F = By C Bi, C --- C B;, with each 
B; a Galois extension of F and with B, > B, 2 E. 

Let G = Gal(B,/F) and let G; = Gal(B,_;/Bo) fori = 0,...,k. Then 
G=Gp 2:--D Gy = {1}. Also, Gj;_1/G; = Gal(By_;,,/B,_;). By Lemma 
4.3.3, G;-1/G; is solvable for each i = 1,...,k. Then, by Lemma A.1.3, 
G = Gal(B;/F) is solvable. Now F C E ¢ B;, and E is a Galois extension 
of F, so Gal(E/F) = Gal(B,/F)/ Gal(B;,/E) is a quotient of a solvable group 
and hence is solvable, by Lemma A.1.4 (2). oO 


Corollary 4.3.5. (Abel) The general equation of degree n is not solvable by 
radicals for n > 5. 


Proof. Let f,(X) © F[X] be a polynomial with splitting field E, where 
Gal(E/F) = S,,, the symmetric group on n elements. Such a polynomial exists 
by Lemma 3.1.2, and in fact we have explicitly exhibited one in Remark 3.1.5. 
Now, by Corollary A.3.6, S, is not solvable for n > 5. Thus, form > 5, f,(X) 
is not solvable by radicals, by Theorem 4.3.4. oO 


While we credit Theorem 4.3.4 to Galois, in fact he did not state it that 
way. We shall now derive Galois’s original result. One the one hand, this is of 
historical interest, but on the other hand, it provides an easy way of exhibiting 
a polynomial in Q[X] whose Galois group is not solvable. 


Theorem 4.3.6. (Galois) Let f(X) € F[X] be an irreducible polynomial of 
prime degree p. Then f (X) = 0 is solvable by radicals if and only if all of its 
roots are rational functions of any two of them. 


96 4 Extensions of the Field of Rational Numbers 


Proof. By Theorem 4.3.4 we know that f(X) = 0 is solvable by radicals if 
and only if G = Gal(E/F) is a solvable group, where E is a splitting field of 
Ff (X). Since f (X) is irreducible, G acts transitively on the roots of f(X). 

First, suppose that all of the roots of f(X) are rational functions of any 
two of them. Regard G as a subgroup of the symmetric group S, by its action 
permuting the roots of f(X), and leto € G. If a; ¥ a are roots, then for any 
e € E, o(€) is determined by o (a) and o(a2). There are at most p(p — 1) 
choices for o(@,) and o(@2), so G has order at most p(p — 1), and so by 
Corollary A.1.9 G is solvable. 


Conversely, suppose that G is solvable. Let a; and a2 be any two distinct 
roots of f(X), and let B = F(q@,, a2) C E. We need to show that B = E. 

We apply the Fundamental Theorem of Galois Theory (FTGT), Theorem 
2.8.8. B is a field intermediate between F and E, so G’ = Gal(E/B) C G= 
Gal(E/F). By definition, Gal(E/B) = {o € G | o(B) = 6 for every B € B}. 
But the FTGT establishes a 1 — 1 correspondence between subgroups of G and 
fields intermediate between F and E, so B = E if and only if G’ = {id}. We 
proceed to show this. 


Let o € G. Note that o € G’ if and only if o(@,) = a; and ao (a2) = a. 

By Proposition A.1.7 (and using the notation there), we may identify G 
with Gy for some subgroup H of F*, and a; and a with [4] and [? ] for 
some i; # iz. 

Leto =[4"] € Gy with o (a1) = a and o (a2) = a2. Then 


l-be)-P")- G)- be E}- D4") 


and these two equations readily imply h = 1, n = 0, i.e., 0 = id. Thus we see 
that G’ = {id}, completing the proof. o 


Corollary 4.3.7. Let F C R and let f(X) € F[X] be an irreducible polyno- 
mial of prime degree p with k real roots, 1 < k < p. Then f(X) = 0 is not 
solvable by radicals. 


Proof. Suppose f(X) has real roots a; # a2 and a nonreal root 8. Then £ is 
not a rational function of a; and a2, so, by Theorem 4.3.6, f(X) = 0 is not 
solvable by radicals. oO 


Remark 4.3.8. In Example 4.7.5 we will see that, for each odd prime p, there 
is an irreducible polynomial f,(X) € Q[X] with p — 2 real roots. Thus, by 
Corollary 4.3.7, f,(X) is not solvable by radicals for p > 5. But in fact we 
will show the stronger result that the Galois group of f,(X) over Q is iso- 
morphic to S,, thus providing an example of Corollary 4.3.5 over Q. We will 
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further provide an example of such a polynomial f,(X) over Q for every n > 5 
in Proposition 4.7.10, but the construction there is considerably more compli- 
cated. © 


4.4 Geometric Constructions 


In this section we will investigate the question of constructibility by straight- 
edge and compass. We will see that the three classical questions of Greek 
antiquity (trisecting the angle, duplicating the cube, and squaring the circle) 
are unsolvable by these methods. We will also see when it is possible to con- 
struct a regular n-gon by these methods, a result originally due to Gauss. In 
particular, we will show how to construct a regular 17-gon. 

We begin by drawing an arbitrary line L, and choose two distinct points O 
and A on it. We normalize coordinates by letting O be the origin and A be the 
point (1, 0), so in particular the line segment OA has length 1. Thus the line 
L is the x-axis. 

We recall that, using straightedge and compass, it is possible to construct a 
line through a given point parallel to, or perpendicular to, a given line. Thus, in 
particular, we may construct the y-axis and hence we have the usual Cartesian 
coordinates in the plane. 

There are two ways to regard points in the plane. We may consider that a 
point P has coordinates (x, y), or that P is represented by the complex number 
z= x+iy. If we have constructed the point P represented by z = x +iy, then 
we may drop perpendiculars to obtain the real and imaginary parts x and y of 
P; conversely, given real numbers x and y we may certainly obtain the point 
(x, y) corresponding to z = x +iy. Also, all arithmetic operations on complex 
numbers (addition, subtraction, multiplication, division) may be performed by 
doing arithmetic operations on their real and imaginary parts. Thus we shall 
pass freely between these two different descriptions. 

Our first main result is the following: 


Theorem 4.4.1. The complex number z can be constructed by straightedge 
and compass if and only if z is algebraic over Q and there is a sequence of 
fields 


Fo=QcF, c::- ck, 
with Q(z) C Fy and with (F; /F;-1) = 2 for eachi =1,...,k. 


Proof. First, we observe that we may perform all arithmetic operations with 
straightedge and compass. Clearly we can add and subtract (positive) real num- 
bers x and y. We may multiply them as follows: Let the line segment AB have 
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length x and extend AB to a line L. Let M be another line through A and let 
C and D be points on the same side of A with the line segments AC and AD 
having lengths 1 and y, respectively. Construct the line N through D paral- 
lel to the line segment CB and let this line intersect the line L in the point 
E. Then, by similar triangles, the line segment AE has length xy. To divide 
we perform a similar construction, this time letting N be the line through C 
parallel to the line segment DB, and then AE has length x/y. 

We also observe that we may take the square root of a (positive) real num- 
ber x using straightedge and compass. To do so, let line segment AB have 
length x and extend AB to a line L. Let C be a point on the opposite side of A 
from B with the length of the line segment AC equal to 1. Construct a semi- 
circle with diameter C B, and a line M perpendicular to CB at A. Let D be the 
point at which the line M intersects this semicircle. Then, by similar triangles, 
AD has length ./x. 

With this in hand, we turn to the proof of the theorem. 

First, suppose there is a sequence of fields as indicated. By our first obser- 
vation, every x € Q = Fo can be constructed. Since (F/Fo) = 2, F, = Fo(a1) 
where a; is a root of an irreducible quadratic equation with coefficients in Fo. 
Then, by the quadratic formula, Fo(a;) = Fo(./ai) for some a; € Fo, and by 
our second observation, ./a; can be constructed, and hence every x € F, can 
be constructed. Then proceed by induction. 

Conversely, suppose a point can be constructed with a straightedge and 
compass. Then it is obtained by a succession of the following operations: 

(1) Finding the intersection of two lines. 

(2) Finding the intersection of a circle and a line. 

(3) Finding the intersection of two circles. 

In case of operation (1), let the two lines be given by the equations 
ax + byy = cy and agx + boyy = c2 with aj, a, db), b2, ci, co € F for some 
field F. Then the solution (x, y) has x € F and y ¢€ F. In case of operation 
(2), let the circle be given by (x — a,)* + (y — b1)* = c? and the line be 
given by aox + byy = c2 with ay, az, by, b2, ci, cp € F. Solving for y in terms 
of x (or vice versa) in the linear equation, substituting in the quadratic equa- 
tion, and solving, shows x € F(d) and y € F(d) where (F(d)/F) = 1 or 2. 
In case of operation (3), let the two circles have equations (x — a,)* + 
(y —b,)? = ce and (x — a)* + (y~—hn)*® = cs with a, dz, bi, bz, c1, C2 € F. 
Subtracting the second equation from the first gives a linear equation a3x + 
b3y = c3 for some a3, b3, cz € F, so combining the equation of the first circle 
(say) with this linear equation, we are reduced to operation (2). This yields the 
theorem. oO 
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Corollary 4.4.2. It is impossible to perform the following constructions using 
straightedge and compass: 

(1) (Trisecting the angle) Trisecting an arbitrary angle. 

(2) (Duplicating the cube) Constructing a cube with volume twice that of 
a given cube. 

(3) (Squaring the circle) Constructing a square with area that of a given 
circle. 


Proof. (1) Given an angle @, let one side of the angle be the x-axis and let the 
other side of the angle intersect the unit circle at P. Then P has coordinates 
(cos 6, sin@). Thus we may construct the angle 0/3 if and only if we may 
construct the real number cos @/3. Recall the formula cos3g = 4cos* g — 
3cos yg. Letting g = 6/3 and x = cosg, we see that x satisfies the cubic 
equation 4x? — 3x = cos @. We may certainly construct an angle @ = 2/3 (= 
60°), and cos(z/3) = i. Thus x is a root of the polynomial f(X) = 8X? — 
6X — 1. Using Lemma 4.1.2, it is easy to check that f(X) has no linear factor 
in Q(X), and hence is irreducible, so (Q(x) /Q) = 3. But then we cannot have 
Q(x) © F, with F, as in Theorem 4.4.1, as (F;,/Q) is a power of 2 and hence 
not divisible by 3. 

(2) Trivially, we may construct a segment of length the side of a cube of 
volume 1. But then to construct a segment of length the side of a cube of 
volume 2 would be to construct x = «/2. But (Q(</2)/Q) = 3 does not divide 
any power of 2, so this is impossible as in part (1). 

(3) Trivially, we may construct a segment of length the radius of a circle of 
area 7. But then to construct a segment of length the side of a square of area 7 
would be to construct x = ./7. But it is a famous theorem of Lindemann that 
m is transcendental (i.e., not algebraic, or equivalently that 7 and hence ./7 
does not satisfy any algebraic equation) so (Q(./7:)/Q) is infinite and hence 
./m is not an element of any finite extension of Q (regardless of degree). 


We have an equivalent formulation of the condition in Theorem 4.4.1. 


Lemma 4.4.3. For a complex number z, the following are equivalent: 

(1) There is a sequence of fields Fy =Q CF, C--- C Fy withQ(z) C Fy 
and with (F; /F;-1) = 2 for eachi =1,...,k. 

(2) IfE is a splitting field of m,(X), then (E/Q) is a power of 2. 
Proof. (2) implies (1): Let G = Gal(E/Q) and let G have order 2*. By Corol- 
lary A.2.3 there is a sequence of subgroups G = Gp D G1 D-:: D G; = {1} 
with [G : G;] = 2’. Let F; = Fix(G;). Then {F;} is as required. 

(1) implies (2): We prove this by induction on k. For k = 0 it is triv- 
ial and for k = 1 it is immediate, as every quadratic extension is a split- 
ting field. Let (F,/Fy_1) = 2. Then F, = F,_,(a@,) for some ag € Fy with 
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deg my,(X) = 2. In the course of the proof we shall have occasion to replace 
the field F,_; by another field E,_,. Observe that for any field Ex; > Fy-1, 
(Ex_-1 (ax) /Ex_-1) = 1 or 2 by Lemma 2.4.7, 

Let Eo = Fo and E; = Fy. If a, € Ex_1, then Ex = Ey_1(a,) = E,_; and 
there is nothing to do. Otherwise, let G = Gal(E,_; /Ep) and let 


f(X) = [[ oom, ()). 


aoeG 


Then f (X) is invariant under G, so f(X) € Eo{X]. Let E; be a splitting 
field of f(X) containing F,. Then f(X) has roots By = ay,..., Bm. Now 
My,(X) has degree 2, so o(m,(X)) has degree 2 for each o € G, and hence 
(Ex—1(8;)/Ex—1) = 2 for each i. Now consider 


Ey—1 © Ex_1(B1) © Eg_i (Bi, Bo) © +++ © Ex_1(Bi,..., Bn) = Ex. 


Set E,_, = Ex-1(61,..., Bj-1). By Remark 2.3.6, Ex_1(61,..., Bj) = 
Ex_-1(B1, ---, Bi-1) (Bi) = E,_, (Bi) is the composite E,_,Ex—1(B;), so, by 
Lemma 2.3.8, 


(Ex—1(B1,-.- Bi) /Ex-1(B1, ---, Bi-1)) = (Ex_, (Bi) /Ex_1) 
< (Ex-1(8))/Ex-1) = 2, 


so each successive extension is of degree 1 (i.e., is trivial) or of degree 2. 
Thus (E;/Q) is of degree a power of 2, and is a splitting field, hence a Galois 
extension of Q. Now z € Ex, so m,(X) splits in E, and hence m,(X) has a 
splitting field E with Q C E C Ey. Then (E/Q) divides (EK; /Q), so (E/Q) is 
a power of 2. Oo 


Remark 4.4.4. For an arbitrary prime p, the implication (2) implies (1) of 
Lemma 4.4.3 holds, with the identical proof, but the implication (1) implies 
(2) does not. The proof breaks down as Lemma 2.3.8 merely guarantees a 
degree between 1 and p, but it may be strictly between 1 and p. A counter- 
example to the implication (1) implies (2) of Lemma 4.4.3 is given by z = /2. 
Then (Q(z)/Q) = 3 but m,(X) = X* — 2, whose splitting field E over Q has 
(E/Q) = 6, which is not a power of 3. (Compare Example 2.3.7.) 

We now do a bit of elementary number theory. Let n = 2’ + 1 for some 
positive integer t. If ¢ has an odd factor r > 1, then, writing t = rs, n is 
divisible by 2° + 1 (as we see by substituting X = 2° in the algebraic identity 
X41 = (X41)(X""!— x’? 4... +1), valid for any odd r). Thus the only 
possible primes of this form are when t = 2" for some k. Set Fy = Al, 
If F, is prime, it is called a Fermat prime. This terminology is due to the 
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fact that Fermat claimed F; is prime for every k. Now Fo = 3, Fy = 5, 
Fy, = 17, F3 = 257, and F4, = 65537 are indeed prime, but Euler discovered 
that Fs = 4294967297 is divisible by 641 and hence is composite. In fact, 
there is no known value of k > 4 for which F; is prime. © 


Here is our second main result: 


Theorem 4.4.5. (Gauss) A regular n-gon is constructible by straightedge and 
compass if and only if n is of the form 


n= 2 py--- pj 
with { p;} distinct Fermat primes. 


Proof: Clearly a regular n-gon is constructible if and only if a regular n-gon 
inscribed in a circle of radius 1 is constructible, and this is true if and only if 
its vertices are constructible, and this is true if and only if ¢, = exp(27i/n) is 
constructible. 

By Theorem 4.4.1 and Lemma 4.4.3, this is true if and only if the split- 
ting field of m;,(X) has degree a power of 2. But this splitting field is simply 
Q(exp(27i(n)), the n™ cyclotomic field, which has degree y(n) by Corollary 
4.2.7. 

Ifn = 2¢p’pS---, then p(n) = 24-!(p; — 1) p?! (pr — 1) pS! - ++, so we 
see that y(n) can be a power of 2 if and only if b = c = --- = 1 and each of 
Pi, P2,-.- 18 more than a power of 2, and hence a Fermat prime. oO 


Example 4.4.6. (1) Everyone knows how to construct an equilateral triangle. 
But in any case, ¢3 satisfies the equation X? + X + 1 = 0. Im fact, construct- 
ing & = (-1+ i/3)/2 gives a construction of an equilateral triangle that 
is different from the usual one. It is the following (using the notation at the 
beginning of this section): Extend the line segment AO so that it intersects the 
unit circle at the point D. Construct the midpoint E of the line segment OD, 
and then construct the line M perpendicular to the segment OD at E. Let this 
line intersect the unit circle at the points B and C. Then ABC is an equilateral 
triangle. 

(2) We essentially showed how to construct a regular pentagon in Example 
1.1.4. To review that, let @ = ¢5 + te = 5 +05 ! Then @ satisfies the equation 
X? — X — 1 =O and ¢; satisfies the equation X? — 9X +1=0. 

(3) We show how to construct a regular 17-gon. Let € = O17 = 
exp(27i/17). Let G = Go = Gal(Q(¢)/Q). Then we know that G is cyclic 
of order 16. Write G = Gp D Gi D G2 D G3 D G4 = {1} where 
[G : G;] = 2', and note that G; is cyclic of order 24~'. Let F; = Fix(G;) 
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so Fo = Q and Fy = Q(é). G is isomorphic to F},, and direct calcula- 
tion shows that 3 is a generator of this group. (In general, a generator of KF; 
is called a primitive root mod p.) Let o{(€) = ¢*,i = 0,...,15. Then 
Go = {00,01,...,015}, Gi = {00,02,..., 014}, Go = {00, 04, 68, O12}, 
G3 = {o0, og}, and G4 = {oo}. Also, (F;/F;-1) = 2 fori = 1,...,4. Write 
E = Fy = Q(). 

In order to simplify our computations, we recall the following elementary 
fact: If r and s are the roots of the quadratic equation X* — aX + b = 0, then 
r+s=-—aandrs = b. (Proof: (X —r)(X —s) = X*—(r+s)X +rs.) 

We work from the bottom up. (F,/Fo) = 2 so F; = Fo(a@) for any a € E 
fixed under G, but not under Go, i.e., any a with o7(a@) = a but oj(a) Za. 
Let 


ay =D) o* =o C94 C134 715 4 74 84 4 4 fo? 
If @ = a or a, then o2.(a@) = a@ but o1(a) 4 a. Direct calculation shows 
a +a, = —1 and apa; = —4, so a and a are the roots of X? + X —4=0. 
Now (F2/F,) = 2 so F, = F,(f) for any 8 € E fixed under G» but not 
Gj, 1e., any 8 with o4(8) = B but 02(B) # B. Let 
Bo =o +eR sel +ecs 
Bi =Oe+e4e8%4 e122, 
fo =e? + eh 4e%4c?, 
Bo=oP teh se7 +c 
If B = Bo, Bi, Bo, or Bs, then o4(B) = B but 02(B) # B. Then Bo + fo = 


a, Bobo = —1, and Bip; = a, 6183 = —1, so Bo and Bz are the roots of 
X? — ayX — 1 =O and £; and ; are the roots of X? —a,X —1=0. 


Next (F3/F2) = 2 and F3; = F,(y). Let 
w=o+6E"%, 
m=oP+et, 
If y = yo or 4, then og(y) = y but o4(y) # y. Then yo + 74 = Bo, 
Yov4 = Bi, 80 Yo and y4 are the roots of X? — BoX + B, = 0. 


Finally, let 59 = ¢ and dg = ¢!°. If & = 89 or dg, then og(5) ¢ 6. Set 
Fy = F3(59) = F3(¢). Note that ¢ satisfies ¢ + ¢1© = yo, ¢¢'1© = 1, sof isa 
root of X? — yX +1=0. 

Summarizing, we construct € = ¢17 as follows: 


(1) Solve the quadratic X? + X — 4 = 0; call the roots a and a. 
q 
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(2a) Solve the quadratic X? — ayX — 1 = 0; call the roots Bp and fy. 
(2b) Solve the quadratic X? — a, X — 1 = 0; call the roots f; and 3. 
(3) Solve the quadratic X? — ByoX + B; = 0; call the roots yo and y4. 
(4) Solve the quadratic X* — yoX + y4 = 0; its roots are £ = 59 and £16 = 8s. 


With enough patience (and careful attention to sign) the reader may ob- 
tain an explicit formula for ¢ which involves square roots nested four deep. 
(To start off, a = (—1+ V17)/2 and a; = (—1 — V17)/2, showing that 
Q(V17) C Q(f17). Compare Corollary 4.5.2.) © 


4.5 Quadratic Extensions of Q 


We recall a bit of elementary number theory. Let p be a prime. Identifying F, 
with Z/pZ, we know that G = Fy, = {1,..., p — 1} is a cyclic group, and a 
generator r of this group is called a primitive root mod p. For example, 3 is 
a primitive root mod7 as 3! = 3 (mod7), 3? = 2 (mod7), 3° = 6 (mod7), 
34 = 4 (mod7), 3° = 5 (mod7), and 3° = 1 (mod7). On the other hand, 
2 is not a primitive root mod7 as 23 = 1 (mod7). (We must be careful not 
to confuse a primitive root mod p with a primitive p™ root of 1. Observe that 
ck is a primitive p™ root of 1 for any k not divisible by p.) Observe also that 
(Z/4Z)* = {1, 3}, so 3 is a primitive root mod 4. 

If p is an odd prime, then G is cyclic of even order p — 1, so it has a 
unique subgroup H of index 2. Let 7: G ~ G/H = Z/2Z = {0,1} be 
the quotient map. For an integer k relatively prime to p, we regard k as an 
element of Z/pZ. Then xp, the quadratic residue character mod p, is defined 
by xp(k) = (—1)™™. (For fixed p, we shall write x for xp.) 

There is a more traditional definition of the quadratic residue character. 
Recalling that G is a multiplicative group, the subgroup H consists of the 
(quadratic) residues, i.e., of those elements of G that are squares, and its com- 
plement consists of the (quadratic) nonresidues, i.e., of those elements of G 
that are nonsquares. Then x(k) = 1 if k is a residue and x(k) = —lifkisa 
nonresidue. 

Furthermore, if r is a generator of G, i.e., a primitive root mod p, then 
x(k) = 1 if k is an even power of r and x(k) = —1 if k is an odd power of r 
(and this is independent of the choice of r). 

For example, if p = 7, 1 = (+1)’, 4 = (+2)?, and 2 = (+3) are the 
residues and 3, 5, and 6 are the nonresidues. Choosing the primitive root 3, we 
see that 1 = 3°, 2 = 3%, and 4 = 3+, while 3 = 3!, 5 = 3°, and 6 = 3°. 

It is then easy to see that the quadratic residue character has the following 
properties: 
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) xGk) = x(V¥)x(®%). (x is a homomorphism to the multiplicative 
group {+1}.) 

(2) Ea x(k) = 0. (There are (p — 1)/2 residues and (p — 1)/2 non- 
residues.) 

(3) x(-1) = (-D?-P? = 1 if p = 1 (mod4) and = —-1 if p = 
3 (mod4). (If r is a primitive root mod p, let a = r-/?, Then a # 1 but 
a” = 1. On the other hand, the equation X 2_ 1 =Ohas only two solutions in 
F,, X = +1. Hence a = —1. Thus if p = 1 (mod 4), (p — 1)/2 is even, a is 
an even power of r, and x(a) = 1, while if p = 3 (mod 4), (p — 1)/2 is odd, 
a is an odd power of r, and x (a) = —1.) 


Theorem 4.5.1. Let E be a quadratic extension of Q. Then E is intermediate 
between Q and some cyclotomic field. In particular: 

(1) QV —1) = Q&). 

(2) Q(V2) C Qs) and Q/—2) C QEs). 

(3) If p is a prime congruent to 1 modulo 4, then Q(,/p) © Q(Sp). 

(4) If p is a prime congruent to 3 modulo 4, then Q(./—p) © Q(ép). 


Proof. Observe that if Q(./a) © Q(tm) and Q(Vb) C Q(én), then Q(Vab) © 
QU/a, Vb) © Q(Em, Sn) © Q(Enn), $0 in order to prove the general statement 
it suffices to prove the particular statements (1), (2), (3), and (4). 

(1) is obvious. 

(2) is direct calculation: fg = (1 + i)/ A/2,, 

We prove (3) and (4) simultaneously. Actually, we present two proofs. 

Let p be an odd prime and let 


p-l 
Sp = Dx. 
k=1 


Then 


p-1| p-l p-l 


Pp 
= sy rere => xen. 


= 
k=l j=l k=1 j=l 
Set j = km (mod p) and notice that as j runs over the nonzero congruence 
classes mod p, so does m. Also, x (kj) = x (k*m) = x(m). Thus 


p-l p-1 


So= Dd xomyeerm 


k=1 m=1 
p-l 


pl 
= di xeny Gy. 
k=1 


m=l1 = 
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Now 1 Pies = 0, so as long as m # p — 1, the inner sum is 
—1.Ifm = p —1, then the inner sum is of course p — 1. 
Thus 


p-2 
Ss = (- > xm) + (p—Dx(p—D. 
m=1 


But ya x(m) = 0, so the first term is + (—1) and we see 
2 — _; 
S, (—< Px( 1), 


as required. 

Our second proof uses more theory and a minimum of calculation. Let 
G = Gal(Q(¢,)/Q) and recall that G is generated by oo, where o9(f,) = es 
with r a primitive root mod p. Since Q(¢,) is a Galois extension of Q, any 
a € Q(¢,) with oo(@) = a (and hence with o(a) = a for every o € G) is in 
fact an element of Q. 

Now (Q(¢,)/Q) = p — 1 and Q(¢,) is certainly spanned by {1, fp, ..., 
ae 7M We know one relation among these p elements: 1+ ¢, +--+ + rpm = 
0. Hence {fp,..., Pol) form a basis for Q(¢,), so in particular this set is 
Q-linearly independent. Thus if a € Q(¢,) with oo(@) = a, then, writing 
a= i, ati, with a; € Q, we must have a = --- = a,_; = a, for some a. 
(Of course, in this case w = —a € Q.) 

With these observations in mind, let us set 


=D? 

ay = ag(p) = » oe a 
i=1 

(p—1)/2 ; 


a=a(py= Yo or’. 


i=1 


Observe that the exponents in a are all quadratic residues mod p, and that 
the exponents in a are all quadratic nonresidues mod p. Then 


a +o = bp +-+-oP) = —Lando(a) =a, o(a1) = a. 
Let b = aoa. Then 
o0(b) = 9o(@oa1) = 90(a0)o0(a1) = aia = D, 


so b € Q. We now compute b. 
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First, suppose p = | (mod 4). There are (p—1)/2 terms in a and (p—1)/2 
terms in a, so there are (p — 1)*/4 terms in the product. Each term is of 
the form ¢; a with j a quadratic residue and k a quadratic nonresidue. Since 
p = 1 (mod4), x(—J) = x(-1) x) = x(J), so j and —{ are always either 
both residues or both nonresidues, thus ¢* 4 (¢j)~' and hence no term ¢) ¢% 


is equal to 1. Then, writing b = Bary af, we see that )° a; = (p — 1)*/4 


and that aj = ++. =dpy_; = a, for some a, so a; = (p — Da = (p— 1)?/4 
and hence a = (p — 1)/4. Then 


p-l 


pd a = if 
baat =(p—D/4) doo! = (p—- D/4(-D = -(p- D/4. 
i=l 


i=] 


Now suppose p = 3 (mod4). Then x (—/) = —x(/J), so one of j and —j 
is always a quadratic residue and the other is a quadratic nonresidue. Hence 
each term in a “pairs up” with one of the terms in a; to give a product of 
1. This takes care of (p — 1)/2 of the (p — 1)*/4 terms. Thus we may write 
b = (p — 1)/2 + b’ where D’ is the sum of the remaining (p — 1)*/4 — 
(p — 1)/2 = (p — 1)(—p — 3)/4 terms. We now apply the same logic to b’. 
Writing b’ = Bar ath we see that )\a! = (p — 1)(p ~ 3)/4 and that 
Ghar ay = a’, for some a’, so )\ a; = (p — 1)a’ = (p— 1)(p —3)/4, 
and hence a’ = (p — 3)/4. Then 


pr-\ 


p-i 
=a Sot! =((p-3)/9) Do! = (p-D/DCD = -( - 3/4, 


i=l i=l 


and then 
b=(p-1)/2+b' =(p—1)/2—-(p—-3)/4= (pt 1/4. 
Now 


(X ~ a9)(X — 0) = X* — (ap +01) X +0001 
=X*4+X+4+b, 


so 


(X — a9)(X — a) = X° 4+ X —(p—1)/4_ if p = 1 (mod 4), 
(X — a)(X — 0) = X74+-X4+(p4+1)/4 if p =3 (mod4). 
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In other words, ap and a are the roots of this quadratic equation. But we 
may find these roots by the quadratic formula, and we obtain 


{a, a} = {(—-1 4 /p)/2} if p = 1 (mod 4), 
{ao, a1} = {((-1 + /—p)/2} if p = 3 (mod 4). a 


Corollary 4.5.2. For p an odd prime, Q(./xXp(—1)p) is the unique quadratic 
field intermediate between Q and Q(éy). 


Proof. Gal(Q/¢,)/Q) = Z/(p — 1)Z contains a unique subgroup of index 
two, so there is a unique quadratic field intermediate between Q and Q(¢,), 
and we have just identified that field. Oo 


Remark 4.5.3. Let us cite some results from number theory that will enable us 
to extend Corollary 4.5.2. They are: 

(1) If m, and mz are relatively prime, then (Z/(m,m)Z)* = (Z/m,Z)* ® 
(Z/m2Z)*. (This follows easily from the Chinese Remainder Theorem.) 

(2) For p an odd prime and k a positive integer, (Z/ p*Z)*, a group of order 
y(p*) = (p — 1)p*“", is cyclic. (This is usually phrased as saying there is a 
primitive root mod p*.) 

(3) (Z/4Z)* = Z/2Z and for k > 2, (Z/2*Z)*, a group of order g(2*) = 
2'-1. is isomorphic to the direct sum of a cyclic group of order 2 and a cyclic 
group of order 2*-?. © 


Corollary 4.5.4. Let n > 2 be an integer. Define a set A = {aj}j=1,..4 a8 
follows: If p is an odd prime factor of n, then xp(—1)p € A. If n is divisible 
by 4, then —1 € A. If n is divisible by 8, then 2 € A. Then Q(,) contains 
2' — 1 quadratic extensions of Q, and they are Q(./m) for m any nontrivial 
product of distinct elements of A. 


Proof. By the Fundamental Theorem of Galois Theory, the quadratic exten- 
sions of Q contained in Q(¢,,) are in 1 — 1 correspondence with the subgroups 
of index 2 of Gal(Q(¢,)/Q = (Z/nZ)*. Now if n = 2°3°5° ...,(Z/nZ)* = 
(Z/2°Z)* x (Z/3°Z)* x (Z/5°Z)* x -»-. For p odd and k > 1, (Z/p*Z)* 
is a cyclic group of even order. Also, (Z/2)* is trivial, (Z/4)* = Z/2Z, and 
(Z/2*Z)* = (Z/2Z) ® (Z/2*-?Z). Thus (Z/nZ)* contains 2' — 1 subgroups 
of index 2, where f is as in the statement of the corollary. (A subgroup of in- 
dex 2 is the kernel of an epimorphism yw: Gal(Q(é,)/Q) — Z/2Z and since 
Gal(Q(é,,)/Q) is isomorphic to the direct sum of ¢ cyclic groups of even order, 
there are 2’ homomorphisms from Gal(Q(¢,)/Q) to Z/2Z, one of which is 
the trivial one.) Since Q(./m) © Q(¢,) for each of the 2’ ~ 1 values of m in 
the statement of the corollary, by Theorem 4.5.3, we see that these are all the 
quadratic subfields of Q(¢,,). oO 
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Corollary 4.5.5. Let m be a square-free integer. If m is odd and positive, set 
m' = m. Otherwise set m’ = 4|m|. Then Q(./m) © Q(¢,) if and only if n is a 
multiple of m’. 


Proof. Corollary 4.5.4 gives all the quadratic subfields of Q(¢,,). Oo 


Remark 4.5.6. We have shown in the proof of Theorem 4.5.1 that for an odd 
prime p, Sp = +,/xp(—1)p. It is a famous theorem of Gauss that in every 
case the sign is positive. It is easy to check that S, = 2ao(p) + 1, so we see 
that ao(p) = (-1 + /xp(—1)p)/2 in every case as well. © 


4.6 Radical Polynomials and Related Topics 


In this section we investigate radical polynomials f(X) € Q[X], ie., poly- 
nomials of the form X" — a, their associated radical extensions Q(%/a), and 
their splitting fields Q(Y/a, ¢,). The results we obtain are interesting in their 
own right, and, as we shall see, also have applications to cyclotomic fields and 
Kummer fields. 

First we determine the Galois groups of their splitting fields. We remind 
the reader of our discussion of primitive roots at the beginning of Section 4.5. 


Lemma 4.6.1. Let p be an odd prime. Let a € Q with a not a p™ power in Q, 
and let E be the splitting field of X? — a. Let G = Gal(E/Q). Then 


G= (o,t|o? =1,1? !=1,to1 |! =0") 


for some primitive root r mod p. 


Proof. Certainly E = Q(a, ¢,) where a € E, a? = a. We claim that Q(a) N 
Q(é,) = Q. To see this, let B = Q(a) N Q(Z,). Then Q C B C QZ), so 
(B/Q) divides (Q(¢p)/Q) = p — 1, and Q C B C Q@), so (B/Q) divides 
(Q(a)/Q) = p. Thus (B/Q) = 1, ie., B = Q. In particular, a ¢ Q(¢,) and 
(E/Q(¢p)) = p. Thus, if m,(X) denotes the minimum polynomial of a over 
Q(¢,), and m,(X) denotes the minimum polynomial of a over Q, we see that 


p-l 
Wiig (X) = ma(X) = | [(X — ga) € E[X]. 
i=0 


Then, by either Lemma 2.6.1 or Lemma 2.6.3, there is an automorphism o of 
E with 


a (a) = Cpa, ofp) = Cp. 
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On the other hand, consider a generator to of Gal(Q(¢,)/Q). This is given 
by to(Sp) = ¢, for r a primitive root mod p. Again, by either Lemma 2.6.1 or 
Lemma 2.6.3, there is an automorphism to of E extending t). Then to(a@) = 
tka for some k. Set t = o~*t. Then t is an automorphism of E with 


t(a)=a, t(bp) =f}. 


Then direct calculation shows 


o't(a) = o'(t(a)) = o'(@) = Soa 
o't(tp) = a" (t(Lp)) = o7(Sh) = FF, 
while 
to(a) = t(o(@)) = tSpa) = Sha 
10 (bp) = top) = tp) = S 
soa’t = to € Gal(E/Q), ie., ta t~! = 0", as claimed. QO 


Remark 4.6.2. (1) We see that, in the situation of Lemma 4.6.1, G = HN is 
the semidirect product of the normal subgroup N = (o | o? = 1), isomorphic 
to Z/pZ, and the subgroup H = (t | t?~! = 1), isomorphic to Z/(p — 1)Z. 

(2) The structure of G is independent of the primitive root r. (There is a 
choice involved in the generators of G. Varying this choice varies r among all 
the primitive roots.) 

(3) Note that G is nonabelian. Note also that Lemma 4.6.1 also holds for 
p = 2, when it recovers the much easier fact that in this case GG = Z/2Z. 


Lemma 4.6.3. Let a € Q with a #4 +b* for any b € Q, and let E be the 
splitting field of X* — a. Let G = Gal(E/Q). Then 


G= (o,T | ot=1,07=1,tot!= o°). 
Proof. Let a € E with a+ = a. Then E = Q(q, &4). First we must show 
that Q(@) N Q(Z4) = Q. Assume Q(a@) N Q(S4) D Q. Since (Q(F4)/Q) = 2, 
this implies that Q(a@) > Q(¢4) and hence that E = Q(q@). Then (E/Q) = 4 
and (Q(¢4)/Q) = 2, and so Q(é4) is the fixed field of a subgroup {id, 7} of 
Gal(E/Q). Since a is a root of the polynomial X+—a, o (a) must also be a root 
of this polynomial, so o(a) = tho for some k. But o (4) = ¢4 ando 4 id 
but o? = id, so tha % a but cpa = a. Hence k = 2 ando(a) = —a. Now 
E = {co + cya + cpa” + c3a7 | c; € Q} and Fix(o) = {cp + co” | c € Qh. 
We claim that i = ¢4 ¢ Fix(o). 

Suppose i = co + oa”. Then —1 = i? = (co + C20”)? = (c) + cha) + 
2cocoa. Since a is not a square, a? ¢ Q, so coco = O and either co = 0, 
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e = —1/a, which is impossible since —a is not a square, or cz = 0, Ge =-—l, 
which is certainly impossible. Thus Q(a) N Q(&4) = Q. 
The rest of the proof entirely parallels the proof of Lemma 4.6.1. a 


Lemma 4.6.1 and 4.6.3 have a considerable generalization in Theorem 
4.6.6. 

We have seen in Section 4.5 that every quadratic field Q(./a) is contained 
in some cyclotomic field. We now use the theory we have developed to show 
that no cubic, quartic, ... field is contained in a cyclotomic field. 


Corollary 4.6.4. Let a € Q and let n > 2 be an integer. Suppose that a is not 
a p™ power for some odd prime p dividing n or that +a is not a square if n is 
divisible by 4, Then Q(X/a) is not contained in any cyclotomic field. 


Proof. Letk = p ork = 4 according as n is divisible by the odd prime p or 
by 4. 

Suppose that Q(x/a) G Q(Gm). Since Ya = (x/a)"/*, Q(4/a) © Q(x/a). 
Then E = Q(./a, &%) © Qn, &) © Q(Gnx). Now E is the splitting field of 
X* — a, so is a Galois extension of Q. Then, by the Fundamental Theorem of 
Galois Theory, 


Gal(E/Q) = Gal(Q(mk)/Q)/ Gal(QGmk)/E). 


In particular, Gal(E/Q) is a quotient of Gal(Q(fnz.)/Q). But we have that 
Gal(Q(Emx)/Q) is abelian, by Corollary 4.2.7, while under our hypothesis 
Gal(E/Q) is nonabelian, by Lemma 4.6.1 or Lemma 4.6.3, which is impos- 
sible. im 


We now prove a result which allows us to weaken the hypothesis of Lemma 
3.7.7 in our discussion of Kummer fields, as well as to further investigate the 
Galois groups of splitting fields of radical polynomials. 


Lemma 4.6.5. (1) Let n be an odd integer, and let a be n-powerless in Q. Then 
a is n-powerless in Q(éy) for every N. 

(2) Let n be an even integer, and let a be n-powerless in Q. If a is negative, 
assume also that —a is not a square in Q. Then one of the following two 
alternatives holds: 

(a) a is n-powerless in Q(tn) for every N. 

(b) a = b* for some b € Q(éy), for some N, and b is n/2-powerless in 
Q(tn’) for every multiple N’ of N. 


Proof. If a is n-powerless in Q(¢y), there is nothing to prove. Otherwise, a is 
an m™ power in Q(t) for some m dividing n, m > 1. We shall show that the 
only possibility is m = 2, from which the lemma follows. 
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Suppose m > 2. Then m is divisible by k, where k is either an odd prime 
or 4, Write a = b* where b € Q(ty). Then we see that Q(./a) is contained in 
some cyclotomic field. But, under our hypothesis on a, this is impossible, by 
Corollary 4.6.4. Qa 


Theorem 4.6.6. Let n be an integer and let a be n-powerless in Q. Let E be 
the splitting field of X” — a over Q, and let G = Gal(E/Q). 

(1) If a is n-powerless in Q(¢,), then G = HN, the semidirect product of 
anormal subgroup N isomorphic to Z/nZ and a subgroup H isomorphic to 
(Z/nZ)*. 

(2) Ifa = b* with b n/2-powerless in Q(¢,), then G = HN, the semidirect 
product of a normal subgroup N isomorphic to Z/(n/2)Z and a subgroup H 
isomorphic to (Z/nZ)*. 


Proof. (1) We have that E = Q(¢,, a), where a” = a. Let B = Q(¢,,). Then 
X" — a is irreducible over B, so by Proposition 3.7.6 the Galois group N = 
Gal(E/B) is isomorphic to Z/nZ. Now N is a subgroup of G and is normal 
as B is a Galois extension of Q. Also, H = Gal(E/Q(q@)) is isomorphic to 
Gal(B/Q) which is isomorphic to (Z/nZ)*. Also, (E/Q) = (E/B)(B/Q) = 
(Q(a@)/Q)(B/Q) so Qa) and B are disjoint extensions of Q by Corollary 
3.4.5, so G = HN by Theorem 3.4.10. 

(2) Let F = Q(b) C Q(G,). Then (F/Q) = 2, and so G’ = Gal(E/F) isa 
subgroup of index 2 of G. The proof of part (1) goes through with Q replaced 
by F and n replaced by m to give that G’ = H'N with H’ = Gal(Q(¢,)/Q(b)) 
a subgroup of H = Gal(Q(¢,)/Q) of index 2. Now [G : G’] = [H : H’] =2. 
To show G = AN it suffices to show that o ¢ N where o is any element of H 
not in H’. But for any o € H, except o = id, o is non-trivial on B = Q(¢,), 
while every element of N acts trivially on B as N = Gal(E/B), soo ¢ N, as 
required. a 


Remark 4.6.7. As we have seen in our discussion of quadratic fields, both cases 
in Lemma 4.6.5 (2) may indeed arise. For example, 5 is 6-powerless in Q and 
V5 € Q(é), so we are in case (a) for n = 6, while 5 is 10-powerless in Q but 
5 € Q(é19), so we are in case (b) for n = 10. © 


We now wish to determine when the polynomial X” — a is irreducible. 
Clearly if a is not n-powerless it is not, so we need only consider the case 
when a is n-powerless. Recall that in Corollary 4.1.10 we showed that X” — a 
is irreducible if a is p-powerless for p an odd prime, or if a is positive and a 
is 2-powerless. 

We shall generalize this result in several stages. 
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Corollary 4.6.8. Let a be n-powerless in Q. If n is odd, then the polynomial 
X" — ais irreducible in Q[X]. 


Proof. Since a is n-powerless in Q, and n is odd, we have, by Lemma 4.6.5, 
that a is n-powerless in Q(¢,,). Then, by Proposition 3.7.6, X” —a is irreducible 
in Q(¢,)[X], and hence X” — a is certainly irreducible in Q[X]. oO 


Lemma 4.6.9. Let n = 2', and assume that a is not a square in Q. If t > 2, 
assume also that —4a is not a 4" power in Q. Then the polynomial X" — a is 
irreducible in Q[X]. 


Proof. Clearly the lemma holds when t = 1; so suppose ¢ > 2. 
Let a be a root of X” — a in some extension E of Q. Consider 


Q = Qa) = Qa”) € Qa") C--- C Q@). 


Claim: (Q(a@”')/Q(a")) = 2 fork =1,...,¢. 

Assuming this claim, we then immediately have that (Q(a@)/Q) = 2’, and 
hence that m,(X) is a polynomial of degree 2’. But a is a root of X 2" _ a, so 
My(X) = X7 —a and hence X? — a is irreducible. 


Proof of claim: We prove this by downward induction on k. 

Ifk =t,thena? is aroot of X?—a, anda is nota square in Q = Q(a”’), 
so (Q(a?™")/Q(a™)) = 2. 

Now suppose the claim is true for all integers between k and ¢ and consider 
k — 1. We wish to show (Q(a2"”)/Q(a2""')) = 2. We prove this by contradic- 
tion. Assume it is not the case. Then Q(a2”) = Q(a”"). For simplicity, set 
B =a”, y =a? ', ands = a”. Now (Q(y)/Q(5)) = 2 by the inductive 
hypothesis, so Q(y) has basis {1, y} as a Q(5)-vector space. Hence we may 
write B = c + dy uniquely with c,d € Q(65). Then y = B? = (c+ dy)? = 
(c* + d?5) + 2cdy, so (c? + d?8) = 0 and 2cd = 1. Solving for 6 yields 
& = —4c* with c € Q(S). We claim this is impossible. 

Ifk —1=t-—1, thenk = ¢ and Q(6) = Q. But then 6 = —4c* implies 
—45 = 16c* = (2c)‘, contradicting the hypotheses of the lemma. 

Ifk—1<+t-—1,thenk < t and (Q(5)/Q(e)) = 2 by the inductive hypoth- 
esis, where € = a”. Thus, if g is the nontrivial element of Gal(Q(5)/Q(e)), 
g(6) = —6. Then —5 = (5) = g(—4c*) = ~g(4c*) = —e((2c)?) = 
—(y(2c))”, so § = (y(2c))? with 2c € Q(S). But 6 = y?, so y = +y(2c) € 
Q(64), contradicting the inductive hypothesis. o 


Theorem 4.6.10. Let n be an integer and let a be n-powerless in Q. If n is di- 
visible by 4, assume also that —4a is not a4™ power in Q. Then the polynomial 
X”" — ais irreducible in Q[X]. 
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Proof. Let n = n,n2 where n, is odd and n> is a power of 2. Let a be a root 
of X” — a in some extension field E of Q. Then a” is a root of X" — a, 
which is irreducible by Lemma 4.6.9, so (Q(a@”?)/Q) = n divides (Q(a)/Q). 
Similarly, a”! is a root of X”? — a, which is irreducible by Lemma 4.6.10, so 
(Q(a"!)/Q) = nz divides (Q(a@)/Q). But n; and np are relatively prime, so 
nN = NN divides (Q(a@)/Q). But certainly (Q(a@)/Q) <n, so (Q(a)/Q) =n, 


and X" —a =m,(X) is irreducible. oO 


_Remark 4.6.11. Theorem 4.6.10 is sharp. If n = 4m and —4a = b*, then 
b = 2c and 


Xa (RO eX SE 2 — eX 4-26"), 
so X” — a is not irreducible in this case. © 


Remark 4.6.12. (1) Theorem 4.6.10 and its proof show that the hypothesis in 
Lemma 4.6.5 (2) may be weakened to: If a is a negative integer, assume also 
that —4a is not a 4" power in Z. However, it may not be weakened further. For 
example, letn = 4 and a = —4. Then a = (2i)* in Q(&4) and 2i = (1+)? in 
Q(S4). 

(2) A similar observation applies to Theorem 4.6.6. If E is the splitting 
field of X* + 5, then | Gal(E/Q)| = 8 and we are in case (1) of that theorem. 
If E is the splitting field of X* + 9, then | Gal(E/Q)| = 4 and we are in case 
(2) of that theorem. On the other hand, the roots of X* + 4 are +(1 £1), so if 
E is the splitting field of X* + 4, then | Gal(E/Q)| = 2. © 


We conclude this section by considering multiple radical extensions. First 
we show they have the degrees we expect, and then we find primitive elements. 
Again we proceed in stages. 


Theorem 4.6.13. Let {nj}, i = 1,...,t, be pairwise relatively prime inte- 
gers and let {aj}, i = 1,...,t be integers with a; n;-powerless for each i. 
If some nj; is divisible by 4, assume that —4a; is not a 4" power in Z. Then 


Q( v/a, ..., %/a;) is an extension of Q of degree nj --+n;. 
Proof. Immediate from Theorem 4.6.12 and Lemma 3.4.2. oO 


Lemma 4.6.14. Let A = {a;,...,a;} be a set of integers with the property 
that no product of the elements of any nonempty subset of A is a square. 
(In particular, this holds if a,,..., a, are pairwise relatively prime, none of 
which is a square, and at most one of which is the negative of a square.) Then 


Gal(Q(./a1, ..., ./a@:)/Q) = (Z/2Z)'. In particular, (Q(/a, ..., /a:)/Q) 
= 2; 


First proof. This is a special case of Theorem 3.7.11. 
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Second proof. We proceed by induction on t. For tf = O there is noth- 
ing to prove, and for ¢ = 1 the result is obvious. By induction, it suffices 
to prove that Q(,/ai,..., ./a—1) and Q(./a;) are disjoint extensions of Q. 
Since (Q(,/a;)/Q) = 2, to show this it suffices to show that Q(,/a;) ¢ 
QU fai, ..-, a1). Suppose fa; = x € QU/ai,..., ./ar—-1). Write x = 
y+z/a—i with y,z € Q/a,..., /ar—2). Squaring, a, = (y* + 27a;-1) + 
2yz,/a;—1. Since every term but the last is contained in Q(,/aj, ..., ./a1—2), 
by induction the last term must be zero, so either z = O, in which case 
x € QU/a,...,./a:-1), contradicting the inductive hypothesis, or y = 0, 
in which case x = z,/a;_; and a; = x? = 2%a,_, with z € Q, which is cer- 


tainly impossible. oO 
Theorem 4.6.15. Let nj, ...,n; be integers and let a,,..., a, be pairwise rel- 
atively prime integers with a; n;-powerless, i = 1,...,t. If some nj; is even, 


assume that no a; is the negative of a square. Then 


(Q(%/ai,..., a:)/Q =m ---1 
with basis {T]}_y on |O<k; < nj}. 


Proof. Let n = Iem(n,,...,n;). By hypothesis, each a; is nj-powerless. We 
will first prove the theorem under the stronger hypothesis that each a; is n- 
powerless, and then show how to remove this stronger hypothesis. 

Thus, assume that each a; is n-powerless. Observe that in this case it suf- 
fices to prove the theorem for, = --- =n; = 1 as clearly 


(QC R/a1,..., %ar)/Q) Sm-+-n; 


and 
(QWYa1, ---, a:)/Q Yai, ..., %ar)) < (n/ny) --- (n/n;), 


so 
QU/ai,..., Sar)/Q =n' 


forces both inequalities to be equalities. 


First, suppose n is odd. We prove the theorem by induction on n. It is 
trivially true for n = 1, so assume it is true for n’ < n and consider the case 
n'=n. 

Let F = Q(éy) where N is any multiple of n and let E = F(,/aj,..., 
x/a;). (We need to consider not only N = n but also N a multiple of n for 
the inductive step below.) Then, by Theorem 3.7.11, Gal(E/F) is isomorphic 
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to (a1, ...,a;) C F*/(F*)". Suppose a = aj! ---ai' € (F*)", ie, a = a” for 
some @ € F. In other words, a is not n-powerless in F, so, by the contraposi- 
tive of Lemma 4.6.5, a is not n-powerless in Q, and under our hypothesis on 


a,...,Q; this is true if and only if each of i,,..., i; is a multiple of n” for 
some n” dividing n,n” > 1. 
We claim that each i,,..., i, is a multiple of n. If n” = n we are done, so 


suppose not. Set n’ = n/n". Leta’ = ane ean Then (a’)"” =a =a" = 
(a?/”" "so a! = E%,e0"/"" for some k, i.e., a’ = (on! ke" for a! = oka, so 
a’ € (F*)”. Nown’ < n, so by induction each i, /n” is a multiple of n’ = n/n”, 
ie., each i, is a multiple of n, as claimed. 

Since, by Lemma 2.3.4, 


n' = |Gal(E/F)| = (E/F) < QY/a1,..., /a)/Q) sn", 


we must have equality. 


Next, suppose that n is even and let m = n/2. Choose N such that 
Q(éw) > Qbn, fa, ..-, ./a;), which is possible by Theorem 4.5.1, and set 
F = Q(éy), E = F(v/a, ..., 2/a;). Again, by Theorem 3.7.11, Gal(E/F) is 
isomorphic to (a1,...,a;) C F*/(F*)", and now by the same argument as in 
the case n odd, 


m! = |Gal(E/F)| = (E/F) < (QW/ar..., /ar)/Qi/a1,..., Sar) Sm’, 


and we have equality. But (Q(,/ai,..., ./a;)/Q) = 2', by Lemma 4.6.14, so 
(Q(y/a, ..., 2/a;)/Q) = 2'm' = n', completing the proof in this case. 

Now let us see that we may in fact assume that the a; are all n-powerless. 
To do so we must use an argument from elementary number theory. First 
let i = 1, and let a; have prime factorization aj = pj'---p;*, and let 
d, = gcd(e,,..., ex). Since a, is ny-powerless, gcd(d,n,) = 1. Let n; be 
the product of the primes p that divide n but that do not divide n;. By the 
Chinese Remainder Theorem, for each i there is an integer e} satisfying the 
congruences 


e; = e;(modn)), e; = (moda). 


Let d = gcd(e,,..., e,). We claim that gcd(d,n) = 1. To see this, con- 
sider a prime p dividing n. If p divides n,, then, since gcd(d,,n,) = 1, p 
does not divide e; for some i. But e} = e;(modn,) implies e; = e;(mod p), 
so p does not divide e}. If p does not divide n;, then p divides n;. But 
e; = 1(modn;) for every i, and e} = 1(modn,) implies e; = 1(mod p), 
so p does not divide e’. 
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Now let aj = p;' --- pj’. Then a}, is n-powerless. Also, writing e/ = e; + 
Xjn1, note that 


ny a} = «/ peoem - Oe a 


aI (py i Dep as - pity 


= (py + Pr) WY (Py Pe) = Yar 


where r} = (pi'--- p7') €Q. 

Proceeding in exactly the same fashion, we may obtain aj,..., a; with 
each a; n-powerless, and with ‘/a; = r; ¥/a; with r; € Q for each i. But 
then Q(Va),..., Wa;) = Q(x/ay, ..., 2/a;), So we may replace a; by a; and 


argue as above. a 


Remark 4.6.16. (1) To illustrate a point in the proof of Theorem 4.6.15, let 
ay; = 8 = 23, ny = 5, a) = 3, n> = 3. Thenn = 15 and aq, is not 15-powerless, 
but we may rechoose a; = 256 = 2° = 23+9 which is 15-powerless. 

(2) Clearly Theorem 4.6.15 is true somewhat more generally, but the best 
result is clumsy to state. Our hypothesis were chosen so that we could directly 
appeal to Lemma 4.6.5. © 


Corollary 4.6.17. Let n be an integer and let ay, ..., a, be pairwise relatively 
prime n-powerless integers. If n is even, suppose that no a; is the negative of 
a square and that n is relatively prime to each a;. Let E be the splitting field of 
f(XYy= | eae (X” —a;) over Q. Then Gal(E/Q) is the semidirect product of a 
group isomorphic to (Z/nZ)' and a normal subgroup isomorphic to (Z/nZ)*. 


Proof. Let B = Q(x/ai,..., 2/a;) and let D = Q(¢,,). Under our hypothe- 
ses, B and D are disjoint extensions of Q, by Corollary 4.6.4 or Corol- 
lary 4.5.5. Now E = BD and, by Theorem 4.6.15 and Corollary 3.4.4, 
|Gal(E/D)| = (E/D) = (BD/D) = (B/BND) = (B/Q) = n". Clearly 
Gal(E/D) ¢ (Z/nZ)', as any automorphism must take ./a; to ¢./a; for 
some ¢ with ¢” = 1, so these two groups are equal. Now Gal(D/Q) = 
Gal(Q(é,)/Q) = (Z/nZ)*, so the result follows from Theorem 3.4.10. oO 


Lemma 4.6.18. Let {n;}, i = 1,...,t, be pairwise relatively prime integers 
and let {a;},i =1,...,t, be integers with a; n;-powerless for each 1. If some 
n; is divisible by 4, assume that —4a; is not a 4" power in Z. Then a = 
nf/ay +---+ »/a; is a primitive element of Q( %/ai, ..., %/a;). 

Proof. Let N = n,---n; and let B; = Q(%/a;), for each i. By Theorem 
4.6.13, (B;/Q) = n;. Let B = B,--- B, = Q(4/q,..., ¥/a;). Let F = 
Q(én), let D; = FB; = F( ¥/a;), for each i, and let D = D, - -- D,. 
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First, suppose each n; is odd. Then B; and F are disjoint extensions of Q 
by Corollary 4.6.4, and F is a Galois extension of Q, so, by Corollary 3.4.4, 
(D,/F) = n;. Since the {n;} are pairwise relatively prime, we have, applying 
Lemma 3.4.2 successively, that D» is disjoint from D, (as extensions of F), and 
then that D; is disjoint from D,D2,.... Consequently, (D/F) = N. Clearly 
a; = %/a; is a primitive element of D; as an extension of F. Then, applying 
Proposition 3.5.5 successively, we have that a; + a is a primitive element of 
D,D»,..., and finally that @ is a primitive element of D as an extension of F. 
It remains to show that q@ is a primitive element of B as an extension of Q. Let 
B’ = Q(a). Then, by Lemma 2.3.4, 


N = (D/F) = (FB’/F) < (B'/Q) < (B/Q =N, 


so we must have equality and B’ = B. 

Now suppose some n;, say m;, is even. The same argument as above 
applies, except that (D,/F) = n, or n,/2, enabling us to conclude that 
(D/F) = N or N/2 and hence that B = B’ or that (B/B’) = 2. But in the 
latter case we must have B’ = Q("'/ay, "/az,..., %/a;), which is impossi- 


ble as a is not an element of this field. oO 
Lemma 4.6.19. Let n,,...,n; be integers and let a,,..., a, be pairwise rel- 
atively prime integers with a; n;-powerless, i = 1,...,t. If some n; is even, 


assume that no a; is the negative of a square. Thena = "fa, +--+ + %/a, is 


a primitive element of Q(.»/a1,..., %/a;). 


Proof. The proof proceeds along the same lines as the proof of Lemma 4.6.18. 
We need to know, in the notation of that proof, that (D/F) = N. In the easy 
case when n,; = --- = n, = 2, F = Q and that follows immediately from 
Lemma 4.6.14. In the general case, we have shown that in the proof of The- 
orem 4.6.15. We then apply that fact to conclude that D2 is disjoint from D; 
(as extensions of F), and then that D; is disjoint from DD, ..., (as otherwise 
(D/F) < N). The remainder of the argument is the same. oO 


We assemble these last two results into one theorem. 


Theorem 4.6.20. Let n;,...,n; be integers and let a, ..., a; be positive in- 
tegers with a; n;-powerless, i = 1,...,t. Ifn; and nj; are not relatively prime, 
assume that a; and a; are relatively prime. Thena = %/a, + +--+ %/a; isa 


primitive element of Q(»/a),..., %/a;,). 


Proof. We proceed by induction on t. The t = 1 case is trivial. 
Now assume the theorem is true for all positive integers at most t. Consider 
the caset+1.Let A = {n; |i = 1,...,t}, let Ay={n; € A | gcd(m;, n;) = 1}, 
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and let A> = {n; € A | gcd(n;,n,) > 1}. If Ay = A, then this is just Lemma 
4.6.18, and if A> = A, this is just Lemma 4.6.19. Thus we must consider the 
“mixed” case. Reordering if necessary, we may assume A, = {nj,...,M5} 
and Az = {nNs41,...,n;} for some s with 1 <s < ¢. Then, by Lemma 4.6.18, 
a, = fa; +---+ */a, is a primitive element of B; = Q(¥/ay,..., %/as), 
and, by Lemma 4.6.19, a2 = "»4/ds41,..., "/G;+1 is a primitive element of 
B, = Q "AV Ast 1s eee, "RY/A41). 

Furthermore, if F = Q(¢y) for N = n,--- nj,41, B)F and BF are dis- 
joint Galois extensions of F, so we may apply Proposition 3.5.5 as above 


to conclude that a = a, + a is a primitive element of B, BF; then we 
continue to argue as above to conclude that @ is a primitive element of 
BB, = Q( x/aq,..., "/a;41), completing the inductive step. oO 


We conclude this section with an example that illustrates these last several 
results. 


Example 4.6.21. (1) Let E = Q(/2, V2, </2, s/2). Then E is an extension of 
Q of degree 210 with primitive element /2 + /2 + </2 + V/2. 

(2) Let E = Q(V2, V3, V5, V7). Then E is an extension of Q of de- 
gree 16 with primitive element /2 + /3 + /5 + V7. Similarly, if E = 
Q./2, 73, 5, </7), then E is an extension of Q of degree 81 with primitive 
element /2 + /3 + /5 + 0/7. 

(3) Let E = Q(V2, V2, V3, /3). Then E is an extension of Q of degree 
36 with primitive element /2 + /2 + V3 + V3. ° 


4.7 Galois Groups of Extensions of Q 


We showed in Lemma 3.1.2 that every finite group is the Galois group of some 
Galois extension. It is natural to ask whether every finite group is the Galois 
group of some Galois extension of Q. The answer to this question is unknown. 

In this section we shall investigate two special cases: abelian extensions, 
i.e., extensions with abelian Galois group, and symmetric extensions, i.c., the 
splitting fields of polynomials of degree n with Galois group the symmetric 
group S,. (Abelian extension is standard terminology but symmetric extension 
is not.) 


Theorem 4.7.1. Every finite abelian group is the Galois group of a Galois 
extension E of Q. 


Proof. Let H be an abelian group and write H as the direct sum of cyclic 
groups of prime power order, H = H; @--- ® H;. Let H; have order m;. 
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Choose distinct primes {p;} with p; = 1(modm;), i = 1,...,s. Such primes 
p; exist by Lemma C.1.1. 

Let no = 1 andn; = p, --: p; fori > 0. Then Q(é,,_,) and Q(Z,,) are 
disjoint extensions of Q for each i > 0, by Corollary 4.2.8, so by Theorem 
3.4.7, applied inductively, we see that G = Gal(Q(¢,,)/Q) = Gi ®:-- OG; 
where G; = Z/(p; — 1)Z. Since the order of H; divides the order of G; for 
each 7, we see that H is a quotient of G, so by the Fundamental Theorem 
of Galois Theory there is a field E intermediate between Q and Q(¢,,.) with 
Gal(E/Q) = H. , q 


Remark 4.7.2. Instead of using Lemma C.1.1, we may use a deep and famous 
theorem of Dirichlet: Every arithmetic progression ax + b with a and b rel- 
atively prime contains infinitely many primes. However, we have chosen to 
include Lemma C.1.1 in order to give a self-contained and elementary proof 
of Theorem 4.7.1, rather than to simply quote this deep result. © 


Remark 4.7.3. We can ask: When can a Galois extension E of Q be a subfield 
of a cyclotomic field Q(¢,) for some n? Since Gal(Q(¢,)/Q) is abelian and 
E C Q¢é,) implies Gal(E/Q) is a quotient of Gal(Q(¢,,)/Q), an obvious nec- 
essary condition is that E be an abelian extension of Q, i.e., that Gal(E/Q) be 
abelian. This necessary condition turns out to be sufficient. This is the famous 
Kronecker—Weber Theorem: Every abelian extension of Q is a subfield of a 
cyclotomic field. The proof of this deep theorem is far beyond the confines of 
this book. (Note that we proved a very special case by direct construction. We 
showed in Theorem 4.5.1 that every quadratic extension of Q is a subfield of 
a cyclotomic field. Of course, our construction in Theorem 4.7.1 produced a 
subfield of a cyclotomic field as well.) © 


Now we turn to the case of symmetric extensions. First, we treat the case 
of a polynomial of prime degree, which is relatively simple. Then we handle 
the case of a polynomial of arbitrary degree, using a construction of van der 
Waerden. 


Theorem 4.7.4. Let f(X) € QLX] be an irreducible polynomial of degree p, 
Pp a prime, with exactly p — 2 real roots. Let E be the splitting field of f (X). 
Then Gal(E/Q) = S,, the symmetric group on p elements. 


Proof. Recall that since f(X) is irreducible and char(Q) = 0, f(X) must 
have p distinct roots in C. Since f(X) € R[X], the two nonreal roots of f(X) 
must be conjugates of each other. 

Let the roots of f(X) in C be aj, ..., @, with a; and a nonreal. Let t be 
complex conjugation. Then t (a1) = a2, T(a@2) = a, T(a;) = a; fori > 2. 
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We identify G = Gal(E/Q) with a subgroup of S, by its action permuting 
{a,...,@p}. Under this identification, t is the transposition (1 2). 

Now, since f(X) is irreducible, G acts transitively on {a, ..., @)}. Thus 
we see that G is a transitive subgroup of S,, p a prime, that contains a trans- 
position. Then, by Lemma A.3.1, G = Sp. Oo 


Example 4.7.5. We now show that there exists a polynomial satisfying the 
hypotheses of Theorem 4.7.4, for each prime p. For p = 2 the result is trivial. 
Suppose now that p is an odd prime. Fix p and let 


F(X) = X(X — 2)(X — 2a) (X — 4a) --- (X — 2(p — 2)a) — (b +2). 


We will show that with the proper choice of a and b, f(X) is irreducible 
and has exactly p — 2 real roots. 

Let g(X) = X(X — 2)(X — 2a)(X — 4a)---(X — 2(p — 2)a), so g(X) 
is a polynomial of degree p with roots 0, 2, 2a, 4a, ..., 2(p — 2)a. Then, 
by elementary calculus, g’(X) = f’(X), a polynomial of degree p — 1, has 
roots S1,...,Sp—1 with 0 < s; < 2 < 82 < 2a < +++ < Sp_1 < 2(p—2)a. 
Then we see that f(X) is increasing on the interval (—oco, s,), decreasing on 
the interval (s;, s2), increasing on the interval (s2, 53), ... , and increasing on 
the interval (sp_;, 00). We also see that the maximum value of f(X) on the 
interval [0, 2] is at most (2)(2)(2a)(4a) ---(2(p — 2)a) = 2?a?-?(p — 2), 
and that g(3a) > a”, g(7a) > a”, g(11a) > a?, and so forth. Thus we choose 


a = 2?(p — 2)! and b = 2?a?~?(p — 2)}. 


First, with this choice of a and b, f (X) is irreducible by Eisenstein’s Cri- 
terion (Proposition 4.1.7). 

Next, with this choice of a and b, f(X) < Oforx < 2, and f(3a) > 0, 
f(la) > 0, f(1la) > 0, and so forth. Now s; < 2 < sy < 2a < 53. Thus 
F(X) is decreasing on the interval [2, s2], increasing on the interval [s2, 2a], 
with f(2) < 0, f(2a) < 0, so f(X) has no roots on the interval [2, 2a]. 
Then s2 < 2a < s3 < 4a < 54. Thus f(X) is increasing on the interval 
[2a, 53], decreasing on the interval [s3, 4a], with f(2a) < 0, f(4a) < 0, and 
f(s3) = f@Ga) > 0, so f(X) has exactly two roots r; and rz on the interval 
([2a, 4a]. By the same argument, f(X) has no roots on the interval [4a, 6a] 
and exactly two roots r3 and rq on the interval [6a, 8a]. Proceeding in this 
fashion we find roots r;, r2,..., rp—3 of f (X) on the interval (—oo, 2(p — 2)]. 
But s,_; < 2(p — 2)a, so f(X) is increasing on the interval [2(p — 2)a, oo), 
and f(2(p — 2)a) < 0, so there is exactly one more root rp_2 of f(X) in that 
interval, and lastly f(X) has a total of p — 2 real roots, as claimed. © 
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Now we turn to the case of arbitrary degree, which is considerably harder. 
Let f(X) € FLX] be a separable polynomial and let E be a splitting field 
of f(X). Let G = Gal(E/F). If the irreducible factors of f(X) are all dis- 
tinct, then f(X) has distinct roots, and eliminating repeated irreducible fac- 
tors will not change E, so we assume f(X) has distinct roots {a@1,...,Qy}. 
Then G permutes {a,..., @,} (and this determines the action of G on E). Let 
{Y,,..., Y,} be a set of indeterminates and observe that the symmetric group 
S, acts in a natural way as a group of permutations of this set. Then there 
is an isomorphism G > G’ C S, given by o +> o’ where o'(Y;) = Y; if 
(o (a;) = Qj. 

For brevity, let F denote the field of rational functions F = F(Y;,..., Y,) 
and let E denote the field of rational functions E = E(Y,,..., Yn). 


Definition 4.7.6. In the above situation, let 
6 =a¥,4+---+an¥, €E 
and let 


F(Z) = [| (Z@-1'@)) € E[Z]. © 


v/ES, 


The polynomial F(Z) is a symmetric function of its roots, so by Lemma 
3.1.12 its coefficients are functions of the elementary symmetric functions of 
its roots and hence of Y;,..., Y, and the coefficients of f(X). Thus, F(Z) € 
F[Z ]. Now we may factor F(Z) into a product of irreducibles in F(Z 1 


F(Z) = F\(Z)--- F,(Z). 


One of these is divisible by Z — @ in E(Z). Renumbering if necessary we may 
assume itis F{(Z). Since F(Z) is invariant under S,, the action of S, permutes 
these factors. 


Lemma 4.7.7. In the above situation, let H' C S, be the subgroup leaving 
F(Z) invariant, i.e., 


H’ ={t' €S, | t'(Fi(Z)) = Fi(Z)}. 
Then G’ = H’, and hence G is isomorphic to H’. 


Proof: We begin by making several observations. 
Note that, for any t’ € S,, t/(Z — 6) divides t’(F;(Z)), so 


H’ = {t’ € S, | t’(Z — 9) divides F,(Z)}. 
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Note also that G x G’ C G x S,, acts on E, and for any o € G,oo’(@) =9@ 
(as oo’ simply permutes the terms of the sum a, Y, + --- + @,Y,), and so 
a (8) = (o')"'(6). 


Consider 


Gi(Z) = [|(Z-0@)). 


o€eG 


This is obviously invariant under G. Since the fix set of G operating on E is 
F, the fix set of G operating on E is F, by Corollary 3.4.9, so Gj(Z) € F{Z]. 
Since {a,..., @,} is distinct, {0(@) | o € G} is distinct. Hence, by Lemma 
2.7.12, G,(Z) is irreducible in F[Z]. Since G,(Z) has Z — 6 as a factor in 
F[Z], we must have that G|(Z) = F,(Z). Also, by Lemma 3.5.4, E = F(@). 
Hence the action of S,, on E is determined by its action on 6. 


Suppose t’ € AH’. Then t’(Z — 6) is also a factor of F;[Z] = G,[Z], so it 

must be Z —o (6) for some o € G. But t’(Z —0) = Z—1'(0) = Z—-o (A) = 
— (o')7!(6), so t’ = (o’)“!. But o’ € G' sot’ € G’. 

On the other hand, if t’ ¢ H’, then t’(Z — 6) = Z — t’(@) is not a factor 

of F\(Z) = G,(Z), so it is not equal to Z — 0 (6) = Z — (a’)!(6) for any 

o’ € G’. Thus 7’ ¥ (0’)“! for any o’ € G’ and t’ ¢ G’. Oo 


Remark 4.7.8. From the proof of Lemma 4.7.7, we see that 


F(Z) = [| (Z-0'@)), 


oa'€G’ 


and in fact 


F(Z)= |] (Z-v@)) 


vetG' 


where the product is taken over a left coset of G’. In particular, since {a1,..., 
a,} are distinct, {z’(@) | t’ € S,} are also all distinct. We see from this that 
each F;(Z) has distinct roots and no two F;(Z) and F(Z) have a root in 
common, fori # j. Furthermore, we also see from this that the action of 5S, 
permutes { F;(Z)} transitively. © 


Lemma 4.7.9. Let p be a prime. Let f (X) € Z[X] be a monic polynomial and 
let f (X) be its image inF plX] (identifying F , with Z/ pZ). Let E be a splitting 
field of f (X) over Q and let E be a splitting. field of f (X) over F,. Suppose 
that all roots of f (X) in E are simple. Then K = Gal(E/F, ) is ieoniorphic to 
a subgroup of G = Gal(E/Q). 
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Proof. Begin with the polynomial f(X) and form F(Z) as in Definition 4.7.6. 
Since F(Z) is a polynomial in Y;,..., Y,, Z, its factorization in the rational 
function field Q(Y,,..., ¥,) is actually a factorization in the polynomial ring 
Z[Y1,..., ¥,]. This follows as the coefficients of F(Z) are in fact polynomials 
in the coefficients of f(X) by Lemma 3.1.14, and by the fact that Corollary 
4.3.8 generalizes from Z to Z[Y,,..., Y,] as Z[Y1, ..., ¥,] is a unique factor- 
ization domain. Thus we have 


F(Z) = F\(Z)--- F,(Z) 


with each F;(Z) irreducible. Then reducing mod p gives a factorization (where 
the factors may not be irreducible) 


F(Z) = F(Z) +++ F,(Z). 


Let {F;;(X)} be the irreducible factors of F;(X), fori = 1,...,t. Let K’ 
be the subgroup of S,, consisting of those permutations in 5, that preserve the 
irreducible factor F 11(X) of F(X ). Now the action of S, permutes {F;(X)} 
and hence {F;;(X)}. By Remark 4.7.8, applied to E, the F;(X) have no com- 
mon root and hence no common irreducible factor, so if Fi, (X) is preserved, 
F(X) must be preserved. In other words, K’ = {t’ € S, | t/(Fi1(X)) = 
Fi(X)} S(t" € S, | TUF (X)) = F.C) = ; _ 

But by the same logic as before, K’ is isomorphic to K = Gal(E/F,). O 


Proposition 4.7.10. For every positive integer n there exists a polynomial 
In(X) € Z[X] of degree n whose splitting field E has Gal(E/Q) isomorphic 
to Sp. 


Proof. Choose a monic polynomial f.(X) € Z[X] of degree n whose mod 2 
reduction f)(X) € F2[X] is irreducible, a monic polynomial f3(X) € Z[X] 
of degree n whose mod 3 reduction f;(X) € F3[X] is the product of an irre- 
ducible polynomial and a linear factor, and a monic polynomial f;(X) € Z[X] 
whose mod5 reduction f5(X) € Fs[X] is the product of an irreducible 
quadratic and other factors that are distinct irreducible polynomials of odd 
degree. Let 


F(X) = -15 fx(X) + 10 f3(X) + 6 fs(X). 


Then f(X) is a monic polynomial that reduces mod p to 45 (X) for p = 
2, 3,5. Since f2(X) is irreducible, f(X) is irreducible, and hence its roots are 
distinct. 

Let G, be the Galois group of F(X) over F,, p = 2,3,5. By Lemma 
4.7.9, each G, is isomorphic to a subgroup of G = Gal(E/Q). 
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Since f)(X) is irreducible, G2 operates transitively on its roots, so G is a 
transitive subgroup of S,. 

Since f3;(X) has an irreducible factor of degree n — 1, and the Galois group 
of a finite extension of a finite field is cyclic, G3; and hence G contains an 
(n — 1)-cycle. 

By the same logic, Gs and hence G contains an element that is the product 
of a transposition and one or two cycles of odd order, so some (odd) power of 
it is a transposition in G. 

Hence, by Lemma A.3.2, G = S,. oO 


Remark 4.7.11, Our work actually gives an algorithm for computing Galois 
groups of polynomials f(X) € Q[X]: Form the polynomial F(Z) as in Def- 
inition 4.7.6. Note that we do not need to know the roots of f(X) to do so, 
since, as we have observed, its coefficients are functions of Y;,..., Y, and 
the coefficients of f(X). Then factor F(Z) into a product of irreducibles 
F(Z) = F,(Z)--- F,(Z) in F[Z]. Remark 4.1.13 gives an algorithm for doing 
so. As in Lemma 4.7.7, let H/ be the stabilizer of F;(Z) in S,. Note that, by 
Remark 4.7.8, the {H/} are mutually conjugate subgroups of S, so they are 
all isomorphic as abstract groups. (This is a general fact. If a group H acts 
transitively on a set S = {s;} with H; the stabilizer of s;, then, if h € H is 
any element with h(s;) = s;, we have that H; = hH;h-!.) Thus we see from 
Lemma 4.7.7 that, for any i, the Galois group of f(X) (i.e., the Galois group 
Gal(E/Q), where E is a splitting field of f(X)) is isomorphic to H;. Thus we 
may simply pick any factor F;(X), and go through all of the (finitely many) 
elements of S,, seeing which of them leave F;(X) invariant, to obtain H/ and 
hence the Galois group. 

It is evident that this algorithm is wholly impractical. We include it to show 
that the problem of computing Galois groups is algorithmically solvable (not 
to give a practical method for their computation). ° 


4.8 The Discriminant 


Let f(X) € FLX] be a polynomial of degree n, with splitting field E. As we 
have seen, the Galois group Gal(E/F) is a subgroup of the symmetric group 
S,. In this section we develop a criterion for deciding whether G is a subgroup 
of A, the alternating group. 


Definition 4.8.1. Let f(X) € F[X] be a polynomial of degree n with roots 
@1,..., @, in some splitting field E. Let 
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6= []@ — aj) 


i<j 
and let 
A= A(f(X)) = 6. 
A is the discriminant of f(X). © 


Remark 4.8.2. (1) Note that 5 depends on the order of the roots a, ..., @, but 
A(f (X)) does not, so AC f (X)) is indeed an invariant of f(X). 

(2) If f(X) is irreducible, then it has distinct roots, so in this case 
A(f(X)) £0. 

(3) A(f(X)) is a symmetric polynomial in the roots of f(X), so, by Re- 
mark 3.1.5 and Lemma 3.1.14, it is a polynomial in the coefficients of f(X). 
Thus A(f (X)) € F (and it is independent of the choice of splitting field E). 

(4) AC f(X)) is visibly a square in E, but may or may not be a square 
inF. © 


Lemma 4.8.3. Let f(X) € F[X] be an irreducible polynomial with splitting 
field E and with Galois group G = Gal(E/F). Let A = A(f(X)) be the 
discriminant of f (X). 

(1) If A is a square in¥, i.e., if6 € F, then G C Ay. 

(2) If A is not a square in ¥, i.e., if 5 ¢ F, then G ¢ Ay. 


Proof. We observe that E is a Galois extension of F so Fix(G) = F. 

Let o € S,. Recall thato e€ A, if and only if sign(o) = 1. Also, 
sign(o) = (—1)', where i is the number of inversions in o, i.e., i is the number 
of elements in the set JZ = {(i, j) |i < j buto(j) < o(i)}. 

From this it follows immediately that o(5) = sign(o)é. Thus, if 6 € F, 
then 0 (5) = 6 for every o € G, so G C A,. On the other hand, if 6 ¢ F, then 
00(5) # 4 for some oo € G, and 09 ¢ An, SoG Z An. Qo 


Corollary 4.8.4. In the situation of Lemma 4.8.3, suppose 5 ¢ ¥F. Let B = 
F(6). Also, let H = GQ Ay. Then E is a Galois extension of B with Galois 
group Gal(E/B) = H, and B is a Galois extension of F with Galois group 
Gal(B/F) = G/H = Z/2Z. Oo 


Corollary 4.8.5. Let f (X) € F[X] be an irreducible cubic with splitting field 
E, and let G = Gal(E/F). If ACf (X)) ¢ F, then G = 83, while if A(f (X)) € 
F, then G = A3 = Z/3Z. 


Proof. By Theorem 2.8.19, G must be either $3 or A3, and then Lemma 4.8.3 
decides between the two. oO 
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In order to effectively use Lemma 4.8.3 we must be able to compute the 
discriminant. We do that now, in low degrees. 


Proposition 4.8.6. Let f(X) € FLX], and let A = A(f(X)). 

(1) If f (X) = X? +.aX +b, then A = a? — 4b. 

(2a) If f (X) = X° + bX +c, then A = —4b3 — 27c?. 

(2b) If f (X) = KX? +aX*+bX +6, then A = —4a3c +. a*b* + 18abe — 
4b> — 27c?. 


Proof. By Remark 4.8.2 (3), A is a polynomial in the elementary symmetric 
functions s; of the roots of f(X), or, equivalently, in the coefficients of f(X). 

(1) From Remark 3.1.5 we see that a = —s,; = —(a@, + @) and that 
b = $2 = aa. Directly from Definition 4.8.1 we see that A = (a, — a2)? = 
a? — 2a);a2 + as = at + Zao, + as — 4aja = a* — 4b. 

(2) From Remark 3.1.5 we see that a = —sj = —(a, + @2 + a3), that 
b = Sp = a2 + @203 + a3, and that c = —s3 = —(a@1a2@3). In principle, 
we can then simply find A by direct computation, but the computations get 
very messy, so we look for a better way. 

(2a) We observe that A is a homogenous polynomial of degree 6 in 51, 
$2, and s3, where s; has degree i, or, equivalently, that A is a homogenous 
polynomial of degree 6 in a, b, and c, where a has degree 1, b has degree 2, and 
a has degree 3. Since a = 0 in this case, A must be of the form A = sb? + tc? 
for some s and f. First, consider the polynomial f(X) = X* — X with roots 1, 
0, and —1. Direct computation shows 4 = A = s(—1)? + 1(0)*, sos = —4. 
Next consider f(X) = X? — 1 with roots 1, w, and w*. Direct computation 
shows —27 = A = s(0)* + t(—1)”, sot = —27. 

(2b) Note that adding the same value to each root leaves A unchanged, as it 
only depends on the difference between roots. If f(X) = X>+aX?+bX +c, 
let X = Y —a/3. Then f(X) = g(Y) = Y°+b’Y +c’ andso A = —4(b’)> — 
27(c’')*. But, by elementary algebra, b’ and c’ can be expressed in terms of a, 
b and c, and doing so and substituting yields the result. oO 


Example 4.8.7. (1) Let f(X) = X7>+ X +1 € Q[X] and let f(X) have split- 
ting field E. Then f(X) is irreducible and A(f(X)) = —31 so Gal(E/Q) = 
$3. On the other hand, if B = Q[./—31], then Gal(E/B) = A3. 

(2) Let f(X) = X? — 3X +1 € Q[X] and let f (X) have splitting field E. 
Then f(X) is irreducible and A(f(X)) = 81, so Gal(E/Q) = A3 = Z/3Z. 
Note we have already encountered this polynomial in Example 2.9.8. co) 
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4.9 Practical Computation of Galois Groups 


Our focus in this book has been the theoretical development of Galois theory, 
rather than its computational aspects. However, in the course of this develop- 
ment we have proved a number of results that are useful in (hand) computation 
of Galois groups of polynomials f(X) € F[X]. By this (common) language 
we mean the Galois groups Gal(E/F), where E is a splitting field of f(X). 
For the convenience of the reader, we shall collect most of these results in this 
section. We shall keep the original numbering to make it easy for the reader to 
refer back to the place they originally appeared. 

It is not only the individual results we have derived that are useful, but also 
their interplay, and this better illustrated than summarized. Thus we conclude 
this section by working out a specific example that illustrates the application 
of many of these results together. 

We begin by considering Galois groups of specific polynomials. Since we 
are in characteristic 0, the prime field Fy = Q and we may choose as primitive 
n® root of unity ¢, = exp(27i/n). 

Recall we have the following definition: 


Definition 3.7.5. Let a € F. Then a is n-powerless in F if a is not an 
m" power in F for any m dividing n, m > 1. 


In determining whether an element of F is n-powerless, the following results 
are useful: 


Lemma 4.6.5. (1) Let n be an odd integer, and let a be n-powerless 
in Q. Then a is a n-powerless in Q(¢n) for every N. 

(2) Let n be an even integer, and let a be n-powerless in Q. If a is 
negative, assume also that —a is not a square in Q. Then one of the 
following two alternatives holds: 

(a) a is n-powerless in Q(én) for every N. 

(b) a = b’ for some b € Q(tn), for some N, and b is n/2-powerless 
in Q(tn’) for every multiple N' of N. 


Corollary 4.5.5. Let a be a square-free integer. If a is positive and 
odd, set a' = a. Otherwise set a’ = 4|a|. Then a = b* for some 
b € Q(é,) if and only if a’ divides n. 


In terms of this definition, we have the following result: 


Proposition 3.7.7. Let F > Fo(¢,). Let E be an extension of ¥. The 
following are equivalent: 

(1) E is the splitting field of X” — a € F[X], for some a that is n- 
powerless in ¥. 


128 4 Extensions of the Field of Rational Numbers 
(2) E is a Galois extension of F with Gal(E/F) = Z/nZ. 


This result has a generalization: 


Theorem 3.7.11. Let F > Fo(¢,,) and let E be the splitting field of 
F(X) = (&" — ay) +++ (X" — a) 


with each a; # 0. Then Gal(E/F) is isomorphic to (a,,...,a:) & 
F* /(F*)” (i.e., to the subgroup of F*/(F*)" generated by aj, ..., az). 


Now we turn to Galois groups of polynomials over Q itself. 

We observe that the n cyclotomic polynomial ®,, € Q[X], and the poly- 
nomial X” — 1 € Q[X], both have splitting field Q(¢,,). Recall that (Z/nZ)* 
denotes the multiplicative group of units in (Z/nZ), of order y(n). Then we 
have: 


Corollary 4.2.7. Gal(Q(¢,)/Q) = (Z/nZ)*. 


Now we have some results on extensions whose Galois groups are non- 
abelian. 


Lemma 4.6.1. Let p be an odd prime. Let a € Q with a not a 
p™ power in Q, and let E be the splitting field of X? — a. Let 
G = Gal(E/Q). Then 


G= (o,t|o? =1,1? !=1,t0ot |! =o’) 


for some primitive root r mod p. 


Lemma 4.6.3. Let a € Q with a 4 +b? for any b € Q, and let E be 
the splitting field of X* — a. Let G = Gal(E/Q). Then 


G= (o,t|o* =1,17 =1, tot! =0°). 


These two results have a common generalization: 


Corollary 4.6.17. Let n be an integer and let ay, ..., a; be pairwise 
relatively prime n-powerless integers. If n is even, suppose that no a; 
is the negative of a square and that n is relatively prime to each qj. 
Let E be the splitting field of f (X) = [Ee —a;) over Q. Then 
Gal(E/Q) is the semidirect product of a group isomorphic to (Z/nZ)' 
and a normal subgroup isomorphic to (Z/nZ)*. 


Now we have two separate results that are useful in showing that Galois 
groups are large: 
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Theorem 4.7.4. Let f(X) € Q[X] be an irreducible polynomial of 
degree p, p a prime, with exactly p — 2 real roots. Let E be the split- 
ting field of f(X). Then Gal(E/Q) = S,, the symmetric group on p 
elements. 


Lemma 4.7.9. Let p be a prime. Let f (X) € Z[X] be a monic polyno- 
mial and let f (X) be its image in F,,[X] (identifying F, with Z/pZ). 
Suppose that all roots of both f(X) and ae (X) are simple. Let E be 
the splitting field of f(X) over Q and let E be the splitting field of 
f(X) over F,. Then K= Gal(E/F,,) i is isomorphic to a subgroup of 
G= Gal(E/Q). 


We now return to general fields F. 


For a polynomial f(X) € F[X] we defined the discriminant A(f(X)) in 
Definition 4.8.1. We then have: 


Lemma 4.8.3. Let f(X) € F[X] be an irreducible polynomial with 
splitting field E and with Galois group G = Gal(E/F). Let A = 
A(f (X)) be the discriminant of f (X). 

(1) If A is a square in ¥, i.e, if 5 € F, then G C Ap. 

(2) If A is not a square in ¥, i.e., if5 ¢ F, thenG £ Ay. 


In low degrees we have the following computation: 


Proposition 4.8.6. Let f (X) € F[X], and let A = A(f(X)). 
(1) If f (X) = X* +aX +), then A = a* — 4b. 

(2a) If f (X) = X3+ bX +¢, then A = —4b? — 27c?. 

(2b) If f(X) = X? +aX? + bX +c, then A = —4a°c + a?b? + 
18abe — 4b> — 27c?. 


For irreducible cubics (and for quadratics, too, but there the result is trivial), 
the discriminant gives us the complete answer. 


Corollary 4.8.5. Let f(X) € FLX] be an irreducible cubic with split- 
ting field E, and let G = Gal(E/F). If A(f(X)) ¢ F then G = 8; 
while if A(f(X)) € F then G = A3 = Z/3Z. 


Now we turn to more general results which are useful in considering poly- 
nomials that are not irreducible. 

Let f(X) € FLX] with f(X) = fi (X) fo(X). Let B; be a splitting field 
of f,(X), i = 1,2, with B,; and B2 both subfields of some field A. Let G; = 
Gal(B;/F), i = 1,2, and let G = Gal(E/F), where E = B,B, is a splitting 
field of f(X). If B; and B» are disjoint extensions of F, we can apply the 
following result. 
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Theorem 3.4.7. Let B, and B, be disjoint Galois extensions of F. 
Then E = B,B> is a Galois extension of F with Gal(E/F) = 
Gal(B,/F) x Gal(B2/F). 


In Section 3.4 we gave some criteria for determining when two extensions 
are disjoint. But, in any case, we have the following generalization of Theorem 
3.4.7. 


Corollary 3.4.8. Let B, and Bz be finite Galois extensions of F and 
let E = B,Bo, Bo = B, N By. Then E is a Galois extension of F 
and Gal(E/F) = {(01, 02) € Gal(B,/F) x Gal(B2/F) | o; | Bo = 
02 | Bo}. 


Finally, we have a result that enables us to compare Galois groups over 
different fields. 


Corollary 3.4.6. (Theorem on Natural Irrationalities) Let f(X) € 
F[X] be a separable polynomial and let B D> F. Let E be a splitting 
field for f (X) over F. Then EB is a splitting field for f (X) over B and 
Gal(BE/B) is isomorphic to Gal(E/E (1B), a subgroup of Gal(E/F), 
with the isomorphism given by o t> o | E. 


We now present a single, rather elaborate, example, which shows how, 
with cleverness, hard work, and the use of a number of the results we have 
proved so far, we can determine the structure of a reasonably large Galois 
group. (We advise the reader to write out the diagram of intermediate fields 
and their inclusions in order to follow the argument here.) 


Example 4.9.1. Let a = V1 + V3 and let E be the splitting field of my(X) € 
Q[X]. We determine G = Gal(E/Q). 

We observe that a? = 1+ J/3, soa? — 1 = V3 and (a? — 1)? = 3 and 
hence a® — 2a7 —2 = 0. Thus a is a root of the polynomial X° —2X*—2 = 0. 
This polynomial is irreducible by Eisenstein’s criterion, so we see my(X) = 
X® — 2X? — 2. We can readily find all the roots of this polynomial. Certainly 
(wa)? = 14+ V3 and (wa)? = 1+ V3, so wa and wa are also roots. 
But we can also see that if 86> — 1 = —/3 then (B? — 1)? = 3 and hence 
p° — 2p° ~ 2 = 0, so B is also a root of my(X) then wf and w*f are roots as 
well. Thus 


E = Qa, wa, wa, B, wB, w’ B) = Q(a, a, B). 


Clearly E contains the fields Q(V/3), Q(w) = Q(./—3), and Q(i) as well, 
asi = (V/3)(/—3) /3. These are all extensions of Q of degree 2, and so we see 
that G contains at least 3 subgroups of index 2. Since m,(X) is an irreducible 
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polynomial of degree 6, (Q(@)/Q) = 6, so (Q(a@) /Q(/3)) = 3, and similarly 
(Q(B)/Q(V3)) = 3. Since Q(w) and Q(./3) are disjoint Galois extensions 
of Q, both of degree 2, Q(w, V3) is a Galois extension of Q of degree 4, 
and Q(w, V3) is a Galois extension of Q(/3) of degree 2. Since 2 and 3 are 
relatively prime, Q(@, J/3) and Q(a) are disjoint extensions of Q(V3), and 
so Q(a, a) = Q(a, a, ./3) is an extension of Q(/3) of degree 6. In fact, it is 
a Galois extension as it is the splitting field of the polynomial X* — (1 + V3). 
Similarly Q(w, B) is a Galois extension of Q(V/3) of degree 6. 

We now make an important observation. We have just noted that Q{a, J3) 
and Q(q) are disjoint extensions of Q(./3), so in particular m ¢ Q(a). Thus 
Q(qa) contains the root a of m,(X) but does not contain the root wa, so Q(a) is 
not a normal extension of Q(./3). Hence we see that Gal(Q(w, a)/(Q(V3)) 
is a nonabelian group of order 6, as is Gal(Q(@, B)/ (Q(/3)). Furthermore, 
since these two Galois groups are quotients of subgroups of G, we conclude 
that G is not abelian. 

We claim 8 ¢ Q(w, a). For if 8 € Q(w, a), we would have E = Q(, @) 
and then (E/Q) = (Q(@, @)/Q(V3))(Q(V3)/Q = (6)(2) = 12, so G would 
be a nonabelian group of order 12 with at least 3 subgroups of order 6, and no 
such group exists. Similarly, a ¢ Q(@, B). 

Now 6 = (Q(@, «)/Q(V3)) = (Q@, @)/Q@, V3))(Q@, V3)/Q(V3)), 
so we see that (Q(w, a)/Q(w, V3)) = (Q(@, a)/Q(w)) = 3, and similarly 
we see that (Q(w, 8)/Q()) = 3. 

We claim that Q(w, a) and Q(w, B) are disjoint extensions of Q(, /3). 
For we have the inclusions Q(w, V3) € Q(w, a) N Q(w, B) E Q(w, a), so 
(Ql, @) N Q@, B)/Q(@, V3)) divides (Q(@, «)/Q(w, V3)) = 3, so it is 
either 1 or 3, i-¢., Q(@, 2) NQ(o, B) = Qa, a) or Q(w, V3). But Q(@, a) N 
Qo, B) F Qo, a) asa ¢ Qa, B). 

Since Q(@, a) and Q(w, B) are disjoint Galois extensions of Q(@, 3), 
we have that 


(Q(@, «, B)/Q(w, V3)) = 9 and hence (E/Q) = 36. 
We also know that 
9 = (Q(w, a, B)/Q, V3)) 
< (Q@, B)/Q(V3)) 
< (Q@)/Q’V3))(Q(B)/Q(V3)) = (3)(3) = 9, 


so we see that (Q(a, 6)/Q(V3)) = 9. Hence (Q(a, 6)/Q) = 18 and 
(E/Q(aq, B)) = 2. Since 
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36 = (E/Q) = (Q@, a, B)/Q) 
= (Q(@)/Q)(Qi@, B)/Q) = (2) (18), 


we see that Q(w) and Q(a, §) are disjoint extensions of Q. 


We now assemble all of this information to find the structure of G. First, 
since (E/Q) = 36, G is a group of order 36. 

As we have observed, Gal(Q(w, «)/Q(/3)) is anonabelian group of order 
6. By the Theorem on Natural Irrationalities, Gal(E/Q(8)) is isomorphic to a 
subgroup of this group. But (E/Q(B)) = 6 so these two groups are isomor- 
phic. In other words, every automorphism of Q(@, «) fixing Q(/3) extends 
to an automorphism of E fixing Q(f), and similarly every automorphism of 
Q(o, B) fixing Q(/3) extends to an automorphism of E fixing Q(q@). Simi- 
larly, since (E/Q(a@, B)) = (Q(@)/Q) = 2, we may again apply the Theorem 
on Natural Irrationalities to extend the nontrivial element of Gal(Q(@)/Q) to 
an automorphism of E fixing Q(q, 8). 

The elements we have found so far generate a subgroup H of G of order 
18. Finally, although Q(q@, B) is not a Galois extension of Q, E is a splitting 
field of m,(X), an irreducible polynomial two of whose roots are a and B, so 
there is an automorphism of E taking a to 8. This automorphism is not unique, 
but if we choose one such, we may multiply it by any element of H. (Note 
every element of H leaves each of the sets {a, wa, w’a} and {B, wf, w7 B} 
invariant while this new automorphism interchanges these two sets.) 


Thus, assembling all of this information, we find that G is a group of order 
36, generated by an element p of order 2, two elements o; and o» of order 3, 
and an element t of order 2, whose actions on E are given by: 


p(@)=o, p@)=a, p(p)=B 


o\(®™)=, o1(a)=oa, o1(8)=B 
0270) =o, o(a)=a, o2(f)= af 


T(@) =o, t(a) = B, T(B) =a. 


(Actually, H is generated by p, 0), and op, and G is generated by p, 0, 
and t, as 02 = po; p~', but the more symmetric set of generators better reveals 
the structure of G.) 

Finally, if we number the roots a, wa, war, B, oB, w B of m,(X) as1,..., 
6, the generators of G are given by the permutations 


p = (23)(56), 0) = (123), o = (456), and t = (14)(25)(36). o 
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4.10 Exercises 


Exercise 4.10.1. Show, without using Dirichlet’s theorem about the existence 
of infinitely many primes in arithmetic progressions, and without using Lemma 
C.1.1, that: 

(a) For any integer n, there exists a Galois extension E of Q of degree n. 

(b) For any integer n, and any algebraic number field F, there exists a Galois 
extension E of F of degree n. 


Exercise 4.10.2. For a rational number x = r/s in lowest terms, say that p 
divides x if p divides r. Show that Eisenstein’s Criterion (Proposition 4.1.7) 
remains valid for polynomials in Q[X] with this definition of divisibility. 


Exercise 4.10.3. Let f(X) = a,X”" +---+ aq € Z[X] and let r € Q with 
f(r) = 0. Show that each of the n rational numbers 


2 3 2 
Ant, Anh” + Qyn-1", Anh + Qn—1r + ay-27r, 


vey yt” Haya) +e bar 
is in fact an integer. (This exercise is taken from the 2004 Putnam competition.) 


Exercise 4.10.4. Use Exercise 2.10.10 to show that the polynomial X° — 72 is 
irreducible in QLX]. 


Exercise 4.10.5. We might call an ordinary compass a 2-compass since, along 
with a straightedge, it allows us to geometrically find square roots of complex 
numbers. Suppose we also had a 3-compass, an instrument that allows us to 
geometrically find cube roots of complex numbers. For what values of n < 
1000 could we construct a regular n-gon with these instruments? 


Exercise 4.10.6. (a) Let n be an integer and let k be the product of the distinct 
prime factors of n. Show that ®,(X) = ®,(X"/*), 
(b) Let n be an integer not divisible by p. Show that 


Dnp(X) a D,(X?)/®,(X). 
Exercise 4.10.7. (a) Find the n-the cyclotomic polynomial ®,(X) for n = p* 
a prime power. 
(b) Find ®,(X) for2 <n < 16. 
(c) Examining ®,(X) for small values of n might lead one to conjecture that 
the coefficients of ®, (X) are always 0, 1, or —1. Show, by hand computation, 
that n = 105 is a counterexample to this conjecture. (This is known to be the 
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smallest counterexample.) Note that ®ig95(X) is a polynomial of degree 48. 
With enough patience, this entire polynomial can be computed by hand. But 
only a partial, and much more manageable, computation is necessary to find a 
coefficient that is not 0, 1, or —1. 


Exercise 4.10.8. Fix n > 2 and let E = Q(¢,) be the n-th cyclotomic field. 
LetB=ENOR. 

(a) Show that (E/B) = 2 and that B = Q(g, + 67). 

(b) Show that B is the unique subfield of E with (E/B) = 2 if and only if 
n= 4, p*, or 2p* for p an odd prime. 

(c) Find 3 subfields B of E with (E/B) = 2 in casen = 8. 

(d) Show that there are exactly 3 fields B with (E/B) = 2 if n = 2* for any 
k > 3. 


Exercise 4.10.9. Let E = Q(¢,) be the p-th cyclotomic field. Let a, b € Q be 
arbitrary. Find Ngjg(a + b¢,) and Trga(a + bf,). 


Exercise 4.10.10. (a) Of course, ¢) = 1, = —-1,8 =@w=(-1+ iV3)/2, 
and ¢4 = i. Find 5, 6, 8, S10, S12, $15, and C16. 

(b) Find ¢17. (This is an intricate computation. See Example 4.4.6 (3).) 

(c) Find ¢7, f9, €13, and 14. (This uses the solution of the cubic in Exercise 
4.10.25.) 


Exercise 4.10.11. Throughout this exercise, we assume n > 2. 

(a) Show that ®, (x) > 0 for all real numbers x. 

(b) If n = p* for some k, show that ©, (1) = p. 

(c) If n is not a prime power, show that ®, (1) = 1. 

(d) If n = 2* for some k, show that ®,(—1) = 2. 

(e) If n = 2p* for some odd prime p, show that ®,(—1) = p. 

(f) If n is not a power of 2 and is not twice an odd prime power, show that 
®,(—1l) = 1. , 

(g) Let E = Q(é,,). Show that the computations in (b) and (c) give the value 
of Ng/ag(1 — ¢,) and that the computations in (d), (e), and (f) give the value of 
Nejo(-1 — &n)- 


Exercise 4.10.12. (a) Let F = F, be the field with p elements and let let m be 
an integer relatively prime to p. Let ®,,(X) € FLX] be the mod p reduction 
of the cyclotomic polynomial ®,,(X) and let g(X) = X” — 1 € F[X]. Show 
that ®,,(X) and g(X) have the same splitting field E, and furthermore that 
E =F, where r is the smallest positive integer such that p” = 1(modm). 
(b) Let ®,,(X) = fi(X)--- f;(X) © FLX] be a factorization of ®,,(X) into 
a product of irreducible polynomials. Show that each f;(X) has degree r, and 
hence that k = g(m)/r. 
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Exercise 4.10.13. Referring to Exercise 3.9.24 (b), let k(Y, Z) = YZ. Let 
m and n be arbitrary positive integers and let d = gcd(m,n) and € = 
Iem(m, n). Show that Oyz(®n(X), ®n(X)) = Cyz(Pe(X), Ba(X)). In par- 
ticular, if m and n are relatively prime, show that Oyz(®»,(X), ®,(X)) = 
Qyz(Pmn(X), B1(X)) = Pinn(X). 


Exercise 4.10.14. Factor each of the following polynomials into a product of 
irreducible polynomials in Q[X]. (This includes the possibility that the given 
polynomial is irreducible.) 

(a) f(X) = X? — 7X? 4+ 36. 

(b) f(X) = X37 4+ 5X? — 10X — 8. 

(c) f(X) = X3 — 4X? —5X4+6. 

(d) f(X) = X442xX7 +9, 

(e) f(X) = X44+7X3 + 17X? + 18X +6. 

(f) f(X) = X* — 8X? +15. 

(g) f(X) = X4 — 4X? + 16. 

(h) f(X) = X44 X3 4+ 7X? +15X +15. 

(i) f(X) = X94 X4 44X93 44x27 44K +4, 

(j) f(X) = X® — 2X3 -1. 

(k) f(X) = X7 — 7X® + 6X 4+ 30. 


Exercise 4.10.15. For each w in Exercise 2.10.1, find m,(X) € Q[X]. (Con- 
sider the polynomial you found in solving that problem. If it is irreducible, it is 
m,(X). Thus, you must decide whether it is irreducible. If it is, you are done. 
If not, you have more work to do.) 


Exercise 4.10.16. For each @ in Exercise 4.10.15, let E be a splitting field of 
Mq(X). Find (E/Q) and find G = Gal(E/Q). 


Exercise 4.10.17. In this exercise, let E be a splitting field of the polynomial 
F(X) € QLX] and let G = Gal(E/Q). 

(1) Find (E/Q) and find G. 

(2) Find all subgroups H of G, and the fields B to which they belong. 

(3) For each field B in (b), find a basis for E as a vector space over B and a 
basis for B as a vector space over Q. 

(4) Determine which subfields B in (b) are Galois extensions of Q. For each 
of these fields B, find a polynomial g(X) € Q[X] with B a splitting field for 
g(X), and find Gal(B/Q). 

(a) f(X) = X* -2. 

(b) f(X) = X>— 2. 

(c) f (X) = (X? — 2)(X? — 3). 

(d) f (X) = (XK? — 3)(X%3 - 1). 
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(e) f(X) = (X? +3)(X? — 1. 
(f) f(X) = X® 43. 
(g) f(X) = X°+5. 
(h) f(X) = X®— 2. 
(i) f(X) = x8 —3. 


Exercise 4.10.18. (a) Let f(X) = X°> + bX +c € Q[X] be irreducible. Sup- 
pose b > 0. Show that the Galois group of f(X) is isomorphic to $3. 

(b) More generally, let f(X) = X*? + aX? + bX +c € Q[X] be irreducible. 
Suppose b > a?/3. Show that the Galois group of f(X) is isomorphic to $3. 


Exercise 4.10.19. (a) Let p be an odd prime and let 
f (X) = X?(X — 2)(X — 4)---(X — 2(p — 2)) — 2. 


Show that, for k sufficiently large, f(X) is an irreducible polynomial with 
p — 2 real roots. 
(b) Let p be an odd prime and let 


F(X) = (XK? 4 2)(X)M(X — 2)-+- (X — 2p — 3)) + 2/(2K+ DV. 


Show that, for k sufficiently large, f(X) is an irreducible polynomial with 
p — 2 real roots. (Then, choosing 2k + 1 to be a p™ power, i.e., 2k +1 = s? 
for some integer s, we may make the substitution Y = sX to obtain a monic 
irreducible polynomial with integer coefficients g(Y) = Qk + )f(X) = 
s? f(X).) 

(c) Let p be an odd prime and let 


F(X) = (X? + 2k) XX — 2) +++ (KX — Up — 3)) +2. 


Show that, for k sufficiently large, f(X) is an irreducible polynomial with 
p — 2 real roots. 

Hence, in any of these three cases, f(X) has Galois group S,. Compare 
Theorem 4.7.4 and Example 4.7.5. 


Exercise 4.10.20. Let f(X) € Q[X] be a reducible cubic. Show that f(X) 
has splitting field Q(6), where 6 is as in Definition 4.8.1. 


Exercise 4.10.21. Let a = V7 +52. Then certainly (a? — 7)? = 50, so we 
see that a is aroot of f(X) = 0, where f(X) = X° — 14X3 — 1 € Q[X]. Ob- 
serve that a = f°, where 6 = 1+ -/2. Use this observation to find all the roots 
of f (X), the factorization of f (X) as a product of irreducible polynomials in 
Q[X], the splitting field of f(X), and the Galois group of f(X). 
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Exercise 4.10.22. Let f(X) = X5—75X*+15X3 —9X?— 16X —56 € Q[X]. 
Show that the Galois group of f(X) is Ss. 


Exercise 4.10.23. Let f(X) = 4X° — 105X* + 840X? — 2160X? + 6000 € 
Q[X]. Show that the Galois group of f(X) is Ss. 


Exercise 4.10.24. Let G be a finite group of order n and suppose G can be 
written as G = H, x --- x Ay with H; a group of prime power order, for each 
i. Such a group is called nilpotent. (This is not the definition of a nilpotent 
group but rather a characterization of finite nilpotent groups.) 

(a) Show that G is solvable. 

(b) Let E be an extension of F with Gal(E/F) = G. Show that, for every 
divisor d of n, there is a field B with F C B C E and with (B/F) = d. 

(c) Find a counterexample to (b) for G a solvable group. 


Exercise 4.10.25. In this exercise we will show how to find the roots of a gen- 
eral cubic polynomial f(X). Clearly it suffices to consider the case that f(X) 
is monic, so let f(X) = X? + aX? + bX +c. By making the substitution 
Y = X — a/3, we may transform f(X) to acubic g(Y) = ¥?+b/¥ +c’, 
i.e., to one in which the quadratic term is absent. Thus it suffices to handle this 
case, so we assume f(X) = X?+ bX +c. Recall from Section 4.8 that f(X) 
has discriminant A = —4b? — 27c?. Let E be the splitting field of f(X) and 
let D = E(w). Then (E/Q(VA)) = 1 or 3 so we see from Section 3.7 that 
if B = Q(w, V/A), then either D = B or that D = B(e) with 3 = e € B, 
i.e., that D is the splitting field of the polynomial X? — e € B[X]. We shall 
not try to find € or e directly, but these considerations guide the form of our 
answer. Indeed, with these in mind, and the observation that e must be of the 
form e = u + vV/A for some u, v € Q(w), we look for roots of F(X) of the 
form 


Pee Pere ee 
B =ovutuVA +o2Vu—vVA, 
y =orfutvVA +oVu—vV2. 


(Observe that a, 6, and y are all fixed by Gal(B/Q), as we expect.) Now 
recall that the coefficients of f(X) are, up to sign, the elementary symmetric 
functions in the roots of f (X). Since 1+@+a* = 0, we have thata+B+y =0, 
which is consistent with the quadratic term of f(X) being absent. Examining 
the linear and constant terms we obtain the equations 


apB+ By +ay =b, aBy =—c. 
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Show that these equations yield 
u=—c/2, v= v-3/18. 


and verify by direct substitution that, with these values of u and v, a, 6, and y 
are roots of f(X) = X3+aX +b. 


Exercise 4.10.26. Use the formula in Exercise 4.10.25 to find the roots of the 
following cubics: 

(a) f(X) = X?-—3X —-1. 

(b) f(X) = X? — 21X — 37. 

(c) f(X) = X3 — 12X + 18. 

(d) f(X) = X? — 27X +4 30. 

(e) f(X) = X?-+3X —4. 

(f) f(X) = X3 — 13X — 12. 


Exercise 4.10.27. Observe that the polynomials in Exercise 4.10.26 parts (e) 
and (f) are not irreducible. Find their roots directly. Compare your answers 
here with your answers in Exercise 4.10.26. You may be surprised! 


Exercise 4.10.28. (a) Let F C R and Jet E = F(a) where a” = a € F 
and a € R. Let B be any Galois extension of F with B C E. Show that 
(B/F) = 1 or 2. 

(b) Use part (a) to show that the solution of a cubic must involve nonreal 
radicals even when there are only real roots. (Examples of this are provided by 
parts (a) and (d) of Exercise 4.10.26.) 
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Further Topics in Field Theory 


5.1 Separable and Inseparable Extensions 


We now wish to further investigate questions related to separability and insep- 
arability of algebraic extensions. Recall from Corollary 3.2.3 that every alge- 
braic extension in characteristic 0 is separable, so in this case there is nothing 
more to be said. Thus in this section we shall assume that char(F) = p > 0. 

Recall we have the Frobenius endomorphism ®: F — F given by ®(x) = 
x?, and F? = Im(®) = {y € F | y = x? for some x € F} is a subfield of F. 
(See Definition 2.1.10 and Corollary 2.1.11.) If F is finite, then F? = F, but in 
this case, too, every algebraic extension of F is separable (Theorem 3.2.6), so 
we will be interested in the case that F is infinite. 

First, we shall deal with extensions that are separable, and then with ex- 
tensions that are not. 

We begin with a technical lemma. 


Lemma 5.1.1. Let E be an extension of F and leta € E,a ¢ F. Thena? ¢ F?. 


Proof. Suppose a? € F?,i.e., a? = B? for some B € F. Then 0 = a? — 6B? = 
(a — B)? sow = Bf. Buta ¢ F and 6 ¢€ F, so this is impossible. oO 


We also remind the reader of the following result. 


Lemma 5.1.2. Leta € F,a ¢ F?. Then f (X) = X” —a ©€ F[X] is irreducible 
foreveryt > 1. 


Proof. Lemma 3.2.8. oO 


Lemma 5.1.3. Let E be a finite extension of F. If FE? = E, then E is a sepa- 
rable extension of F. 
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Proof. We claim that if {a;} is a set of elements of E that is linearly indepen- 
dent over F, then {oP } is also linearly independent over F. To see this, note 
that, extending {a;} if necessary, we may assume that {a;};-1,..4,d@ = (E/F), 
is a basis for E over F. We will show that {a?P }iz1,....a Spans E over F. Hence, 
since (E/F) = d is finite, {a?P }i=1,....¢ iS a basis for E over F and hence this set 
is linearly independent. 

Let y € E. Since E = FE’, we may write 


y=ba?  forsomebe F, ac E. 
Since {a@;} is a basis, 
@ = cya; t-+++cgag with c),...,¢q¢ € F, 
and then 
y = ba? = b(cya, +++ + cgag)? = (bef ap +--+ + (bch ag, 


proving the claim. 
Now suppose a € E is not separable. Then, by Proposition 3.2.2, its mini- 
mum polynomial m, (X) is of the form 


k 
My(X) = a c,X'? for some k and {c;}, not all zero. 
i=0 


Thus 
k . 
0O= pas ca’? 
i=0 
sol =a@°,a?,..., a"? are linearly dependent and hence, by the contrapositive 
of our claim, 1 = w°, a,..., o* are linearly dependent as well. 
Thus 
k 
0= S d;a; with not all d; equal to zero, 
i=0 
so if 


k 
f® =) ax, 
i=0 


then f(a) = 0. But deg f(X) < deg m,(X), which is impossible. oO 
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Lemma 5.1.4. Let a € E. Then a is separable over F if and only if F(a) = 
F(a”). 


Proof. Suppose that a is separable over F. Clearly F(a?) C F(a), so we 
need only show the reverse inclusion. To show that, it suffices to show that 
a € F(a’). 

Let my(X) € FLX] be the minimum polynomial of a over F, and let 
Ma(X) € F(a@?)[X] be the minimum polynomial of a over F(@?). Then 
M,(X) divides my(X) in F(a@?)[X]. 

Clearly @ is a root of the polynomial f(X) = X? —a? € F(@?)[X]. 
Suppose a ¢ F(a”). Then a? ¢ (F(@”))? by Lemma 5.1.1, so f(X) = X? — 
a? is irreducible in F(a?)[X] by Lemma 5.1.2. Since f(X) is irreducible, 
Mg(X) = X? —a?. Since m,(X) divides m,(X) in F(aw”)[X], m,(X) divides 
m,(X) in F(a@)[X]. Hence m,(X) is divisible by X? — a? = (X — a)? in 
F(a@)[X], contradicting the separability of a. 

Conversely, if F(a) = F(@?), then 


F(a) = F(a’) = F(F(a))? 


so, by Lemma 5.1.3, F(a) is a separable extension of F, i.e., w is a separable 
element of E. Oo 


Corollary 5.1.5. If E is obtained from F by adjoining a root of a separable 
polynomial, then E is a separable extension of F. 


Proof. Let E = F(a) where a is a root of a separable polynomial. Then 
F(a) = F(a?) by Lemma 5.1.4, and F(a?) = F(F(@))?, so F(a) = F(F(a@))? 
and F(q@) is a separable extension of F by Lemma 5.1.3. q 


Lemma 5.1.6. Let B be a field intermediate between F and E. If E is a sepa- 
rable extension of F, then B is a separable extension of F and ¥ is a separable 
extension of B. 


Proof. As B C E, B is trivially a separable extension of F. 

Let a € E. Since E is a separable extension of F, a is a simple root of a 
polynomial f(X) € F[X]. But F C B so f(X) € B[X] and a is separable 
over B. qo 


Lemma 5.1.3 has a converse (under weaker hypotheses, in fact). 


Lemma 5.1.7. Let E be an extension of F. If E is a separable extension of F, 
then FE? = E. 
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Proof. Let B = FE? so that B is intermediate between F and E. By Lemma 
5.1.6, E is a separable extension of B. 

Suppose B Cc E, and leta € E,a ¢ B. Thena = a? € Bsoa is a root of 
X? —a € B[X]. But, by Lemma 5.1.2, this polynomial is irreducible, so it is 
equal to m,(X), the minimum polynomial of a over B. Then this polynomial 
My(X) = XP? —a = X? — a? = (X — a)? has repeated roots, contradicting 
the separability of E over B. q 


Theorem 5.1.8. Let B be a field intermediate between F and E. IfE is separa- 
ble extension of B and B is a separable extension of ¥F, then E is a separable 
extension of F. 


Proof. First, assume both (E/B) and (B/F) are finite. Since B is a separable 
extension of F, we have B = FB’, and since E is a separable extension of B, 
we also have E = BE”, both by Lemma 5.1.7. 

Then 


E = BE? = FB’ (BE”)? C FE?, 


so E = FE? and (E/F) = (E/B)(B/F) is finite, and so E is a separable 
extension of F by Lemma 5.1.3. 

Now for the general case. Let a € E, and let m,.(X) € B[X] be the min- 
imum polynomial of a over B. Let Bo be the subfield of B obtained by ad- 
joining the coefficients of m,(X) to F. Then Bo is a finite extension of F and 
F C Bo C B with B a separable extension of F, by hypothesis, so Bo is a 
separable extension of F by Lemma 5.1.6. Let Ey = Bo(a). Then Ep is a finite 
extension of Bo. Since E is a separable extension of B, by hypothesis, m_(X) 
is a separable polynomial, so, by Corollary 5.1.5, Eo is a separable extension 
of Bo. Then, by the finite case, Ep is a separable extension of F. Since a is 
arbitrary, E is separable. Oo 


Theorem 5.1.9. A finite extension E of F is separable if and only if E is ob- 
tained from F by adjoining root(s) of a separable polynomial f (X) € F(X]. 


Proof. Eis obtained from F by successively adjoining finitely many elements. 
If one of them is not separable, then certainly E is not separable. If each of 
them is a root of a separable polynomial, then the theorem follows immediately 
from Corollary 5.1.5 and Theorem 5.1.8. Oo 


Lemma 5.1.10. Let E be an extension of F. Then 
F, = {a € E | a is separable over F} 


is a field intermediate between ¥ and E. 
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Proof. Leta, B € F,. Then @ is a simple root of m,(X) € F[X] € F(6)[X], 
so F(8)(@) = F(a, B) is separable over F(B). Also, F(8) is separable over F. 
Hence, by Theorem 5.1.8, F(a, 8) is separable over F. Thus a + 6 ¢€ F, and 
ap € F,. Also, ifa 4 0 then 1/a € F(a) so l/a € F,. Thus F, isafield. oO 


Definition 5.1.11. The field F, of Lemma 5.1.10 is called the separable 
closure of F in E. © 


We now turn our attention to inseparable extensions. 


Definition 5.1.12. Let E be an extension of F. An element a &€ E is purely 
inseparable over F if m,(X) = (X — a)” € E[X] for some m. The integer m 
is called the degree of inseparability of a. © 


Remark 5.1.13. If a € E is both separable and purely inseparable over F, then 
(m= 1and)a eF. © 


Lemma 5.1.14. Let a € E be purely inseparable over F with degree of insep- 
arability m. Thenm = p’ for some r. 


Proof. Write m = kp” with (k, p) = 1. Then, in E[X], 
my (X) = (X — ai? = (X — a?) = (XP — a) 
= (XP) —koP (XP)... € FLX] 
by the Binomial Theorem. Thus ka?” € F and soa? e¢€ F. Thus f(X) = 
XP?” — a?” © F[X] and f(X) divides my(X) in E[X] and hence in F[X], 


by Lemma 2.2.7. Since m,(X) is irreducible in F[X], ma(X) = f(X) and 
k=1. oO 


Corollary 5.1.15. [fa is purely inseparable over F, then (F(a) /F) =m = p" 
for some r. 


Proof. (F(a)/F) = deg ma(X). oO 


Definition 5.1.16. An extension E of F is purely inseparable if every a ¢ E 
is inseparable over F. © 


Lemma 5.1.17. Let E be an extension of F. If a € E is purely inseparable, 
then F(a) is a purely inseparable extension of E. 


Proof. First observe that m,(X) € FLX] factors as my(X) = (X — a)?’ in 
E[X], by Lemma 5.1.14, so (X — a)?” = X?’ —a?’ € F[X]anda=a’ €F. 
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Now let 6 € F(q@). If 6 € F, there is nothing to prove (as then mg(X) = 
X — B) so assume f ¢ F. Then 6 = 7") ba’ with b; € F (and m = p’), so 


m—1 r m— m— 
Bp _ (Sr bia')" = oo er’) = oa! Ee F, 
i=0 i=0 i=0 


so F = F(B”’) and hence F(f”’) C F(f). Then, by Lemma 5.1.4, B is insep- 
arable over F. (If 8 were separable over F, we would have F(8) = F(8?) = 
F((B?)?) = --- = F(B? ), a contradiction.) O 


Lemma 5.1.18. Let E be a purely inseparable extension of ¥. Then every a € 
E is purely inseparable over ¥. 


Proof. Leta € E. If a € F, there is nothing to prove, so let a ¢ F. Consider 
its minimum polynomial m,(X) and let p° be the highest power of p dividing 
all the exponents of the nonzero terms in m,(X). Then m,(X) = f(X”) 
for some polynomial f(X), and f(X) is irreducible as m,(X) is. Note that 
f'(X) # 0 as some term in f(X) has positive degree not divisible by p, so, 
by Proposition 3.2.2, f(X) is separable. Now a?” is a root of f(X), so a” is 
a separable element of E. Hence a = a” € F, and a satisfies the polynomial 
xX?" — a. Let f be the smallest integer with a’ = a?’ € KF. Then a’ ¢ F?, 
by Lemma 5.1.1, so, by Lemma 5.1.2, g(X) = XP’ — aq’ is irreducible, and 
g(a) = 0. Hence mz(X) = g(X) = X?! —a’ = (X —a)”” anda is purely 
inseparable (and f = e). oO 


Proposition 5.1.19. Let E be a purely inseparable extension of F and let B 
be any field intermediate between F and E. Then B is a purely inseparable 
extension of F and ¥ is a purely inseparable extension of E. 


Proof. Clearly B is a purely inseparable extension of F. 

Leta ¢ F. Then a has minimum polynomial m,(X) € F[X] which factors 
as (X — a)” € E[X]. Let m,(X) € B[X] be the minimum polynomial of a 
over B. Then m,(X) divides m,(X) in E[X], so mg(X) = (X — a)” for 
some m’, and @ is purely inseparable over B. Since a is arbitrary, E is purely 
inseparable over B. Oo 


Corollary 5.1.20. Let E be a finite, purely inseparable extension of F. Then 
(E/F) is a power of p. 


Proof. Let {a1,...,a,} be a basis for E over F, so E = F(qj,..., a,). We 
prove the corollary by induction on k. 

If k = 1, then E = F(q)) and the result is immediate from Corollary 
5.1.15. 
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Assume the result is true for k — 1, and let B = F(ay,...., a,_)). Since E 
is a purely inseparable extension of F, E is a purely inseparable extension of 
B and B is a purely inseparable extension of F, by Proposition 5.1.19. Since 
(E/F) = (E/B)(B/F), the result follows. oO 


Lemma 5.1.21. Let E be an algebraic extension of F and let ¥, be the sepa- 
rable closure of F in E. Then E is a purely inseparable extension of ¥F,. 


Proof. Suppose a € E is separable over F,. Then F,(q) is a separable exten- 
sion of F, and F, is a separable extension of F so, by Theorem 5.1.8, F,(q) is 
a separable extension of F, and then a@ € F, by the definition of F;,. a 


Corollary 5.1.22. Let E be an algebraic extension of F. Then there is a unique 
field B intermediate between F and E with B a separable extension of F and E 
a purely inseparable extension of B. 


Proof. Take B = F,. oO 


Note that Corollary 5.1.22 says that any algebraic extension of F can be 
obtained by first taking a separable extension, and then taking a purely insep- 
arable extension. 


Definition 5.1.23. Let E be an algebraic extension of F and let F, be the sepa- 
rable closure of F in E. Then (F, /F) is the separable degree of E over F and 
(E/F¥,) is the inseparable degree of E over F. © 


Remark 5.1.24. (1) Of course, (E/F) = (E/F,)(F;/F). 

(2) E is a separable extension of F if and only if E = F,, or, equivalently, 
if and only if (F,/F) = (E/F). 

(3) E is a purely inseparable extension of F if and only if F; = F, or, 
equivalently, if and only if (F,/F) = 1. 

(4) By Corollary 5.1.20, (E/F;) is a power of p. 

(5) If (E/F) is relatively prime to p, then E is a separable extension of F (as 
in this case (E/F,), which is a power of p, divides (E/F), which is relatively 
prime to p, so we must have (E/F,) = 1 and hence E = F;). ° 


Remark 5.1.25. Observe that every purely inseparable extension of F is nor- 
mal. (If w € E is purely inseparable, then m,_(X) = (X — a)” € E[X]isa 
product of linear factors.) © 


Theorem 5.1.26. Let B be a purely inseparable extension of F and let E be a 
purely inseparable extension of B. Then E is a purely inseparable extension 
of F. 
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Proof. Let a € E and let m,(X) € B[X] be the minimum polynomial of @ 
over B. Let Bo be the extension of F obtained by adjoining the coefficients 
of m,(X) to F. Then F C Bo € B so Bo is purely inseparable over F by 
Proposition 5.1.19, and Bo is certainly a finite extension of F. We now use 
Theorem 5.2.1 below to conclude that Bo is the splitting field of a polynomial 
F(X) € FLX]. Let {B), ..., B,} be the roots of f(X), so Bo = F(f;, ..., Bx). 

Note also that m,(X) = (X — a)” € E[X], so q@ is purely inseparable 
over Bo. 

Let Epo be a splitting field of m,(X) € FLX] with F(a) C Epo. Let a’ € Ep 
be any root of m,(X). Since m,(X) is irreducible, by Lemma 2.6.1 there is 
ao: F(a) — F(a’) with o | F = id and o(a) = a’. Since Bo is the split- 
ting field of f(X), by Lemma 2.6.3 o extends to a0: F(a)(fi,..., Bk) > 
F(a’, B1,..., Be). Now F(a) (Bi, ..., Bx) = F(Bi, ..-, Be) (@) = Bo(@). Sim- 
ilarly, F(a’, B,,..., Bk) = Bo(a’). Now o(B;) = B; as o must take a root 
of mg,(X) to a root of mg,(X), and B; is the only root of mg,(X). Hence 
o | Bo = id. Thus o: Bo(a) > Bo(a’) with o | Bo = id, o(a) = a’. 
Then 0 = 0 (0) = o(ma(a)) = my(o(@)) = M,(a’). But @ is purely insepa- 
rable over Bo so the only root of m,(X) is a. Hence a’ = o(a) = a, and sow 
is the only root of m,(X) and hence a is purely inseparable over F. Since @ is 
arbitrary, E is purely inseparable over F. o 


We now extend the second part of Definition 5.1.12. 


Definition 5.1.27. Let E be an algebraic extension of F and let a € E. The 
degree of inseparability i (a) is the multiplicity of a as a root of m_(X). 


Lemma 5.1.28. (1) i(a) is independent of E. 
(2) If a and a’ are two roots of the irreducible polynomial f (X) € F[X] 
in EK, then i(a) = i(a’). 


Proof. (1) Let E’ > E,i = i(a) in E, i’ = i(@) in E’. In E[X], m,(X) = 
(X ~a)'g(X) with g(X) relatively prime to X — a, and then g(X) is relatively 
prime to X — a in E’[X] as well (Lemma 2.2.7), so i’ =i. 

(2) By Lemma 2.6.1, there is an isomorphism o: F(a) — F(a’) with 
o | F = id and o(@) = a’. Then o(f(X)) = f(X), and also if we write 
f(X) = (X —a)'2(X) € F(a)[X] with g(a) ¥ 0, then we see that f(X) = 
(X — a’)! g(X) € F(a’)[X] with g(a’) £ 0. oO 


Lemma 5.1.29, Let E be an algebraic extension of F and let a € E. Then i(a) 
is a power of p. More precisely, i(a) is the highest power of p dividing the 
exponent of every nonzero term in m,{X). 
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Proof, Let p" be the highest power of p such that f(X) = g(X”’), g(X) € 
F[X]. Since m,,(X) is irreducible, so is g(X), and 9’(X) # 0, so g(X) is 
separable (Proposition 3.2.2) and hence a?’ is a simple root of g(X). Hence 
g(X) = (X —a@”’ )h(X) with h(a’) 4 0, i.e., with X —a?" not dividing h(X). 
Thus, one the one hand, X?’ —a?’ = (X —a)?”’ divides f (X) and, on the other 
hand, this is the highest power of X — a dividing f(X). a 


Corollary 5.1.30. Let E be an algebraic extension of F and let a € E. If 
M,(X) splits in E[X], then 


Mag(X) = (X — a)? ++ (X — ay)” 


with a; = a for some i, p" = i(a), and kp" = degm,(X). Qo 


5.2 Normal Extensions 


In this section we investigate normal extensions. 


Theorem 5.2.1. E is a finite normal extension of ¥ if and only if E is the split- 
ting field of a polynomial f (X) € F[X]. 


Proof. If E is normal and {e,,...,€,} is a basis for E over F, then 
m,,(X) € F[X] splits into a product of linear factors for each i, so f(X) = 
m,,(X)+++m_,(X) € FLX] splits into a product of linear factors, and then E 
is the splitting field of f(X), as any field in which f(X) splits must contain 
{€1,...,€}. 

Suppose now that E is the splitting field of f(X) € F[X] and leta,,..., a, 
be the roots of f(X) in E, so E = F(qy,..., a). Let g(X) € F[X] have a root 
B € E. We need to show g(X) splits into a product of linear factors in E[X]. 
Clearly it suffices to consider the case that g(X) is irreducible. 

Let E > E be a splitting field of the irreducible polynomial g(X) and let 
B € Ebe a root of g(X). 

Then, by Lemma 2.6.1, there is a unique isomorphism ao: F(sB) > F() 
with o(f) = B and o | F = id. 

Now E is a splitting field for f(X) over F(f) and E(B) = F(a, ..., a, 
B) is a splitting field for f(X) over F() so by Lemma 2.6.3 there is an iso- 
morphism t: E = E(s) > E(B) extending o, and hence with t(8) = B. 

Now t extends 0, which is the identity on F, so t is itself the identity on 
F. Thus t permutes {a,, ..., a}, as it must take any root of f(X) to a root of 
F(X). Since 8 € E = F(aqj,..., ax), B = h(a, ...,@,) for some polynomial 
A(X1,..., Xe) € F[X1,..., Xz]. Then B = (8B) = t(h(a,...,a%)) = 
h(t(q@1),..., T(az,)) so B EE. o 
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Corollary 5.2.2. Let E be a normal extension of F and leto: B > B’ be 
any isomorphism of fields B and B’ intermediate between E and F such that 
o | F = id. Then o extends to an automorphism o: E> E. 


Proof. First, suppose that E is a finite extension of F. Then E is the splitting 
field of a polynomial f(X) € F[X]. We may regard E as the splitting field 
of f(X) € B[X] and note that o( f(X)) = f(X). Then the corollary follows 
immediately from Lemma 2.6.3. 

The general case then follows by a Zorn’s Lemma argument. (See the proof 
of Theorem 5.4.2 below.) oO 


Definition 5.2.3. Let E be an algebraic extension of F. An extension D of E is 
anormal closure of E if D is a normal extension of F but no field intermediate 
between D and E is a normal extension of F. © 


Lemma 5.2.4. Every algebraic extension E of F has a normal closure D, and 
any two normal closures of E are isomorphic. 


Proof. First, suppose E is a finite extension of F. Let E = F(q@,..., a) 
and let f(X) = mg, (X)--+mg,(X). Let D D> E be a splitting field of f(X). 
Then D is a normal extension of F by Theorem 5.1.1, and f(X) does not 
split in any proper subfield of D containing E, so D is a normal closure of 
E. Furthermore, D is unique up to isomorphism as any two splitting fields of 
Ff (X) are isomorphic (Lemma 2.6.4). 

The general case then follows by a Zorn’s Lemma argument. Q 


Corollary 5.2.5. Let E be a separable extension of F. Then the normal closure 
D of E is a Galois extension of F. 


Proof. First, suppose E is a finite extension of F. Then, following the proof of 
Lemma 5.2.4, D is a splitting field of the separable polynomial f(X) and so, 
by Theorem 3.7.14, D is a Galois extension of F. 

The general case then follows from Corollary 5.4.3 below. Oo 


This corollary justifies the following definition. 


Definition 5.2.6. Let E be a separable extension of F. A normal closure D of 
E is called a Galois closure of E. © 


Remark 5.2.7. (1) Note that if E is normal over F and B is an intermediate field 
between F and E, then E is normal over B, but B need not be normal over F. 
E is normal over B as for any a € E, m,(X) splits into linear factors in E, and 
hence m,(X), the minimum polynomial of a over B, which divides m,(X), 
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also splits into linear factors in E. On the other hand, if E = Q(a, /2) is the 
splitting field of X? ~ 2 € Q[X], and B = Q(/2), F = Q, then E is normal 
over B but B is not normal over F. 

(2) If B is a normal extension of F and E is a normal extension of B, then 
E need not be a normal extension of F. Taking F = Q, B = Q(/2), and 
E = Q(V/2) provides an example of this. © 


Now we turn to inseparable extensions. We first recall from Remark 5.1.25 
that a purely inseparable extension is automatically normal. 


Lemma 5.2.8. Let E be a normal extension of F. Then E is separable if 
and only if Fix(Gal(E/F)) = F, and E is purely inseparable if and only if 
Fix(Gal(E/F)) = E, or, equivalently, if and only if Gal(E/F) = {id}. 


Proof. The first claim is immediate from the fact that E is a Galois extension 
of F if and only if E is normal and separable (Theorem 2.7.14 in case (E/F) 
is finite and Theorem 5.4.2 below in case (E/F) is infinite). 

For the second claim, first suppose that (E/F) is finite. Suppose next that E 
is a purely inseparable extension of F. Leta ¢€ E. Then m,(X) = (X —q@)” in 
E[X] for some m. Now for any o € Gal(E/F), o (a) is also a root of m,(X). 
But the only root of m,(X) is a, soo (a) = a. Since @ is arbitrary, 0 = id. 

The general case follows by a Zorn’s lemma argument. 


Conversely, let E be normal and finite over F, and suppose that E is not 
purely inseparable over F. Then there is an @ € E such that m,(X) has (at 
least) two distinct roots a and a’. By Lemma 2.6.1 there is aa: F(a) > 
F(a’) with o(a@) = a’ and, by Corollary 5.2.2, 0 extends toa: E > E with 
6(a) =a’ ando | F = id, soo € Gal(E/F) ando F id. a) 


We have seen in Section 5.1 that any algebraic extension may be obtained 
by first taking a separable extension and then taking a purely inseparable ex- 
tension. In the case of a normal extension, the order may be reversed. 


Proposition 5.2.9. Let E be a normal extension of F. If ¥; = Fix(Gal(E/F)) 
then F; is a purely inseparable extension of F and E is a separable extension 
of F;. Furthermore, E is a Galois extension of F; and Gal(E/F;) = Gal(E/F). 


Proof. By definition, if G is a group of automorphisms of E, then E is a Galois 
extension of Fix(G). Apply that here with G = Gal(E/F). Then E is a Galois 
extension of F; and hence E is a separable extension of F (Theorem 2.7.14 in 
case (E/F;) is finite and Theorem 5.4.2 below in case (E/F;) is infinite). 
Now we consider the extension F; of F. If F; is not purely inseparable then, 
as in the proof of Lemma 5.2.8, there is an element a € F; and an isomorphism 


150 5 Further Topics in Field Theory 


oa: F(a) > F(a’) witho | F = id and o(@) = a’ 4 a. Then, by Corollary 
5.2.2, 0 extends too: E > E witha | F = id,ie., tog € Gal(E/F) with 
o(a) # @, contradicting the definition of F;. oO 


In fact, in this situation we may say more. Recall that F, was defined in 
Definition 5.1.11 and characterized in Corollary 5.1.22. 


Theorem 5.2.10. Let E be anormal extension of ¥. Then F, and ¥; are disjoint 
extensions of F and E = F,¥;. Furthermore, ¥, is a Galois extension of F and 
Gal(F,/F) = Gal(E/F;). Also, (E/F;) = (F,/F) and (E/F,) = (F;/F). 


Proof. Leta € F, 1 F;. Then a is both separable and purely inseparable over 
F, so, by Remark 5.1.13, a € F. Thus F, and F; are disjoint extensions of F. 

Let a € F,. Then a has separable minimum polynomial m,(X). Since 
E is a normal extension of F, m,(X) splits into a product of linear factors 
(X —a,)---(X —a@;) in E[X]. But each qa; is a root of a separable polynomial, 
namely m,(X),s0 a; € F, for eachi, and hence m,(X) splits into a product of 
linear factors (X —a,)--- (X —a,) in F,[X]. Thus F, is a normal and separable 
extension of F, so is a Galois extension of F (by Theorem 2.7.14 in case E is 
a finite extension of F, and by Theorem 5.4.2 below in general). 


Suppose that E is a finite extension of F. By Theorem 3.4.6, Gal(E/F;) is 
isomorphic to a subgroup of Gal(F,/F). But let o € Gal(F,/F). Now Eis a 
purely inseparable extension of F,, so it is a normal extension of F (Remark 
5.1.15) and hence it is the splitting field of some polynomial f(X) € F[X] 
by Theorem 5.2.1. Hence, by Lemma 2.6.3, o extends to an automorphism 
of E, i.e., to an element of Gal(E/F) = Gal(E/F;), so these two groups are 
isomorphic. But then also 


(E/F) = (E/F;)(Fi/F) = (E/F;) (Fs /F) 


giving the claimed equalities between the degrees of the extensions. Further- 
more, since F, is a Galois extension of F, we have from Theorem 2.4.5 that 


(FF; /F) = (F;/F)(Fi/F) = (E/F), 


so FF; = E. 

Now for the general case. Let a € E and let Eg C E be the splitting 
field of m,(X). Then Ep is a finite extension of F, so we may apply the above 
argument to Eo, F; M Eo, and F; M Eo. Then we may apply Zorn’s Lemma 
to obtain the conclusion of the theorem for E. (The final point to see is that 
we have equalities among the degrees even if they are not all finite, when 
we cannot simply use the argument above. But (E/F,) < (F;/F) by Lemma 
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2.3.4. If we did not have equality, then there would be some nontrivial linear 
combination of basis elements of E over F, that would be zero, and this linear 
combination would involve only finitely many basis elements and hence would 
have coefficients in some finite extension of F, contradicting equality of the 
degrees in the finite case.) Qo 


5.3 The Algebraic Cslosure 


In this section we show that every field F has an algebraic closure F that is 
unique up to isomorphism. 


Definition 5.3.1. A field E is algebraically closed if the only algebraic exten- 
sion of E is E itself. 2 


Lemma 5.3.2. The following are equivalent: 

(1) E is algebraically closed. 

(2) Every nonconstant polynomial f(X) € E[X] is a product of linear 
factors in E[X]. 

(3) Every nonconstant polynomial f (X) € E[X] has a root in E. 


Proof. (1) implies (2): Let E be algebraically closed. Let f(X) € E[X] be 
irreducible. Then f(X) has a root a in some algebraic extension E(q@) of E. 
But E(a) = E by assumption, so X — a divides f (X) in E and hence f(X) = 
X — a. Now let g(X) € E[X] be arbitrary. Then g(X) splits into a product of 
irreducible and hence linear factors in E, yielding (2). 

(2) implies (1): Let a be an element of some extension of E with a alge- 
braic over E. Then m,(X) = E[X] splits into a product of linear factors in E, 
one of which must be X — a. Hence a@ € E, yielding (1). 

(2) implies (3): Let f(X) € E[X]. Then f(X) = (X — a )---(X — ag) 
for some aj,...,a% € E, so f(a) = 0, yielding (3). 

(3) implies (2): By induction on k = deg f(X). For k = 1 this is trivial. 
Assume it is true for k — 1 and let f(X) have degree k. Then f(X) has a root 
a, so f(X) = (X — a1)g(X) with deg g(X) = k — 1. By the inductive hy- 
pothesis g(X) = (X —a2)---(X —ay) for some a2, ..., a, and then f(X) = 
(X — ay)(X — a2) +++ (X — ax), yielding (2). oO 


Definition 5.3.3. Let F be a field. An algebraic closure F of F is an algebraic 
extension of F that is algebraically closed. © 


Theorem 5.3.4. Let F be an arbitrary field. Then ¥ has an algebraic closure 
F and ¥ is unique up to isomorphism. 
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Proof. Both existence and uniqueness are Zorn’s Lemma arguments. 

The idea of the proof is clear. We wish to take the set of all algebraic ex- 
tensions of F, order this set by inclusion, use Zorn’s Lemma to conclude this 
set has a maximal element, and show this maximal element is an algebraic 
closure of F. But, in carefully considering this argument, set-theoretic difficul- 
ties appear, as, a priori, it is not clear what inclusion means. (We can say, for 
example, that Q(V2) CG Q./2, /3) as we can regard these both as subfields 
of C. But this is because we already know that C exists. In the abstract, what 
we mean by this inclusion is the following: Let F, be the field obtained from 
Q by adjoining an element a with a? = 2 and let F be the field obtained from 
Q by adjoining elements f; and £2 with 6? = 2 and B} = 3. Then there is 
amapo: F,; — F» given by o(@) = f; and using this map we may identify 
F, with a subfield of F2. But this is not quite the same thing as saying that F, 
is a subset of F.) The way out of this dilemma is to assume that all fields we 
need to consider are contained in some universal set. (Note we cannot assume 
they are all contained in some universal field as that would be presuming the 
existence of the algebraic closure, which is what we are trying to prove.) 


Thus we proceed as follows in order to show the existence of F. 

Given a set U/, and a field E, we shall write E C U if E is a subset of U. 
Then the field operations (addition, multiplication, inversion) are defined on 
this subset of 2/. For two such fields E,; and E>, we shall write E; € E, if 
E,; C & as subsets of U/ and the restrictions of the field operations on E to 
E, agree with the field operations on E}. 

We now set U = 2F, the set of subsets of F. If F is infinite we let / = U. 
If F is finite we let ¢ = 2, Regard F C U by identifying a with {a}, a € F, 
if F is infinite, or with {{a}}, if F is finite. 

As is well known, for any set A, the cardinality of 24 is greater than the 
cardinality of A, so the cardinality of F is less than the cardinality of U/. Fur- 
thermore, by construction, U/ is uncountable. 


Let 
S = {algebraic extensions E of F with E C U4} 


and order S by inclusion. Then every chain has a maximal element: If E; © 
E, C ---, then E = UE; is algebraic. (Any a € E is an element of some E; 
and hence is algebraic over F.) Hence, by Zorn’s Lemma, S has a maximal 
element F. 


Claim: F is algebraically closed. 
Proof of claim: Let F € F with F an algebraic extension of F. Then, by 


Theorem 2.4.12, F is an algebraic extension of F. To complete the existence 
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part of the proof we must show that it is possible to embed F in U/. Assuming 
that, by the maximality of F we must have that this image is just F, and then 
F = F, so we see that F is algebraically closed. 


Claim: Let E be an algebraic extension of F. If F is finite, E is finite or 
countably infinite. If F is infinite, E has the same cardinality as F. 

Assuming this claim, F C U/ is a set of smaller cardinality than that of U/ 
and F Cc F with F also a set of smaller cardinality than U/, so we may choose an 
arbitrary embedding of F — F inU/ asa set and then define the field operations 
on this set to agree with those on F. 


Proof of claim: We consider the set P of all monic polynomials in FLX]. 
Then P = J, Py, where P,, is the set of all monic polynomials of degree 
n. Now there is a bijection between F” and ?,, given by (ao, ..., @n—1) <> 
ao tay X +---+a,_,;X""! 4+ X". If F is finite, so is F” for each n, and hence 
P is countable union of finite sets and so is countable. If F is infinite, then F” 
has the same cardinality as F for each n, and then P is a countable union of 
such sets, so also has the same cardinality as F. 

Now if E is an algebraic extension of F, we have a map p: E — P given 
by p(a) = m,(X). Then p is a finite-one mapping as if p(a@) = f(X), then 
f(a) = 0, and any polynomial only has finitely many roots. But, in general, if 
p: A — Bisa finite-to-one mapping of the set A onto the infinite set B, then 
the cardinality of A is equal to the cardinality of B. 


This completes the proof of the existence of F. Now we must show that F 
is unique up to isomorphism. 
Thus let F; and F2 be two algebraic closures of F. Let 


S={(E,o) |ECF,, 0: E> Fy} 


where o is a map of fields. 

Order S by (Ey, 01) < (Eo, 02) if Ey © Ey and o2 | E; = oj. Again by 
Zorn’s Lemma every chain has a maximal element so S has a maximal element 
(Fi, 6). 

Claim: F, => F,. 

Proof of claim: Suppose not, and let a € F,, a ¢ F,. Let &(F\) 4 F, Cc 
F). Since a is algebraic over F, it is algebraic over F,, so let My, (X) € F, (X) 
be its minimum polynomial over F;. Since F) is algebraically closed, there 
is a root a2 of o(Ma, (Xx ))i in F,. Then, by Lemma 2.6.1, 6 extends to a map 
T Fi (a) > F(a) C F, (with Z(a;) = a2), contradicting the maximality 
of F,. Thus F, = = F, and we have a map oc: F, > Fy. 

As o is a map of fields, it is injective. To complete the proof we must show 
it is surjective. Let By € F>. Then , is algebraic over F, so it is algebraic over 
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o(F)). But o (Fj) is algebraically closed so B2 € o(F;), i.e., Bo = o(f,) for 
some f; € Fj, as required. oO 


We now wish to examine some concrete algebraically closed fields. But 
first we shall prove a lemma that enables us to weaken the hypotheses in 
Lemma 5.3.2. 


Lemma 5.3.5. Let E be an algebraic extension of ¥. Then E is algebraically 
closed if and only if every polynomial f(X) € F[X] is a product of linear 
factors in E[X]. IfE is a normal extension of ¥, then E is algebraically closed 
if and only if every polynomial f (X) € F[X] has a root in E. 


Proof. First, let E be an algebraic extension of F. Then the “only if” part is 
clear. For the “if’ part, let a be algebraic over E. Then E(q) is an algebraic 
extension of E (Corollary 2.4.9) and E is algebraic over F (by hypothesis), 
so E(q@) is algebraic over F (Theorem 2.4.12). Hence @ is a root of mg(X) € 
F[X]. But m,(X) = (X — a1)---(X —a,) in E[X], sow = a; € E for some 
i. Now if E is a normal extension of F, then by definition, any polynomial in 
F[X] with a root in E splits into a product of linear factors in E[X], so we are 
back in the previous case. a 


Theorem 5.3.6. The field of rational numbers Q has an algebraic closure Q 
that is a subfield of the field of complex numbers C. 


Proof. Let f(X) € Q[X] be an arbitrary irreducible polynomial and let E 
be a splitting field of f(X). Let G = Gal(E/Q), and let H be the 2-Sylow 
subgroup of G. Set B = Fix(#). Then E is a Galois extension of B with 
Galois group H. Also, d = [G : H] = (B/Q) is odd. By Corollary 3.5.3, 
there is an element a of B with B = Q(a). Then mg(X) € Q[X] is a monic 
irreducible polynomial of odd degree d. 

By elementary calculus, m,(X) has a real root xg. (Proof: lim,-,—.5 mMa(x) 
= —CO, SO Mg(x_) < 0 for some x_ ¢€ R, and lim,_,.m,g(x) = co, so 
My(x+) > O for some x, € R. Then, by the Intermediate Value Theorem, 
Mg (Xo) = 0 for some xp € R.) 

Let B’ = B(xo) C R. Then f(X) has a splitting field E’ > B’. Let H’ = 
Gal(E’/B’). By Corollary 3.4.6 (the Theorem on Natural Irrationalities), H’ is 
isomorphic to a subgroup of H, so H’ is also a 2-group. Thus, by Corollary 
A.2.3, there is a sequence H’ = Hj D> Hj D--- D H, = {1} with [Aj-1: 
H;| = 2, and, setting E; = Fix(H/), B’ = Ej C E, c ...E, = E’ with 
(E;/E;_,) = 2. In other words, for each i, E; is a quadratic extension of E;_,, 
ie., E; = E;_,(./a;) for some a; € E;_,. But if F C C and D = F(./z) 
for some z € F, then D is isomorphic to a subfield of C. df z = re? D= 
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F(./re'*/*).) Thus, proceeding inductively, we see that {(X) has a splitting 
field that is a subfield of C. 

Now let { f;(X)} be the set of all monic irreducible polynomials in Q[X] 
and let E; C C be the splitting field of f;(X). Let Q be the composite of {E;}. 
Then Q is algebraic over F and every f(X) € Q[X] splits in Q, so, by Lemma 
5.3.5, Q is an algebraic closure of Q. a 


Actually, a similar argument enables us to prove a stronger result. 


Theorem 5.3.7. (Fundamental Theorem of Algebra) The field of complex 
numbers C is algebraically closed. 


Proof. First, observe that it suffices to prove that every polynomial f(X) € 
R[X] has a root in C. On the one hand, this follows directly from Lemma 5.3.5, 
but on the other hand, we have the following direct argument in this case: Let 
g(X) € C[X] be an arbitrary polynomial, and set f(X) = g(X)g(X). Then 
F(X) € R[X]. If f(X) has a root y, then g(y) = 0, in which case y is a root 
of g(X), or g(v) = 0, in which case g(7) = 0 and y is a root of g(X). 

Thus let f(X) € R[X] be an arbitrary irreducible polynomial and let E 
be a splitting field of f(X). Let G = Gal(E/R), and let H be the 2-Sylow 
subgroup of G. Set B = Fix(#). Then E is a Galois extension of B with Galois 
group H. Also, d = [G : H] = (B/Q) is odd. By Corollary 3.5.3, there is 
an element a of B with B = R(qa). Then m,(X) € R[X] is an irreducible 
polynomial of odd degree d. But, by the same elementary calculus argument 
as in the proof of Theorem 5.3.6, m,(X) has a real root x9. Thus (X — xo) 
divides m,(X). Since m,(X) is irreducible, we must have m,(X) = (X — Xo), 
and sod = 1 andB=R. 

Then E is a splitting field of f(X) with (E/R) = 2” for some n, and, 
arguing as in the proof of Theorem 5.3.6, we see that E is isomorphic to a 
subfield of C, so f(X) has a root in C, and we are done. o 


Remark 5.3.8. (1) Q has an algebraic closure Q < CbutQ 4 Cas Qis 
countable, being an algebraic extension of Q, but C is uncountable. 

(2) Theorem 5.3.7 implies Theorem 5.3.6, for, once we know C is alge- 
braically closed, it is easy to see that {z € C | zis algebraic over Q} is an 
algebraic closure of Q. This field is known as the field of algebraic numbers. 

(3) The Fundamental Theorem of Algebra cannot have a purely algebraic 
proof, as the definitions of R and C are not purely algebraic. We have given 
a proof that uses only a minimum of analysis (the argument from elementary 
calculus given in the proof of Theorem 5.3.6). But this important theorem has 
many proofs. Here is one well-known proof that uses results from complex 
analysis: 
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Let f(X) € C[X] be a nonconstant polynomial, f(X) = yan a; X'. Then 
for any z € C, | f(z)| = lanl lzl" — es |a;||z|' from which it easily follows 
that there is an A such that jz| > A implies | f(z)| => 1. Now suppose f(X) 
does not have a root in C. Consider g(X) = 1/f(X). Then |g(z)| < 1 for 
|z| = A. On the other hand, {z | |z| < A} is a compact set so there is a 
C with |g(z)| < C for all Z with |z| < A. Thus g(z) is a bounded analytic 
function and hence, by Liouville’s theorem, a constant. But that implies f(z) 
is a constant, which is absurd. ° 


5.4 Infinite Galois Extensions 


In this section we will consider infinite algebraic extensions. Our main goals 

will be to show that Theorem 2.7.14 and Theorem 2.8.8 (the Fundamental 

Theorem of Galois Theory) have appropriate generalizations to this case. 
First, we must generalize Lemma 2.6.3. 


Lemma 5.4.1. Let E be a normal extension of F and let 0: B — B’ be any 
isomorphism with o | F = id, where B and B’ are any fields intermediate 
between F and E. Then o extends to an automorphism of E, i.e., to an element 
of Gal(E/F). 


Proof. This is an application of Zorn’s Lemma. Let 
S$={D,1)|BCD, t:D—-D, t|B=0}. 


Order S by (D), t1) < (Do, Tt) if Dy C Dy» and t2 | D; = 1. Then every 
chain {(D;, t;)} in S has a maximal element (D, T) given by 


D= U D;, t(d) =1(d) ifd € Dj. 


Hence by Zorn’s Lemma S has a maximal element (Eo, t)). We claim 
Eo = E. Suppose not and leta € E, a ¢ Eo. Consider its minimum polyno- 
mial m,(X) over F. Since m,(X) € FLX], to(m,(X)) = my (X). 

Now consider m,(X) as an element of Eo[X], and let E,; C E be the 
splitting field of m,(X) over Ep. Note Eg C E), asa ¢ Ep but a € E,. Then, 
by Lemma 2.6.3, there is an automorphism tT, of E, extending to, contradicting 
the maximality of (Eo, t9). oO 


Now we generalize Theorem 2.7.14. 
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Theorem 5.4.2. Let E be an algebraic extension of ¥. The following are equiv- 
alent: 

(1) E is a Galois extension of F. 

(2) E is a normal and separable extension of ¥. 

(3) Every field B intermediate between F and E with B a finite extension of 
F is contained in a field D intermediate between E and F that is the splitting 
field of a separable polynomial in F(X], or, equivalently, that is a finite Galois 
extension of F. 


Proof. Although this not the logically most economical proof, we shall first 
show that (1) and (2) are equivalent and then that (3) is equivalent to both of 
these. 

First, we show that (1) implies (2). Let a € E. Then a is algebraic over F, 
so has minimum polynomial m,(X). Let {a;, ..., a,} be the roots of my(X) in 
E, with a, = a. For any o € Gal(E/F), m,(o(@)) = o(mg(a)) = o (0) = 0 
so o(a) € {ay,...,a%}, and thus the action of Gal(E/F) is to permute 
{o1,...,Q%}. Consider f(X) = []f_,(X — aj). This polynomial is invari- 
ant under Gal(E/F) so f(X) € F[X], as E is a Galois extension of F. If 
g(X) € FLX] is any polynomial with g(~) = 0, then by the same logic 
g(a;) = 0 for each i, so f(X) divides g(X) in E[X] and hence in F[X]. 
Thus f (X) is irreducible and so f (X) = m,(X). Hence m,(X) is a separable 
polynomial that splits in E. 


Next, we show that (2) implies (1). Let a € E, and consider my(X) € 
F[X]. Then m,(X) = ii baer —a;) in E[X] for some {aj,..., a} witha, = 
a. Thus if we let B = F(a, ..., a%), we have that m,(X) = 1 babe. — a) 
in B[X]. Thus we see that B is a finite extension of F and B is the split- 
ting field of a separable polynomial, so B is a Galois extension of F. Hence 
Fix(Gal(B/F)) = F. Now let a ¢ F. Thena ¢ Fix(Gal(B/F)), and so there 
is an automorphism o of B with o|F = id and with o(@) #4 a. By Lemma 
5.4.1, o extends to an element t € Gal(E/F), and t(a) = o(a) a, soa ¢ 
Fix(Gal(E/F)). Hence, asa ¢ F is arbitrary, we have that Fix(Gal(E/F)) = F, 
i.e., E is a Galois extension of F. 

Next, we show that (2) implies (3). Since B is finite, B = F(a), ..., a) for 
some finite set {a1,..., a}. Then my,(X),i = 1,...,k, are all separable, and 
all split in E. Let D be the splitting field of the polynomial my, (X)- ++ mq,(X). 
Then B CD C E and Dis a finite extension of F that is the splitting field of a 
separable polynomial. 

Finally, we show that (3) implies (1). Leta € E,a ¢ F. Let B = F(a). 
Then B is a finite extension of F, so B C D where D is the splitting field of a 
separable polynomial f(X) € FLX]. (in fact, we may take f(X) = m,(X).) 
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Thus D is a Galois extension of F, so there is an automorphism o € Gal(D/F) 
with o(a@) 4 a. By Lemma 5.4.1, o extends to an element t € Gal(E/F), and 
tT(a) = o(a) 4 a, soa ¢ Fix(Gal(E/F)). Hence, as a ¢ F is arbitrary, we 
have that Fix(Gal(E/F)) = F, i.e., E is a Galois extension of F. o 


Corollary 5.4.3. Let E be an algebraic extension of F. The following are 
equivalent: 

(1) E is a Galois extension of F. 

(2) E is the splitting field of a set of separable polynomials in FLX]. 


Proof. Suppose that E is a Galois extension of F. Then, by Theorem 5.4.2, E 
is normal and separable. Thus for every a € E, ma(X) € F[X] is a separa- 
ble polynomial that splits in E[X]. Then E is the splitting field of the set of 
separable polynomials {m,(X) | a € E}. 

On the other hand, let E be the splitting field of {f;(X)}ie;, a set of sep- 
arable polynomials in F[X]. First, observe that any € € E is contained in the 
splitting field of a finite subset of {fj (X)}iez. 

Now let B be any field intermediate between F and E that is a finite exten- 
sion of F. Then B = F(e€),..., €,) for some finite set of elements {€1,..., €,} 
of E, so, by the above observation, B is contained in the splitting field D C E 
of a finite subset {f|(X),..., #,(X)} of {f;(X)}ie7. Then D is the splitting 
field of the separable polynomial f(X) = f\(X)--- f;(X) € FLX], so, by 
Theorem 5.4.2, E is a Galois extension of F. oO 


Corollary 5.4.4. Let E be a Galois extension of F and let B be any field inter- 
mediate between ¥ and K. Then E is a Galois extension of B. 


Proof. This follows from Theorem 5.4.2. We restate condition (3) of this 
theorem in order to avoid confusion of notation: Every field A intermediate 
between F and E with A a finite extension of F is contained in a field D inter- 
mediate between E and F that is the splitting field of a separable polynomial. 
We want to show this remains true when F is replaced by B. 


Let A be a finite extension of B, so that A = B(a,...,a,). Let A’ = 
F(a, ...,@,). We claim that A’ is a finite extension of F. (Of course, if B is 
a finite extension of F, then A is a finite extension of F and A’ C A, so this 
is clear, but we need to prove this also in case B is not a finite extension of 
F.) Since A’ = F(a) ---F(a,), in order to prove this it suffices to prove that 
F(q;) is a finite extension of F, for each i. Thus, fix i and consider F(q;). Let 
M,y,(X) € B[X] be the minimum polynomial of a; regarded as an element of 
B. Let B; be the field obtained by adjoining the coefficients of m,,(X) to F. 
Then B; (a) is a finite extension of B; and B; is a finite extension of F, so B; (a;) 
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is a finite extension of F, and F(a@;) € B;(a@;), so F(q;) is a finite extension of 
F, as claimed. 

Then, arguing as in the proof of Corollary 5.4.3, A’ ¢ D’ C E, where 
D’ is an extension of F that is the splitting field of a separable polynomial 
f (X) € F[X]. But A = BA’ C BD’, and BD’ is an extension of B that is the 
splitting field of the separable polynomial f(X) € B[X], as required. Oo 


In order to generalize Theorem 2.8.8, the FTGT, we must introduce a 
topology on the Galois group. 


Definition 5.4.5, Let E be an algebraic extension of F, and let G = Gal(E/F). 
The Krull topology on E is defined as follows: The identity element of G has 
a neighborhood basis {Ug = Gal(E/B) | B is a finite extension of F}. An 
element o € G has neighborhood basis {o Ug}. ° 


Remark 5.4.6. We explicitly observe that t € Ug if and only if t | B = id, and 
t € oUs if and only if tr | B=o | B. © 


Remark 5.4.7. If E is a finite extension of F, then we may let B = E in the 
above definition and we see that every element o of G has a neighborhood 
consisting of o alone. In other words, in this case G has the discrete topology. 
All of the results in this section remain true in this case, but the topology on G 
yields no additional information. © 


Definition 5.4.5 is not complete until we show these sets define a topology 
on G. In fact we show a bit more. 


Proposition 5.4.8. The sets {o Ug} define a topology on G. Under this topol- 
ogy, G is a topological group. 


Proof. Let U; = Upg,, i = 1, 2, and let U3 = U; M U2. Let B3 = B, Bo. Then 
B; is a finite extension of F, and, by Proposition 2.8.14, Bz; = Fix(U; NU2) = 
Fix(U3). Furthermore, it is easy to check that if o ¢ U3, then o | B; is not the 
identity. Hence U3 = Gal(E/B3), i.c., U3 = Ug,. This shows that {Ug} form 
a neighborhood basis of the identity, and hence that {o Ug} form a basis for a 
topology on G. 

Note that if o € G, then cUgo—! = Uz and o (B) is a finite extension 
of F. Then Ugo = o (0 'Ugo) = oU,-1p) 80 


{oUp | o € G, B/F finite} = {Ugo | o € G, B/F, finite} 


so, in defining the topology, we may take left cosets, right cosets, or both left 
and right cosets. 


160 5 Further Topics in Field Theory 


To show G is a topological group we must show multiplication and in- 
version are continuous. If m = G x G — G is multiplication, and otU is a 
neighborhood of ot, then m~!(atU) D (o (tUt~!)) x (tU), a neighborhood 
of (a, tT) in G x G, and if i: G > G is inversion, and o~'U is a neighbor- 
hood of o~!, then i-!(0-!U) = U~!a-! = Uo™, a neighborhood of a7! 
in G. oO 


Lemma 5.4.9. Let E be a Galois extension of ¥ and let B be any field inter- 
mediate between F and E. Then the Krull topology in Gal(E/B) is the induced 
topology on Gal(E/B) as a subspace of Gal(E/F) with the Krull topology. 


Proof. Recall that, by Corollary 5.4.4, E is a Galois extension of B. Let U be 
a neighborhood of the identity in Gal(E/B), so U = Gal(E/A) for some finite 
extension A of B. Then A = B(a) for some a € E, by Corollary 3.5.3. Let 
D = F(a), so A = BD, and let U = Gal(E/D). Then 


U =Gal(E/A) = Gal(E/BD) = Gal(E/B) N Gal(E/D) = Gal(E/B) NU, 


and, similarly, if U is a neighborhood of the identity in Gal(E/F), then U = 
Gal(E/D) with D a finite extension of F, so 


U = Gal(E/B) NU = Gal(E/B) M Gal(E/D) = Gal(E/BD) 


is a neighborhood of the identity in Gal(E/B), as BD is a finite extension 
of B. Oo 


Now we generalize the Fundamental Theorem of Galois Theory (Theorem 
2.8.8) to infinite Galois extensions. 


Theorem 5.4.10 (Fundamental Theorem of Infinite Galois Theory). Let E 
be a Galois extension of F and let G = Gal(E/F) have the Krull topology. 

(1) There is a 1-1 correspondence between intermediate fields E > B > F 
and closed subgroups {1} C Gg C G given by 


B = Fix(Gp). 


(2) B is a normal extension of F if and only if Gg is a normal subgroup of 
G. This is the case if and only if B is a Galois extension of F. In this case there 
is an isomorphism of topological groups 


Gal(B/F) = G/Gp. 
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Proof. (1) For each closed subgroup H of G, let 
By = Fix(A). 
This gives a map 
I’: {closed subgroups of G} —> {fields intermediate between F and E}. 


We show I is a 1-1 correspondence. 
In this case it is easiest to work with the inverse correspondence. Thus, for 
each field B intermediate between F and E, we let 


Gp = A(B) = Gal(E/B). 


First, we claim that Gg is a closed subgroup of G. 

Let o € Gg, the closure of Gg. Let 8 € B be arbitrary. Then F(f) is a 
finite extension of F, so o has a neighborhood oy where N = Gal(E/F(8)). 
Since every neighborhood of o has a nonempty intersection with Gg, we may 
choose tT € Gg N oN. Thus t = ov for some v € N, and so, in particular, 
T(B) = ov(B). Since t € Gg, t(B) = B, and, by the definition of N, v(B) = 
B. Then o(f) = o((B)) = ov(B) = t(B) = B. Since B € B is arbitrary, 
we see that o fixes B. Then, since o € Gp is arbitrary, we see that Gp fixes 
B. Now by definition Gg consists of all automorphisms of E fixing B. Hence 
Gz = Gp and so Gp is closed. 


Thus we have a map 
A: {fields B intermediate between F and E} — {closed subgroups of G} 


and this map is 1~1 since if Gg, = A(B,) = A(B2) = Gg,, then, by Corol- 
lary 5.4.4, E is a Galois extension of B; and of B2, so B; = Fix(Gg,) = 
Fix(Gpg,) = B. 

It remains to show A is onto. Thus, let H be a closed subgroup of G 
and let B = Fix(H). Then K = Gal(E/B) > 4 and we need only show 
they are equal. Let o € K be arbitrary and consider an arbitrary basic open 
neighborhood o U of o. We clam oUN H € %. Assuming this claim, we have 
that o is in the closure H of H. Hence, aso € K is arbitrary, K C H. But H 
is closed, so H = H and hence K = H. 

To see the claim, let U = Gal(E/A) with A a finite extension of F. By 
Corollary 5.4.4, E is a Galois extension of B, and, by Lemma 2.3.4, AB is 
a finite extension of B, so, by Theorem 5.4.2, AB is contained in a field D 
that is the splitting field of a separable polynomial f(X) € B[X]. Thus every 
element of Gal(E/B) restricts to an element of Gal(E/D), as it must take any 
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root of f(X) to a root of f(X), and conversely any element of Gal(D/B) 
extends to an element (not, in general, a unique element, but that is irrelevant) 
of Gal(E/B), by Lemma 5.4.1. In other words, restriction to D give a well- 
defined epimorphism R: K = Gal(E/B) — Gal(D/B). Let o9 = R(o) € 
Gal(D/B). 

Now B C AB C D and D is a finite Galois extension of B. Let Hyp = 
R(A) C Gal(D/B). Then Fix( Ho) = Fix(H) = B = Fix(Gal(D/B)), so by 
the Fundamental Theorem of (finite) Galois Theory, Hp = Gal(D/B). Thus 
there is an element t € A with R(t) = op = R(o), ie., with t | B=o | B, 
and we see, by Remark 5.4.6, that r € oUg, sogU N H # @, as claimed. 

(2) We have proved much of this in proving (1). Just as in the finite case, 
for any o € Gal(E/F), o(B) = Fix(o Ggo~'), so if Gg is a normal subgroup 
of G, then o (B) = B for every o € G, while if Gg is not a normal subgroup 
of G, then o(B) 4 B for some o € G, and conversely. If B is a normal 
extension of F, then for every B € B, mg(X) € F[X] splits in B. Now for any 
o € Gal(E/F), B’ = o (8) is a root of o(mg(X)) = mg(X), so B’ € B, and so 
o(B) = B. On the other hand, if B is not a normal extension of F, then there 
is some 6 € B such that mg(X) has a root B’ € E, f’ ¢ B, and then there 
is an element o of Gal(E/F) with o(B) = f’, by Lemma 5.4.1, and hence 
o(B) FB. 

Now if B is normal, then, just as before, R: Gal(E/F) — Gal(B/F), given 
by R(o) = o | B, is a well-defined epimorphism, whose kernel is clearly 
Gg = Gal(E/B). It remains only to show that the Krull topology on Gal(B/F) 
is the quotient topology on G/ Gg. 

Let Up be a basic neighborhood of the identity in Gal(B/F). Then Up = 
{o € Gal(B/F) | o | A = id} for some finite extension A of F (where of 
course A C B) and Up is the image under the quotient map R of the basic 
neighborhood of the identity Ua C Gal(E/F). On the other hand, if U, is a 
basic neighborhood of the identity in Gal(E/F), its image under the quotient 
map R is Up = {o € Gal(B/F) | o | BOA = id}, and BNA C Aisa finite 
extension of F, so Up is a basic neighborhood of the identity in Gal(B/F). oO 


Proposition 5.4.11. Let E be a Galois extension of F and let B be an interme- 
diate field between F and E. Let G = Gal(E/F). Then: 

(1) CE/B) is finite if and only if |Gp| is finite. In this case, (E/B) = |Gpal. 

(2) (B/F) is finite if and only if [G : Gg] is finite. In this case, (B/F) = 
[G : Gg]. 

(3) Gp is always a closed subgroup of G. Gg is an open subgroup of G if 
and only if [G : Gg] is finite. 


Proof. (1) This follows immediately from Theorem 2.8.5. 
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(2)Assume B/F is finite and let B € D with D/F finite Galois (The- 
orem 5.4.2). Then, by the FTGT, (B/F) = [Gal(D/F) : Gal(D/B)]. But 
Gal(E/F) — Gal(D/F) is an epimorphism so 


[G : Gg] = [Gal(E/F) : Gal(E/B)] = [Gal(D/F) : Gal(D/B)] = (B/F). 


Assume B/F is infinite and let {6;} be an infinite set of elements of B with 
F c F(6,) C F(f1, B2) C --- C B. By Lemma 5.4.1, for each i = 1,2,... 
there is an element o; € Gal(E/F) with 0;(8;) = 8; for j < i buto;(B;) F B;, 
so we see that 0; # oj; fori A j. Since two elements of Gal(E/F) are in the 
same left coset of Gg if and only if they agree on B, we see that [G : Gg] is 
infinite. 

(3) The fact that Gg is closed is part of Theorem 5.4.10 (1). 

Suppose [G : Gg] is finite and let {o,,..., 0%} be a set of left coset 
representatives of Gg with 0, = 1. Since Gg is closed, the finite union 
o2Gg U---o,Gg is closed and hence its complement 0;Gg = Gg is open. 

Suppose Gg is open. Then it contains a basic open set Ua = Gal(E/A), 
with A a finite extension of F. Then B = Fix(Gg) C Fix(U,) = A, so (B/F) 
is finite and hence [G : Gg] is finite. Oo 


We now further investigate the Krull topology on G. 
Lemma 5.4.12. Each basic open set o Ug in G is also closed. 


Proof. Let t ¢ oUg. Then @ = tg M oUsg (as Ug is a subgroup of G), i.e., 
tUzg © G — oUsg. In other words, the complement of o Ug contains a neigh- 
borhood of each of its points, so is an open set, and hence o Ug is a closed 
set. oO 


We now prove a lemma we will need in describing the topology of 
Gal(E/F), but one which is interesting in its own right. 


Lemma 5.4.13. Let E be an algebraic extension of F and leto: E > E bea 
map of fields with o | F = id. Then o is an automorphism of E (and hence 
o € Gal(E/F)). 


Proof. Since o (1) = 1, o is an injection, so we need only show o is a surjec- 
tion. Let a € E be arbitrary. Set 


S = {roots of m,(X) in E} = {B € E| me(B) = 0}. 


Then for any B € S, my(o(B)) = o((m,(B)) = oO) = Oso o(B) € S. 
Thus o | S is an injective map from S to itself. Since S is finite (as any 
polynomial has only finitely many roots), o | S is surjective as well, so there 
is a By € S with o (Bo) = aq, as required. oO 
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Remark 5.4.14, This lemma is false for arbitrary extensions. For example, let 
E = F(X), the field of rational functions over F in the variable X. Then 
o(X) = X? induces o: E > E, an injective, but not surjective, map of 
fields. © 


Theorem 5.4.15. Let E be a Galois extension of F and let G = Gal(E/F) have 
the Krull topology. Then G is Hausdorff, totally disconnected, and compact. 


Proof. We shall prove this in several steps. 
(1) G is Hausdorff: Since G is a topological group, to show G is Hausdorff 
it suffices to show that 


(Us = {id} 


where the intersection is taken over all finite extensions B of F. 
Leto € G,o # id. Then for some a € E, o(a) £ a. Let B = F(a). Then 
o ¢ Ug, as required. 


(2) G is totally disconnected: Let 0, t € G,o #1. Thent ¢ oUsg for 
some Ug, and then G = o Ug U (G — oUf) is a union of two relatively open 
sets with o (resp. tT) in the first (resp. second). (o Ug is open by definition 
and G — oUs is open as in the proof of Lemma 5.4.12.) Thus o and Tt are in 
different components of G, so the only components of G are single points. 


(3) G is compact: This will require considerably more work. 
For each a € E, let R, = {8 € E {| m,(B) = 0}. Let 


G=|[Ro. 


acE 


By identifying an element [],-¢ (Bo) with f: E > E by f(a) = By for 
each a € E, we may regard G as a set of functions from E to itself. (This is 
identifying a function with its graph.) Note that R, = {a} fora € F, so every 
f € G satisfies f(a) = a for every a € F. Note also that R, is finite for 
each a. We give E the discrete topology, and each R, the induced topology as 
a subset of E, which is also the discrete topology. Then R, is a finite discrete 
space, so is compact. We give G the product topology. Then, by Tychonoff’s 
Theorem, G is the product of compact sets and hence is compact. (Recall that 
if X = [| X; is a product of spaces, the product topology has a basis of open 
sets |] Y; where each Y; is open and Y; = X; for all but finitely many i. If 
each X; is discrete, then every subset of X; is open, so this condition reduces 
to Y; = X; for all but finitely many 7.) 

Since every o € Gal(E/F) satisfies m,(o(a@)) = 0 for every a € E, we 
may regard G as a subset of G. 
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Claim: The induced topology on G as a subset of G is the Krull topology 
on G. 


Proof of claim: Let o Ug be a basic open set in G. Let {B,,..., B,} be a 
basis for B over F. Then for t € G, t € oUs if and only if t(6;) = o (fj), 
i =1,...,k. Thus coUgp = GOV where V = [], ep Su with S, = Ry for 
a # B; and Sg, = {o (B;)}, and so V is an open set in G. 

Conversely, let V be a basic open set in G. Then V = lies Sq With Sy = 
Rq for all but finitely many a. Since each R, is finite, we see that V is a 
finite union of open sets of the form V = [],-% Sa with Sy = Ry for all but 
finitely many a, say fora # aj,..., a, and Sy, = {a;} is a single point for 
eachi = 1,...,k. Let B = F(aqj,..., a,), a finite extension of F. If o ¢ G 
satisfies o(a;) = aj,i = 1,...,k, then GM V = oUsg is open, while if there 
isnoo € G satisfying o(a@;) = a/,i = 1,...,k, then GN V is the empty set, 
which is also open. 

Claim: G is a Hausdorff space. 


Proof of claim: Let fi, fo € G with f, # fo. Then fi (ao) 4 fo(ao) for 
some ag € E (regarding G as a space of functions). Let A; = [],¢~ Su with 
Sq = Ry fora # a and Sy, = {fi (@o)}, and let Az = |], cp So With Sy = Re 
fora # ap and Sy, = {f2(a@o)}. Then fi € Ay, fo € Az, and Ay and A, are 
disjoint open sets. 

(Since G is a subspace of a Hausdorff space, it is Hausdorff, but for sim- 
plicity we chose to prove that directly in step (1). Observe that the proofs that 
G and G are Hausdorff are very similar. In the same way, we may adapt the 
proof that G is totally disconnected to prove that G is totally disconnected. 
However, it is G and not G that we are interested in.) 


Claim: G is a closed subset of G. 


Proof of claim: Let f € G, f €¢ G. We need to show f has an open 
neighborhood V that is disjoint from G. Note every f € G satisfies f | F = id, 
soif f ¢ G, f is not an automorphism of E. If f: E — E is an injective map 
of fields, then, by Lemma 5.4.13, f is an automorphism of E, contradicting 
our assumption. Thus there are two possibilities: 

(1) f is not an injection; or 

(2) f is an injection but not a map of fields. 

In case (1) let ay, a2 € E with f(a,) = f(az),a; Aa2.LetV = Teer Se 
with Sy, = {f(a1)}, So. = {f(@2)}, and S, = Ry fora  a;, a2. Then 
f € V, V is open, and GM V is the empty set (as any g € G is an injection, 
SO g(a) # g(a2)). 

In case (2) we must have one of the following: f(a; + a2) € f(a;) + 
Ff (a2) for some a1, a@2 € E, f(aja2) # f(a;)f (a2) for some a), a2 € E, 
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or f(a, # f(a,)7' for some 0 4 a, € E. For simplicity assume it is 
the first of these. Let V = [], <p Sa with Sy, = {f(a@1)}, So. = {f(@2)}, 
Sa+a, = {f(a@1 + a2)}, and Sy = Ry fora A aj, a2, a, + a2. Then f € V, 
V is open, and GN V is the empty set (as any g € G is a map of fields, so 
S(t) + a2) = g(a) + g(a). 

Claim: G is compact in the Krull topology. 


Proof of claim: We merely need to assemble our previous work. The Krull 
topology on G is the topology G inherits as a subspace of G. We have shown 
that G is a compact Hausdorff space and that G is a closed subspace of G. But 
it is a basic topological fact that a closed subspace of a compact Hausdorff 
space is compact. oO 


Remark 5.4.16. While we do not need this for our purposes, it is worthwhile 
to put things in a larger context. An important topology on function spaces is 
the compact-open topology. If 7 = {f: X — Y} is the set of continuous 
functions from X to Y, the compact-open topology on F has as subbases the 
sets Z4p = {f € F | f(A) C B} where A C X is compact and B C Y is 
open. In our case, E is discrete so every f: E > E is continuous, A C E is 
compact if and only if it is finite, and every B C E is open. Now G C F and 
it is easy to see that the topology we have defined on G is the restriction of the 
compact-open topology on F to G, i.e., that this topology is the compact-open 
topology on G, and then we further see that the Krull topology on G agrees 
with the compact-open topology on G. © 


Let {B;} be a set of fields intermediate between E and F. Generalizing 
Definition 3.4.1, we say that {B;} are disjoint extensions of F if B; 7 D; = F 
for each i, where D,; is the composite of the fields {B;} for 7 4 i. Then we 
have the following generalization of Theorem 3.4.7. 


Theorem 5.4.17. Let E be an extension of F and let {B; © E} be disjoint 
Galois extensions of F with G; = Gal(B;/F). Let B be the composite of {B;} 
and let G = Gal(B/F). Then B is a Galois extension of F and G = |]; Gi 
with the product topology. 


Proof. A Zorn’s Lemma argument allows us to generalize Theorem 3.4.7 and 
conclude that B is a Galois extension of F and G = []; G;. We show G has 
the product topology. 

Let U be a basic open neighborhood of the identity in the product topology. 
Then, by the definition of the product topology, U = [[,-, U; where U; © G; 
is a basic open set and U; = G; except for finitely many i. Then, for each 
i € I, U; = Gal(B/A,;) where A; is a finite extension of F, and A; = F except 
for finitely many i. Let A be the composite of the {A;}. Then A is a finite 
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extension of F, and U = Ug is a basic open neighborhood of the identity in 
the Krull topology on G. 

Conversely, let U be a basic open neighborhood of the identity in the Krull 
topology on G. Then, by definition, VU = U, for some finite extension A of F. 
Let A; = AB; and note that, since {B;} are disjoint extensions of F, A; = F 
for all but finitely many i. Then, setting U; = U,,, we have that each U; is 
open, U; = G; for all but finitely many i, and U = [],.; Uj is a basic open 
neighborhood of the identity in the product topology. im 


Example 5.4.18. Here are two cases of infinite Galois extensions E of F and 
two subgroups H; # AH, of G = Gal(E/F) with Fix(4,) = Fix(A2). (Of 
course, H; = Hp.) 

(1) Let J = {—1,2,3,5,...} consist of —1 and the primes. For each 
j € J,letB; = QU/J) C C, and let B be the composite of the {B;}. Note {B;} 
are disjoint extensions of Q. Let G; = Gal(B;/Q). Note G; is isomorphic to 
Z,/2Z for each j, so, by Theorem 5.4.17, G = Gal(B/Q) = T]j<-7(Z/2Z), and 
G is uncountable. Hence G has uncountably many subgroups of index 2. But 
for any subgroup H of index 2, (Fix(H)/Q) = 2 by Proposition 5.4.11. How- 
ever, Q has only countably many extensions of degree 2 (as each is obtained 
by adjoining a root of a quadratic equation to Q, and there are only countably 
many quadratic equations with rational coefficients). Hence there are two (and 
indeed, uncountably many) distinct subgroups H, and H of G of index 2 with 
Fix(H,) = Fix(A)). 

(2) Fix a prime p and an algebraic closure F, of F,. Then F, is the com- 
posite of the fields B, = F,» contained in F,. Let G = Gal(F,/F,) and let 
® € G be the Frobenius map, ®(@) = a@?. Let H be the subgroup of G gen- 
erated by ®. Then Fix(H) = F, = Fix(G). We claim H # G. To see this, let 
A be the composite of the fields B,, where n is a power of 2, and let D be the 
composite of the fields B, for n odd. Then, by Lemma 3.4.2, A and D are dis- 
joint extensions of F,, and AD = F,. Hence G = Gal(A/F,) x Gal(D/F,). 
Let © | A = ®, and ® | D = ®p. Then neither ®, nor Pp is the identity 
map. Now H is a cyclic group, so H = {®*} = {4 5}. But G also has the 
subgroups {@4 } and {4} (and uncountably many others), so H # G. © 


5.5 Exercises 


Exercise 5.5.1, Let B; and B» be finite extensions of F satisfying property 
“P”. Show that B;B, and B, M B also satisfy property “P”. Here “P” is any 
one of the following: finite separable, finite purely inseparable, finite normal, 
separable, purely inseparable, normal, Galois. (“P’”” finite Galois is handled in 
Corollary 3.4.8 and in Exercise 3.9.13.) 
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Exercise 5.5.2. (a) Let Ao be the field obtained by adjoining all the complex 
roots of every irreducible polynomial f(X) € Q[X] of odd degree. Fori > 0, 
let A; be the field obtained from A;_; by adjoining all complex square roots 
of all elements of A;_,;. Show that Ag C A; C A> C--:- and that 


(b) Show that the conclusion of part (a) remains true if Ag is the field obtained 
by adjoining a single real root of every irreducible polynomial f(X) € Q[X] 
of odd degree. 


Exercise 5.5.3. Let Q*°'Y = {z € C | m,(X) is solvable by radicals}. Let By = 
Q. For i > 0, let B; be the field obtained from B;_, by adjoining all complex 
n®_roots of all elements of B;_;, for all positive integers n. Show that By C 
B, C B C - -- and that 


’ Co 
Qe” — B;. 
U 


Exercise 5.5.4. Recall that Q denotes the field of algebraic numbers. Show 
that the only nontrivial element of finite order in Gal(Q/Q) is the automor- 
phism of Q given by complex conjugation (an element of order 2). 


Exercise 5.5.5. Let F = C and let E = C(X). Note that E is not an algebraic 
extension of F. Let G = {0: E — E | o | F = id}. Show that Fix(G) = 
F. (This shows that in Section 5.4, it was necessary to require that E be an 
algebraic extension of F. Otherwise we would have nonalgebraic “Galois” 
extensions and the theory developed there would not hold.) 


Exercise 5.5.6. In the notation of Example 5.4.18 (1), show that the closed 
subgroups of G of index 2 are in 1—1 correspondence with the nonempty finite 
subsets of J. 


Exercise 5.5.7. Explicitly exhibit uncountably many subgroups of the group 
G of Example 5.4.18 (2). 


A 


Some Results from Group Theory 


A.1 Solvable Groups 


Definition A.1.1. A composition series for a group G is a sequence of sub- 
groups G = Gp D G; D>... Gy = {1} with G; a normal subgroup of G;_, for 
each i. A group G is solvable if it has a composition series with each quotient 
G;/G;-1 abelian. © 


Example A.1.2. (1) Every abelian group G is solvable (as we may choose 
Go = G and G, = {1}). 

(2) If G is the group of Lemma 4.6.1, G = (0,7 | o? = I, re-! = |, 
tot! = o") where r is a primitive root mod p, then G is solvable: G = 
Go D G; D G2 = {1} with G, the cyclic subgroup generated by o. Then G; 
is anormal subgroup of G with G/G, cyclic of order p — 1 and G, cyclic of 
order p. 

(3) If G is the group of Lemma 4.6.3, G = (o,t | ot = 1, t? = 1, 
tat! = o%), then G is solvable: G = Go D G,; D G2 = {1} with G, 
the cyclic subgroup generated by o. Then G, is a normal subgroup of G with 
G/G, cyclic of order 2 and G, cyclic of order 4. 

(4) If G is a p-group, then G is solvable. This is Lemma A.2.4 below. 

(5) If G = S,, the symmetric group on {1,...,”}, then G is solvable 
forn < 4. S; is trivial. S) is abelian. $3; has the composition series $3 D 
Az > {1}. S4 has the composition series Sy D Ag D V4 D {1} where V4 = 
{1, (12)(34), (13)(24), (14)(23)}. (Here A, denotes the alternating group.) 

(6) If G = S$, or G = A,, then G is not solvable for n > 5. This is 
Corollary A.3.6 below. © 


Lemma A.1.3. A finite group G is solvable if and only if it has a composition 
series satisfying any one of the following conditions: 
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(1) G;-1/G; is solvable for each i. 

(2) Gj_1/G; is abelian for each i. 

(3) G;_-1/G; is cyclic for each i. 

(4) G;_1/G; is cyclic of prime order for each i. 


Proof. If G;-;/G; is solvable then we may “refine” the original sequence to 
G2::-2DGi-1} = MW 2M 2D2--- 2 An = Gi D--- D Ge = {1} with A; 
normal in H;_; and H;_,/H; abelian; similarly we may refine a sequence with 
abelian quotients to one with cyclic quotients and one with cyclic quotients to 
one with quotients cyclic of prime order. On the other hand, if G;_;/G; is 
cyclic of prime order it is certainly solvable. oO 


Lemma A.1.4. (1) Let G be a solvable group and let H be a subgroup of G. 
Then H is a solvable group. 

(2) Let G be a solvable group and let N be a normal subgroup of G. Then 
G/N is a solvable group. 

(3) Let G be a group and let N be anormal subgroup of G. If N and G/N 
are solvable, then G is solvable. 


Proof. Consider G = Go D G; D--- D Gy C {1}. Then H = Hp D Ay D 
+++ D Hy D {1} where H; = HA G;. It is easy to check that H; is a normal 
subgroup of H;_,;, and then by standard theorems of group theory 


Hj-1/H; = (HO Gj-1)/H 9 Gj = (HN Gi-1)/(H 9 Gi-1) NG; 
= (HN Gi-1)Gi/G; S Gi-1/G; 
is isomorphic to a subgroup of an abelian group so it is abelian. 
(2) Leta: G — G/N = Q be the quotient map and consider Q = Qo D 
++» D Q, = {1} where Q; = 1(G;). Then Q; = G;N/N = G;/G; NN, so 
m(Gj-1)/™(Gi) = (Gi-1N/N)/(GiN/N) 
= (Gi-1/Gi-1 ON) /(Gi/Gi NN) 
is isomorphic to a quotient of the abelian group G;_;/G; so it is abelian. 
(3) Lett7: G > G/N = Q. Let N = No D2 ::: DN; = {1} and 


Q=Q) 2-:: D Ox = {1} be as in Definition A.1.1. Then the sequence of 
subgroups 


G=2'(Qo) 22 1(Q1) 2:-- 22 7'1(0) =NODN 2--- DN; = {I} 


shows that G is solvable. o 
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So far, we have considered abstract solvable groups. However, when we 
consider solvable subgroups of symmetric groups, we can get very precise 
descriptions. 


Lemma A.1.5. Let G be a subgroup of S, of order divisible by p, p a prime. 
Then any nontrivial normal subgroup K of G has order divisible by p. 


Proof. Since G has order divisible by p, it must contain an element of order 
p, which must be a p-cycle. 

Regard S, as operating on T = {1,..., p}. Write T = 7; U---UT,a 
decomposition onto orbits of K. In other words, i, 7, € Ty, for some m if and 
only if there is some t € K with t(i) = j. Now for any i, j € T there is a 
o € Gwith o(i) = j. This implies that the action of G permutes {7), ..., Tj} 
so in particular each T,, has the same cardinality. This cardinality then divides 
Pp, SO must be 1 or p, and cannot be 1 as K is nontrivial. Thus we see that K 
operates transitively on T, so has order divisible by p (as the subgroup of K 
fixing 1, say, has index p). oO 


Lenuma A.1.6. Let G be a solvable subgroup of S, of order divisible by p, p 
a prime. Then G contains a unique subgroup N of order p. 


Proof. Let G = Go D G; D--- D Gy = {1} as in Definition A.1.1. We prove 
the lemma by induction on k. 

Ifk = 1,G = Go D G, = {1} and G is solvable, so G is abelian, and 
hence has a unique p-Sylow subgroup N, of order p. 

Suppose the lemma is true for k — 1. Then G, is a normal subgroup of G, 
so applying Lemma A.1.5 with K = G; we see that G, has order divisible by 
p, and then by the inductive hypothesis that G; contains a unique subgroup N 
of order p. Now let N’ be any subgroup of G of order p. Then N’ and N are 
both p-Sylow subgroups, so are conjugate. Let N’ = oNo—!. As N C G, 
N’ = oNo™! C oGio"! = G; as G, is normal in G, so N’ = N, as 
required. Oo 


Let a group G operate on a set T. This action is effective if the only ele- 
ment o or G with o(t) = ¢ forallt € T iso = id. 

Let a group G, operate on a set 7), and a group G2 operate on a set TJ). 
These operations are permutation isomorphic if there is an isomorphism of 
groups w: G; — Gy» and an isomorphism of sets (i.e., a bijection) VW: 7, > 
Ty with V(o (t)) = w(o) (CV (4)) for every o € G1, t ET). 


Proposition A.1.7. Let G be a solvable group operating effectively and tran- 
sitively on a set T of cardinality p, p a prime. Then there is a subgroup H of 
EF’, such that this operation is permutation isomorphic to 
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cu={[04| he H.ne Fp} 


operating on 


by left multiplication. 


Proof. As we have observed, in this situation G has order divisible by p. (Let 
t € T be arbitrary and consider {0 € G | o(t) = t}. Since G acts transitively 
on T, this subgroup of G has index p.) 

Since G operates effectively on T, G is isomorphic to a subgroup of the 
symmetric group S,, so, by Lemma A.1.6, G contains a unique subgroup N 
of order p, which is generated by a p-cycle. Reordering, if necessary, we have 
ln 


0 | [ne F,| operating on 


that N and T are permutation isomorphic to { 


{ A | ieF o| by left multiplication, as a suitable generator v of N takes 


1 1 
this group and 7 with this set. 
Since N is the unique subgroup of order p of G, it is certainly a normal 
subgroup of G. Let o € G be arbitrary. Then ovo! = v" for some h 0. 


Let o( H ) = Ki Then, for any i, 
8] -e(()-edG)-t) E> 


so 


| to | = | mod p. For simplicity of notation, we simply identify N with 


and hence 
hn - 
ec{[o al heFs, neFy}. 


Thus, if H is the subgroup of F), given by 
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a={ner,i[fi] ea}, 


then G = Gy as claimed. oO 


Corollary A.1.8. Let G be a subgroup of S,, p a prime, of order divisible by 
p. The following are equivalent: 

(1) G is solvable. 

(2) The order of G divides p(p — 1). 

(3) The order of G is at most p(p — 1). 


Proof. (1) implies (2): If G is solvable, then, by Proposition A.1.7, G = Gy 
for some H and then |G| divides p(p — 1). 

(2) implies (3): Trivial. 

(3) implies (1): G has a p-Sylow subgroup N, and N is unique, as if G 
had another p-Sylow subgroup N’, then G would have order at least p”. Then 
the last part of the proof of Proposition A.1.7 shows that G = Gy for some 
H. But Gy D N 2D {1} with N normal in G. N is abelian and Gy/N is 
isomorphic to H which is abelian, so G is solvable. oO 


A.2 p-Groups 
Throughout this section, p denotes a prime. 
Definition A.2.1. A group G is a p — group if |G| is a power of p. © 


The center Z(G) of a group G is defined by Z(G) = {0 € G| ot = to 
for every t € G}. 


Lemma A.2.2. Let G be a p-group. Then G has a nontrivial center (i.e., 
Z(G) # {I}). 


Proof. Write G = C; U---U Cy, a union of conjugacy classes. If o; € Cj, 
then |C;| = [G : H;] where H; = {t € G | to;t~! = oj}. If o; € Z(G), 
then C; = {o;} and |C;| = 1 (and H; = G). If o; ¢ Z(G), then H; is a proper 
subgroup of G, so |C;| = [G; : Hj] is a positive power of p. Of course |G] is a 
positive power of p. But one of the conjugacy classes, say C;, consists of {id} 
alone, and [|C| = 1 is not divisible by p. Now |G| = |C;|+---+|C;|. Hence 
there must exist other classes C; with |C;| not divisible by p, and hence with 
|C;| = 1, and if C; = {o;} then 0; € Z(G). oO 
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Corollary A.2.3. Let G be a p-group, \G| = p”. Then there is a sequence of 
subgroups G = Go D G, D-+: D Gy = {1} with G; anormal subgroup of G 
of index p', for eachi =1,...,n. 


Proof. By induction on n. If n = 1, the result is trivial. 

Now suppose the result is true for all groups of order p”~!, and let G 
be an arbitrary group of order p”. By Lemma A.2.2, the center Z(G) of G 
is nontrivial. Since |Z(G)| divides |G|, |Z(G)| is also a power of p, so, in 
particular, Z(G) contains an element of order p. The cyclic subgroup H of G 
generated by that element is a subgroup of G of order p, and, since H € Z(G), 
H is anormal subgroup of G. Let Q = G/H be the quotient group, and let 
a: G — Q be the canonical projection. 

Now Q isa group of order p”~', so by the inductive hypothesis there is a 
sequence of subgroups Q = Qo D Q1 D--: D Qn-1 = {1} with Q; a normal 
subgroup of Q of index p' for eachi = 1,...,n — 1. Let G; = 27~!(Q;) for 
i=l,...,n7—1landG, = {1}. Then G = Go DG; D-::: DG, = {I} 
form a sequence as claimed. (Clearly G; has index p’. Also, G; is a normal 
subgroup of G as if g9 € G; and g € G, then gggg7! € G; as m(ggog7!) = 
m(g)1(g0)(1(g))7! € Q; as Q; is anormal subgroup of Q.) a 


Lemma A.2.4. Let G be a p-group. Then G is solvable. 


Proof. By Corollary A.2.3, there is a sequence of subgroups G = Go D G; D 
+++ > G, = {1} with G; anormal subgroup of G, and hence certainly a normal 
subgroup of G;_1, for each i. Furthermore, since [G : G;] = p’ for each i, 
[G,;_-1 : G;] = p and hence |G;_,/G;| = p, and so G;_;/G; is cyclic of order 
p and, in particular, is abelian, for each i. Hence, by Definition A.1.1, G is 
solvable. Oo 


A.3 Symmetric and Alternating Groups 


In this section we prove several results about symmetric and alternating 
groups. We let S, be the symmetric group on {1,...,} and we let A, C S, 
be the alternating group. We regard the elements of S$, as functions on this 
set and recall that functions are composed by applying the rightmost function 
first. Thus, for example, (1 2)(1 3) = (1 3 2). We recall that every element 
of S, can be written as a product of disjoint cycles, and that disjoint cycles 
commute. 

The first two results we prove allow us to conclude that certain subgroups 
of S,, are in fact equal to S,. 
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Lemma A.3.1. Let p be a prime and let G be a transitive subgroup of S, that 
contains a transposition. Then G = Sp. 


Proof. By renumbering if necessary, we may assume the transposition is T = 
(1 2). 

Since G acts transitively on {1,..., p}, it has order divisible by p and 
hence it has an element oo of order p. Since p is a prime, oo is a p-cycle. 
Thus there is some power o = of of o9 with o(1) = 2. By renumbering 
if necessary, we may then assume o = (1 2 --- p). Now direct calculation 
shows that 


alta =(12--- pi(12)02 ++ py = (J+) G +2) 
for j =0,..., p — 2. Direct calculation then shows that 


(2 3)(1 2)(2 3). = (1 3), 
(3 4)(1 3)G 4) = (14), 


((p—1) pA (p—1))(p-1) p) = p) 


and furthermore that 
(1k) js) k) = Gk) for any j Fk. 


Thus G contains every transposition. But S, is generated by transpositions, 
so G = Sp. Qo 


Lemma A.3.2. Let G be a transitive subgroup of S, that contains an (n — 1)- 
cycle and a transposition. Then G = Sy. 


Proof. Let p be the n — 1-cycle. By renumbering if necessary, we may assume 
that p = (12 --- (n —1)). Then the transposition is tT = (i j) for some i and 
j. Since G operates transitively on {1,..., }, there is an element y of G with 
y(j) =n. Then y(i) = k for some k. Direct calculation shows that 


1 = (kn) = % and then that pnp = (kK +i) n) = Tei, 


yty” 
where k + i is taken mod n — 1. Finally, direct calculation shows that 
TTT = (i j) foranyi # j. 


Thus G contains every transposition. But S,, is generated by transpositions, 
so G = Sy. oO 
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Next we show some results on the structure of A, and S,,. We first need the 
following technical lemma. 


Lemma A.3.3. If G is a normal subgroup of A, that contains a 3-cycle, then 
G = Ap. 


Proof. We shall first show that if G contains a single 3-cycle, then it contains 
every 3-cycle. Note that if G contains a 3-cycle (i j k), it contains (i j kyl = 
(k ji). 

By renumbering if necessary, we may assume that G contains the 3-cycle 
(1 2 3). Then for each i > 3 (observing that an element of order 2 is its own 
inverse) G also contains the elements 


(1 2)3 1))GB 2 1)( 2)G 1) = 220), 
(C1 3)(2 7) 2 3)(1 3) 1) = (1324), 
((2 3)(1 1))3 2 1)(2 3) 1) = (231); 


then for each distinct i, j > 3, G also contains the elements 
Q2)@ilyj=diy), 
(23 j)Gi2)= (i J), 
31);/)1i3)=Giy); 


finally, for each distinct i, 7, k > 3, G also contains the elements 
kildij= sk), 


so G contains all 3-cycles, as claimed. 

But we now claim that any element of A, can be written as a product of 3- 
cycles. Since any element of A, can be written as a product of an even number 
of transpositions, to show this it suffices to show that the product of any two 
transpositions can be written as a product of 3-cycles, and we see this from 


G )PGk)=Ckj), 
G Kk) = Ck Ck 4), 
completing the proof. Oo 


Theorem A.3.4. For n > 5, A, is a simple group (i.e., it has no normal sub- 
groups other than A, and {1}). 
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Proof. Letn > 5 and let G # {1} be a normal subgroup of A,. We will show 
G = Ay. 

By Lemma A.3.3, it suffices to show that G contains a 3-cycle, so that is 
what we shall do. 

Leto € G,o #1. Theno has order m > 1. Let p be a prime dividing m 
and let y = o"/?, Then y has order p. Now y can be written as a product of 
disjoint cycles, y = y, --- yj, and since y has order p, each of #1,..., y, isa 
p-cycle. Now we must consider several cases: 


Case I: p > 5: By renumbering if necessary, we may assume that 
M1 = (1234567--- p). Let % = (1 2)(3 4). Then £, = yi7t,! = 
(143567 --- p 2) and vib; ' = (135 4 2). Letting 6 = re and 
using the fact that disjoint cycles commute, it easily follows that yB~! = 
(13542). Let m = (1 3)(2 4). Then (1 354 2)z,' = (1524 3) and 
(13542)05243) = (145). 


Case Il: p = 3: If k = 1, ie., there is only a single 3-cycle, there is 
nothing to do, so assume k > 2. By renumbering if necessary, we may assume 
that v7, = (1 23) and ~ = (45 6). Let yx2 = Wyo = (1 2: 3)(45 6). Let tr, = 
(1 2)(3 4). Then 6). = TW1yi2T, = (1 4 2)(3 5 6) and ¥128;5! = (13425). 
Letting 6 = Ove it then follows, as in Case I, that yé-! = (13 425). 
Thus G contains a 5-cycle and we are back in Case I. 


Case III: p = 2: Since we are in A,, k is even, so k > 2. By renumbering 
if necessary, we may assume that y, = (1 2) and » = (3 4). Let y2 = 
viy2 = (1 2)(3 4). Let p = (1 2 3). Then f12 = pyi2p7! = (1 4)(2 3) and 
V2b;9" = (1 3)(2 4). Letting ¢ = pyp™!, it then follows, as in Case I, that 
yo! = 6 = (1 3)(2 4). Let t3 = (1 3)(2 5). (Note here is where we need 
n > 5.) Then 13073 | = 6’ = (1 3)(45). But then 60’ = (245). a] 


Theorem A.3.5. For n > 5, the only normal subgroups of S, are Sy, An, 
and {1}. 


Proof. Let n > 5 and let G # {1} be a normal subgroup of S,. We will 
show G D Ay,. Since A, is a subgroup of S, of index 2, this shows that G = 
An or Sy. 

The proof of this is almost identical to the proof of Theorem A.3.4. We 
begin in the same way. Leto € G,o 4 1. Theno has order m > 1. Let p be 
a prime dividing m and let y = o”/?. Then y has order p. 

If we are in Case I, Case I, or Case III with k > 2 of the proof of Theorem 
A.3.4, we conclude in exactly the same way that G D A,. This leaves only the 
case where p = 2 and k = I, i.e., where y is a single transposition. But all 
transpositions in S, are conjugate, and S, is generated by transpositions, so in 
this case G = S,. Oo 
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Corollary A.3.6. For n > 5, neither A, nor S, is solvable. 


Proof. Let n > 5. By the definition of a solvable group (Definition A.1.1), if 
G = A, or S, were solvable, it would have a composition series with abelian 
quotients. But by Theorem A.3.4, the only possible composition series for A, 
is A, C {1}, and by Theorem A.3.5, the only possible composition series for 
S, are S, C {1} and S, > A, D {1}, and A, is not abelian. a 


B 


A Lemma on Constructing Fields 


In Section 2.2 we showed: If f(X) € F[X] is an irreducible polynomial, then 
F[X]/(f (X)) is a field. We did so by using arguments particular to polynomi- 
als. In this appendix we shall show that this result follow from more general 
results in ring theory. In particular, in this section we show how to construct 
fields from integral domains. 


Definition B.1.1. Let R be an integral domain. 

(1) An ideal J C R is a maximal ideal if 7 C J C R, J an ideal, implies 
J=TlorJ=R. 

(2) An ideal J C R is a prime ideal if ab € J, with a,b € R, implies 
aélorbel. © 


Lemma B.1.2. (1) Let R be an integral domain. Then every maximal ideal is 
prime. 

(2) Let R be a PID (principal ideal domain). Then every prime ideal is 
maximal. 


Proof. (1) Let I be a maximal ideal and let ab = i € I. Ifa é€ I, there 
is nothing to prove. Otherwise, let J = (a, I) (the ideal generated by a and 
I). Then 7 C J and / is maximal, so J = R. In particular, 1 € J. Then 
xa+i’ =1for some x € Randi’ € J. Then 


=1-b=(xa+i')b=X(ab)+i/b=iX+ibel. 


(2) Suppose J is a prime ideal and J is an ideal with J C J. Then J = (p) 
for some p € R and J = (q) forsomeg € R. Since] CJ, pe Jsop=qr 
for some r € R. Since J is prime, we conclude that: 

(a) g € I in which case J = (q) CI so J = J; or 
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(b)r € I sor = pr’ for some r’ € R in which case p = gr = gpr' = 
p(qr') so 1 =qr' andhence 1 € J,soJ = R. qo 


Lemma B.1.3. Let R be an integral domain and I C R an ideal. Then I is 
maximal if and only if R/T is a field. 


Proof. Let m : R — R/I be the canonical projection. First suppose J is 
maximal. Let a € R/I,a #4 0. Then a = x(a) for somea € R,a ¢ I. Since 
I is maximal, R = (a, I), so 1 = xa +i for some x € R and somei ¢€ I. 
Then, if x = 2(x), 


l=n(1) =x(xa +i) =%44+0= Xa, 


so @ is invertible. 

Now suppose / is not maximal, and let 7 C J C R. Let j € J, j ¢ J, and 
let 7 = 2(j). We claim j is not invertible. For suppose jk = 1, jk e€ R/T, 
and let k = m(k). Then jk = 1+i for somei € I, so 1 = jk —i and hence 
1 € J, a contradiction. Oo 


Corollary B.1.4. Let R be a PID and let I = (i) be the ideal generated by the 
element i of R. Then R/I is a field if and only if i is irreducible. 


Proof. In a PID, an element i is irreducible if and only if i is prime, and an 
ideal J = (i) is a prime ideal if and only if the element 7 is prime, so the 
corollary follows directly from Lemma B.1.2 and Lemma B.1.3. Qo 


Corollary B.1.5, Let f(X) € F[X] be an irreducible polynomial. Then 
FLX]/(f (X)) is a field. 


Proof. Since F[X] is a PID, this is a special case of Corollary B.1.4. oO 


C 


A Lemma from Elementary Number Theory 


In this appendix, we prove a lemma that is used in the proof of Theorem 4.7.1. 


Lemma C.1.1. Let p be a prime and let t be a positive integer. Then there are 
infinitely many primes congruent to 1(mod p’). 


Proof. We begin by recalling the following definition and facts: Let q be 
a prime and let a be an integer relatively prime to g. Then ord,(a), the 
order of a(mod q), is defined to be the smallest positive integer x such that 
a* = 1(modq). Then, for an arbitrary integer y, a’ = 1(mod q) if and only if 
ord, (a) divides y. Also, since, by Fermat’s Little Theorem, a4 -l = 1(modq), 
we have that ord, (a) divides q — 1. 

We now proceed with the proof, which we divide into two cases: p = 2 
and p odd. 


Case I: p = 2. For a nonnegative integer k, let Fy = 2 + 1. Note that, if 
j <k, Fj =2” +1 divides 2” —1 = (27) 1 = F,—2, so ged(Fj, Fy) = 
gcd(F;, 2) = 1, 1¢., {Fi, Fo, ...} are pairwise relatively prime. Thus, if q, is 
a prime factor of F;,, then {q1, g2, ...} are all distinct. 

Now let g = q; for s > t — 1. By definition, g divides F,, ic. 27 + 
1 = 0(mod q), 27, = —1(mod q), and hence 27” = 1(mod q). Thus ord, (2) 
divides 2°! but does not divide 2°, so ord,(2) = 2°*!. Then, as we have 
observed above, 2°+! divides g — 1, so g = 1(mod2°*!) and hence g = 
1(mod 2‘). 

Thus we see that {q;_1, g;, ... } are distinct primes congruent to 1 (mod 2'). 

Case II: p odd. In this case we proceed by contradiction. Assume there are 
only finitely many primes = 1(mod p’), and let these be qi, ..., q,. Let 


¢-1 


a=2q1---4r, c=a? , N =a” —1=c? -1, 
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and write N = (c — 1)M where M = c?"!4.--4+1. 

Claim: c — | and M are relatively prime. 

Proof of claim: M = cP-! +--- +1 = (cP! — 1) + (cP 2 — 1) +--+ 
(c — 1) +p, and each term except possibly the last one is divisible by c — 1, so 
gcd(c — 1,M) = gced(e — 1, p) = lorp. But a = 2(modp) soc 
2?" (mod p). By Fermat’s Little Theorem, 2?~! = 1(mod p), and p‘~! 
1(mod p — 1), soc = 2! = 2(mod p) and so c — 1 = 1(mod p). Thus p does 
not divide c — 1 and so ged(c — 1, M) = gced(c — 1, p) = 1. 

Now let g be any prime dividing M. Then g divides N = c? — 1, 


so c? = I(modgq), ie., a? = 1(modgq). So ord,(a) divides p’, ie., 
ord,(a) = 1, p,..., p’' or p’. But if ord,(a) = 1, p,..., or p'~!, then 
a?’ = 1(modq), ie., c = 1(modq), so q divides c — 1, contradicting the 


fact that c — 1 and M are relatively prime. Hence ord,(a) = p’. Then, as we 
have observed above, p' divides g — 1, i.e., g = 1(mod p’). 

But certainly g does not divides a, while each of q), ..., g, does divide a, 
so gq # q,..-,4r, contradicting the hypothesis that q;,...,q, are all the 
primes congruent to 1(mod p’). Hence there must be infinitely many such 
primes. oO 
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